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1. Introduction

The purpose of this paper is to use a relative extension of the notion of balanced

metrics, first introduced by Donaldson in [13], in order to approximate Kéhler-Ricci

solitons on Fano manifolds.
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Recall that a compact complex manifold X is a Fano manifold if its anticanonical line
bundle L := det(T(% X) is ample. Thanks to a classical theorem of Kodaira, this means
that L admits a positive Hermitian metric h € Met™ (L), so that its Chern curvature
Ry, € Q%(X, C) induces a Kihler form on X via the formula

Wh = th . (11)
On the other hand, the group Aut(X) of holomorphic diffeomorphisms of X is a fi-
nite dimensional complex Lie group, inducing a complex embedding of its Lie algebra
Lie Aut(X) into the Lie algebra ¢°°(X,TX) of real vector fields over X, endowed with
the complex structure J € End(7TX). A Kéhler form wy, € Q*(X,R) is called a Kdhler-
Ricci soliton with respect to ¢ € Lie Aut(X) if it satisfies Ljews, = 0 and

Ric(wp) —wp, = L¢ wy,, (1.2)

where Ric(wp,) € Q*(X,R) denotes the Ricci form of wy,, and L, denotes the Lie derivative
along 7 € Lie Aut(X). This definition coincides with the definition of Tian and Zhu in
[43]. In the case £ = 0, we recover the notion of a Kéhler-Einstein metric.

Fix now p € N*, and consider the space H'(X, L?) of holomorphic sections of the p-th
tensor power LP := L®P. Let h? € Met™ (LP) be a positive Hermitian metric on L?, and
consider the induced L2-Hermitian inner product L?(h?) defined on s1, sy € H°(X, LP)
by

(51, 82) L2(hp) 1= / (s1(x), s2(x)Ypr dvp (), (1.3)

X

where dvj, is the anticanonical volume form associated with the induced metric h €
Mett (L) on L, defined over any contractible open subset U C X by the formula

N
07,7

dvy, = \/—_1n2 (1.4)

independent of § € € (U, det(T(»9* X)) non-vanishing, where h~! € Met(L*) denotes
the dual Hermitian metric on L* = det(TM9*X). On the other hand, by definition
of L as an ample line bundle, it induces an embedding of X into the projective space
of hyperplanes in H°(X, L?) for any p € N* large enough, called Kodaira embedding.
Given a Hermitian inner product H on HY(X,LP), we can then endow LP with the
positive Hermitian metric FS(H) € Met*(LP) induced by the Fubini-Study metric. A
positive Hermitian metric h? € Met™ (LP) is called anticanonically balanced relative to
¢ € Lie Aut(X) if it satisfies L jewpr =0 and

Whe = Q¢ o WFS(L2(hv)) » (1.5)
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where ¢, € Aut(X) exponentiates n € Lie Aut(X). In the case £ = 0, we recover the
usual notion of an anticanonically balanced metrics, introduced by Donaldson in [14,
§2.2.2).

The main result of this paper is the following Theorem, which we prove in Section 6.
For any m € N, let | - |¢m be a fixed €™-norm on Q?(X,R), and write Autg(X) for the
identity component of Aut(X).

Theorem 1.1. Let wy,, € Q%(X,R) be a Kihler-Ricci soliton with respect to & €
Lie Aut(X). Then for any m € N, there exists Cp, > 0 and anticanonically balanced
metrics h? € Met™ (LP) relative to &p € Lie Aut(X) for all p € N* big enough such that

—+ 1
& poree, ¢ and ‘ ;whp — Wh,

(1.6)

gm P

Furthermore, if hP € Met+(Lp) is another anticanonically balanced metric relative to
&p € Lie Aut(X) for some p € N* big enough, then there exists ¢ € Auto(X) such that

¢*Ep =& and ¢ wy, = wWpr -

Theorem 1.1 answers a question of Donaldson in [14, §2.2.2]. This question has also
been studied in previous works of Berman and Witt Nystrom in [3, Th. 1.7] and Taka-
hashi in [41, Th. 1.2], where the convergence in Theorem 1.1 is established in the weak
sense of currents, and under the assumption that a modified Ding functional over the
infinite dimensional space Met™ (L) is coercive modulo Auty(X). By contrast, our proof
closely follows the finite dimensional method of Donaldson in [13], and relies on methods
of Berezin-Toeplitz quantization. We hope that our approach can help to shed light on the
different notions of stability in this context, following the work of Saito and Takahashi
n [38]. Relative anticanonically balanced metrics were introduced in [3, §4.2.2] under
the name of quantized Kdihler-Ricci solitons.

As a straightforward consequence of Theorem 1.1, we get an alternative proof of the
following result of Tian and Zhu in [43, Th. 1.1] and [44, Th. 3.2], which does not rely
on solving a Monge-Ampeére equation.

Corollary 1.2. Let wp, w;, € O%(X,R) be Kdhler-Ricci solitons withNTespect to &, 5 €
Lie Aut(X) respectively. Then there exists ¢ € Auto(X) such that ¢*§ = £ and ¢*w; =
W .

Let us point out that the coercivity assumption used in the proofs of [3, Th. 1.7] and
[41, Th. 1.2] was shown to be a consequence of the existence of a Kéhler-Ricci soliton by
Darvas and Rubinstein in [11, Th. 8.1], but this last result actually uses Corollary 1.2,
so that this does not lead to an alternative proof.

The proof of Theorem 1.1 follows the general strategy of Donaldson in [13], who
established an analogue of Theorem 1.1 in the case of Aut(X) discrete, showing that
a polarized Kéhler metric of constant scalar curvature can always be approximated by
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a sequence of balanced metrics, defined as in (1.5) for £ = 0 using the usual Liouville
form instead of the anticanonical volume form (1.4) in the L?-Hermitian product (1.3).
Specifically, our Proposition 6.2 uses Donaldson’s method of constructing approximately
balanced metrics via the asymptotic expansion of the Bergman kernel along the diagonal,
which we recall in Theorem 2.9, and our Proposition 6.7 is a straightforward adaptation
of a fundamental Lemma of Donaldson on the convergence of the gradient flow of the
norm squared of the associated moment map close to a zero.

The main difficulty lies instead in the most delicate part of Donaldson’s strategy,
given in [13, §3.2] in order to establish the key estimate [13, Cor. 22]. This part of the
proof gives an estimate from below of the derivative of the associated moment map,
and has already been improved and clarified by Phong and Sturm in [34, Th. 2]. In the
situation of [13,34], the derivative of the moment map has a natural geometric interpre-
tation, and this gives a natural approach to estimate the lower bound. Unfortunately,
this geometric interpretation does not carry directly to the anticanonical case considered
in Theorem 1.1. This difficulty was overcome only recently by Takahashi in [42, Th. 1.3],
who established Theorem 1.1 in the case of Aut(X) discrete. The further extension of
this geometric interpretation to the case of general Aut(X) is an interesting problem,
but this has not been achieved yet.

The main novelty of our method is to replace this geometric interpretation by the
use of the asymptotics of the spectral gap of the Berezin transform, which were first
established in [22, Th. 3.1] and which we extend to the equivariant case in Theorem 5.9.
These asymptotics are used in a crucial way in Section 6.2 to obtain the necessary
estimate from below of the derivative of the appropriate moment map in this context.
More precisely, we relate in Proposition 6.4 the derivative of the moment map with the
equivariant Berezin-Toeplitz quantum channel of Definition 5.3, and we then use our
asymptotics of the spectral gap to give an estimate of the Berezin-Toeplitz quantum
channel in Theorem 6.5. As shown in Corollary 6.6, this produces the desired lower
bound, and shows as a by-product that our estimate is optimal. This extends the strategy
used in [21] to establish Theorem 1.1 in the case of Aut(X) discrete, and allows to bypass
the geometric interpretation mentionned above, which has not yet been worked out in
the case of Kahler-Ricci solitons. Note on the other hand that the asymptotics of the
spectral gap are based on the asymptotic expansion of the Berezin transform recalled
in Theorem 2.14, which is in turn a consequence of the asymptotic expansion of the
Bergman kernel outside the diagonal. Our approach thus gives a unified way, entirely
based on Berezin-Toeplitz quantization, to treat both the construction of approximately
balanced metrics and the lower bound of the derivative of the moment map, instead of
using an additional delicate geometric interpretation for the later.

The advantage of our method of proof of Theorem 1.1 is that it can be adapted in a
systematic way to various choices of a volume form in the Hilbert product (1.3), lead-
ing to various different notions of balanced metrics. In [21, §2], we described a general
set-up in which our method can be applied, which includes the original notion of bal-
anced metrics of [13], but also the v-balanced metrics on Calabi-Yau manifolds and the
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canonically balanced metrics on manifolds with ample canonical line bundle, introduced
by Donaldson in [14], as well as the notion of twisted balanced metrics studied by Keller
in [25] and Dervan in [12, §2.2]. Tt can also be extended to the case of balanced metrics
over vector bundles, following Wang in [46], and to the case of coupled Kéhler-Einstein
metrics as in [42]. In all these cases, a new geometric interpretation as in [34] was needed
to adapt the proof of [13] successfully. By contrast, our proof gives a general method to
deal with this key step, using the asymptotics of the spectral gap of the corresponding
Berezin transform, as given in Section 5 following the strategy described in [22, §3].

In Section 3, we study the quantization of the action of the automorphism group to
establish a quantized counterpart of the method of Tian and Zhu in [44]. Namely, we
show that the holomorphic vector fields £, € Lie Aut(X) of Theorem 1.1 are determined
a priori for all p € N*, regardless of the existence of a relative balanced metric. As a
first step, we show in Corollary 3.4 that for any p € N* large enough, there exists a
unique vector field £ € Lie Aut(X) such that the associated quantized Futaki invariant
Futf, : Lie Aut(X) — C vanishes. Following Berman and Witt Nystrom in [3, §4.1.1], it
is defined for any 7 € Lie Aut(X) by the formula

Futf)(n) :=Tr [LneLﬁ/p} , (1.7)

where L,, € End(H(X, L?)) denotes the natural action of 1 on the holomorphic sections
of the p-th tensor power of the anticanonical line bundle det(T™9X). As a second
step, we show in Proposition 4.7 that if there exists an anticanonically balanced metric
hP € Met™ (LP) relative to & € Lie Aut(X), then the associated quantized Futaki invariant
Futf7 : Lie Aut(X) — C vanishes identically. This can be seen as the quantization of
Proposition 2.5, which is due to Tian and Zhu in [44, Prop. 3.1], showing that the vector
field £, € Lie Aut(X) of Theorem 1.1 is determined a priori as the unique holomorphic
vector field for which the associated modified Futaki invariant vanishes, regardless of
the existence of a Kéhler-Ricci soliton. This characterization of the vector fields &, for
all p € N* plays a crucial role in our proof of Theorem 1.1, and has no analogue in
Donaldson’s approach in [13], since it assumes Aut(X) discrete. In particular, we show
in Corollary 3.4 that the vector fields &, admit an asymptotic expansion as p — 400
with highest order coefficient equal to £, which shows the first identity of (1.6) and is
used in a crucial way for the construction in Proposition 6.2 of approximately balanced
metrics.

As remarked in [3, Rmk. 4.8], it is a consequence of the equivariant Riemman-Roch
formula that the vanishing of the quantized Futaki invariants (1.7) relative to & = 0 for
all p € N* big enough is equivalent to the vanishing of all higher order Futaki invariants
[17] of X. We thus recover the fact, first established by Saito and Takahashi in [38,
Lem. 3.2], that the higher order Futaki invariants are an obstruction for the existence
of anticanonically balanced metrics in the usual sense, for all p € N* big enough. On
the other hand, Ono, Sano and Yotsutani exhibit in [33, Th. 1.5] an example of a toric
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Kahler-Einstein Fano manifold with non-vanishing higher order Futaki invariants. This
example thus implies the following corollary of Theorem 1.1.

Corollary 1.3. There is a Fano manifold X with Kdhler-Einstein metric wy_ € Q%(X,R)
such that the anticanonically balanced metrics hP € Met™ (LP) relative to &, € Lie Aut(X)
of Theorem 1.1 satisfy £, # 0 for all p € N* big enough.

In particular, we recover the fact from [38, Ex. 5.6] that the toric example of [33] does
not admit any anticanonically balanced metric in the usual sense, for all p € N* big
enough. This was also established in [41, Cor. 1.1] in the sense of currents and under
a coercivity assumption on the Ding functional. Corollary 1.3 illustrates the fact that
Theorem 1.1 is already interesting in the case of Kéhler-Einstein metrics. In fact, it
is shown in [2,21] that a K&hler-Einstein metric on a Fano manifold X with Aut(X)
discrete can always be approximated by anticanonically balanced metrics. Corollary 1.3
then shows that the assumption of Aut(X) discrete is necessary for such a result to hold
and that Theorem 1.1 extends this result using relative anticanonically balanced metrics.

In [37], Rubinstein, Tian and Zhang introduce a notion of anticanonically balanced
metrics depending on a parameter § > 0, which coincides with the usual notion of an
anticanonically balanced metric when 6 = 1. In [37, Prop. 5.10], they show that these
balanced metrics with § < 1 can be used to approximate Kéhler-Einstein metrics on Fano
manifolds with general Aut(X) as § — 1, with convergence in the sense of currents.
In the same way as in Theorem 1.1, our method readily extends to establish smooth
convergence. On the other hand, our notion of relative anticanonically balanced metric
coincides with the quantized Kéahler-Ricci solitons of [3], where the more general notion
of a Kahler-Ricci g-soliton is considered. Although, we restrict to usual K&ahler-Ricci
solitons for simplicity, our proof extends to this more general case without any difficulty.

A relative version of balanced metrics has first been introduced by Mabuchi in [30] to
study extremal Kdihler metrics, and can be seen as the relative version of constant scalar
curvature metrics in the case when Aut(X) is not discrete. Instead, the notion of relative
anticanonically balanced metrics used in this paper is an analogue of the relative balanced
metrics introduced by Sano and Tipler in [39], defined as in (1.5) with the anticanonical
volume form (1.4) replaced by the usual Liouville form in the L2-Hermitian product (1.3).
Theorem 1.1 is then an anticanonical version of [39, Th. 1.1], where the extremal metric
is replaced by a Kéhler-Ricci soliton, and Propositions 3.6 and 6.2 were inspired by [39,
Lem. 4.5, Th. 5.5]. Closely related notions of relative balanced metrics as quantizations
of extremal Kahler metrics have also been introduced by Hashimoto in [20], Mabuchi
in [31] and Seyyedali in [40]. All these works establish an analogue of Theorem 1.1 for
extremal metrics, extending the geometric interpretation of [13,34] for the lower bound
of the moment map in their respective relative settings. We refer to [20, §6] for a detailed
comparison between these different notions. We only point out here that the approach
of [20] is a quantization of the fact that extremal Ké&hler metrics are critical points of
the Calabi functional. In particular, this approach does not extend to our case, since
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Kéhler-Ricci solitons are not critical points of the anticanonical analogue of the Calabi
functional, which is the Ding functional.

The theory of Berezin-Toeplitz quantization was first developed by Bordemann, Mein-
renken and Schlichenmaier in [6], using the work of Boutet de Monvel and Sjdstrand on
the Szegd kernel in [8] and the theory of Toeplitz structures of Boutet de Monvel and
Guillemin in [7]. This paper is based instead on the theory of Ma and Marinescu in
[28], using the off-diagonal asymptotic expansion of the Bergman kernel established by
Dai, Liu and Ma in [10, Th. 4.18’]. A comprehensive introduction for this theory can be
found in [27]. The point of view of quantum measurement theory on Berezin-Toeplitz
quantization adopted in this paper has been advocated by Polterovich in [35,36].

Acknowledgments. The author wishes to thank Pr. Xiaonan Ma for his constant support
and Pr. Leonid Polterovich for helpful discussions. The author also wishes to thank the
anonymous referees for useful comments and suggestions. This work was supported by
the European Research Council Starting grant 757585.

2. Setting

Let X be a compact complex manifold with complex structure J € End(TX), and
write

TXc =THX TV X (2.1)

for the splitting of the complexification of the tangent bundle TX of X into the
eigenspaces of J corresponding to the eigenvalues v/—1 and —+/—1 respectively. For
any vector field & € (X, TX), we will write £€10, ¢10 € (X, T X) for its com-
ponents with respect to this splitting.

In this paper, we will always assume that X is a Fano manifold, so that the space
Mett (L) of positive Hermitian metrics on L := det(TM9X) is not empty. For any
h € Met™ (L) and p € N*, we write h? € Met™ (LP) for the induced positive Hermitian
metric on the p-th tensor power LP. Conversely, any h? € Met™ (LP) uniquely determines
a positive Hermitian metric h € Met™(L). We will also write Met(L) for the space of
Hermitian metrics on L. We write €>°(X, L?) for the space of smooth sections of L? and
HO(X, LP) C €°°(X, LP) for the subspace of holomorphic sections of LP over X.

Recall that for any h € Met™ (L), the 2-form wy, € Q?(X,R) defined by formula (1.1)
is a Kdhler form, meaning that the following formula defines a Riemannian metric on X,

gn = wn(J). (2.2)

Note by definition (1.4) of the associated anticanonical volume dyp, that for any f €
€ (X,R), we have

dv.sy, = el duy, . (2.3)
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2.1. Action of the automorphism group

Recall that the group Aut(X) of holomorphic diffeomorphisms of X is a finite di-
mensional complex Lie group, and so that there is a natural embedding Lie Aut(X) C
¢>°(X,TX). For any & € Lie Aut(X), we write ¢4 € Aut(X), t € R, for the flow gen-
erated by & € Lie Aut(X). The holomorphic action of Aut(X) on X lifts naturally to
L := det(T™0 X), and for any ¢ € Lie Aut(X), we write L¢ for the induced differential
operator acting on a smooth section s € €>°(X, L) by

0

Les = —
&% Ot lt=0

Pre s - (2.4)

Recall also that definition (1.4) of the anticanonical volume form dvy, associated with
h € Met(L) does not depend on 6 € €°°(U, det(T(»?* X)), so that for all ¢ € R,

25 0N PF 0
n |¢t§ 0)2 . = Weich -
t& gy b1

Gre dvn = V-1 (2.5)

For any h € Met™ (L), write V" for the Chern connection of (L, h). We then have the
following complex version of the Kostant formula.

Definition 2.1. For any h € Met+(L), the associated holomorphy potential of £ €
Lie Aut(X) is the function 0,(§) € €°(X,C) defined for any s € €°°(X,C) by the
formula

On(€)s=Les—Vis. (2.6)

In the same way as the usual Kostant formula for moment maps, formula (2.6) gives
a well-defined scalar function 6(§) € (X, C), which via formula (1.1) for the Kéahler
form wy, € Q?(X,R) satisfies

Lgl,0 Wh = %5 Gh(g) . (27)

Thanks to the Kodaira vanishing theorem (see for instance [1, Prop. 3.72, (1)] with
% = Kx), recall that a Fano manifold X satisfies H!(X,C) = 0. Then as explained
in [18], a fundamental result of Fujiki [15] implies in that case that Autg(X) is a linear
complex algebraic group. In particular, it includes the complexification K¢ C Auto(X)
of any connected compact subgroup K C Autg(X), and we have a natural decomposition

Lie K¢ = Lie K & v—1Lie K C Lie Aut(X). (2.8)

The following proposition gives some basic properties of the holomorphy potential.
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Proposition 2.2. For any h € Met™ (K%) and ¢ € Lie Aut(X), we have

0 v .
ETiA breh = —2Rebn(&) h. (2.9)
Furthermore, we have
/ On(€) din =0, (2.10)
X

and for any f € €°°(X,R), we have

Ourn(€) = 05,(&) — df 0. (2.11)

Finally, if K C Auto(X) is a compact subgroup preserving h € Met™ (L), then the map
0y, : Lie K¢ — € (X, C) is a C-linear embedding, and for any & € v/—1Lie K, we have
O0n(§) € € (X, R).

Proof. By definition, the Chern connection V" of any h € Met(K% )" induces the holo-
morphic structure of L, while the lift of Aut(X) to L := det(7™% X) is holomorphic.
This implies in particular that for all h € Met(K% )" and all £ € Lie Aut(X), we have
Leonr = VZOJ, so that Definition 2.1 implies

On(JE) = V—10,(¢) . (2.12)

By the unitarity of the Chern connection, for any s € ¥°°(X, K%), Definition 2.1 gives

)
ot li=o |S@§5h = Le(s,8)n — (Les; s)n — (s, Les)n
— (V= Le)s, sy + (s, (V2 — Le)s)n (2.13)

= —2Re () |l -
This shows the identity (2.9). Combining formulas (2.3), (2.5) and (2.13), we then get
fQ/ReG (€) dvy, = Q‘ /¢* dvp, =0 (2.14)
" " Btli=o ) T T '
X X

Using the fact from formula (2.12) that Im 6, (§) = —Re 8, (J€), this implies the identity
(2.10).

On the other hand, the identity (2.11) is an immediate consequence of Definition 2.1
and the fact that for any f € €*°(X,R), we have

ve'h — wh 4 gr.eto. (2.15)
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Finally, if K C Auto(X) preserves h € Met™ (L), then formula (2.13) implies that for
any ¢ € Lie K, we have %%(f) € ¢°°(X,R), while formula (2.12) implies that the
map 0, : Lie K¢ — ¢°°(X,C) is C-linear for the standard complex structure on both
spaces, and formula (2.7) shows that 6,(£) = 0 if and only if £ = 0 by non-degeneracy
of wy. This concludes the proof. O

Remark 2.3. Note that if K C Auto(X) preserves h € Met™ (L), Definition 2.1 for the
map gﬁh : Lie K — €*°(X,R) reduces to the definition of a moment map for the
action of K on the symplectic manifold (X,wy) via the usual Kostant formula. The

usual condition for the moment map is recovered from the real part of formula (2.7) by
C-linearity of 0}, : Lie K¢ — €>=(X,C).

We will establish the quantized counterpart of the following result of Tian and Zhu
in Section 3.2.

Proposition 2.4. [44, Proof of Lemma 2.2, Prop. 2.1] Let K C Auto(X) be a given compact
subgroup. Then there exists a strictly convex and proper functional F : /—1Lie K — R,
such that for any € € \/—1Lie K and h € Met™ (L), we have

F(¢) = / () Wi (2.16)

n!
X

Furthermore, for any & € v/—1Lie K, the following formula for the associated modified
Futaki invariant Fute : /—1Lie K — C at n € /—1Lie K does not depend on h €
Met ™t (L)

wn
Fute (1) = / On () (9 = (2.17)
X

Finally, there exists a unique {o € +/—1Lie K such that Fute  : /—1Lie K — C
vanishes identically, which is given by the unique minimizer of F : \/—1Lie K — R and
satisfies [0, n] = 0 for all n € Lie K¢.

2.2. Kdhler-Ricci solitons

A Kihler form w € Q?(X,R) on a compact complex manifold X induces a natural
Hermitian metric h,, € Met(L) on L = det(T*%X), defined using the anticanonical
volume form (1.4) by the formula

n

w
—r=du,. (2.18)

The associated Ricci form is defined by the formula Ric(w) := %Rhw where Ry, €
0?(X,C) is the Chern curvature of the Hermitian metric h,, € Met(L). Using Cartan’s
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formula and by definition (2.7) of the holomorphy potential, we see that h € Met™ (L)
induces a Kéhler-Ricci soliton wy, € Q%(X,R) with respect to & € Lie Aut(X) in the
sense of formula (1.2) if and only if

Ric(wp) = wp, + %aﬁ 0n (&) . (2.19)

By definition of the Chern curvature, this means that there exists a constant ¢ > 0 such
that h, = ce?©h, so that formula (2.18) shows that wj, € Q*(X,R) is a Kéhler-Ricci
soliton with respect to £ € Lie Aut(X) if and only if there is a constant ¢ > 0 such that

dvyp, = ceeh(g)% . (2.20)
Let now wy, € Q%(X,R) be a Kéhler-Ricci soliton with respect to £ € Lie Aut(X), and
recalling formula (2.2) for the associated Riemannian metric, let K C Auto(X) be a
connected subgroup of holomorphic isometries of (X, gfX). As Ljew;, = 0 by definition,
we get that ¢ € /—1Lie K in the decomposition (2.8). The following result of Tian
and Zhu shows that the modified Futaki invariant of Proposition 2.4 is an obstruction
for the existence of Kéhler-Ricci solitons. It will play a key role in the construction of
approximately balanced metrics in Section 6.1.

Proposition 2.5. [44, Prop. 1.3] Let wy, € Q?(X,R) be a Kihler-Ricci soliton with respect
to & € Lie Aut(X), and let K C Auto(X) be a connected subgroup of holomorphic isome-
tries of (X, g}™). Then the associated modified Futaki invariant Fute : /—1Lie K — C
of Proposition 2./ vanishes identically.

For any compact subgroup K C Autg(X), we write Met™ (L)X for the space of
K-invariant positive Hermitian metrics, and (X, C)¥ for the space of K-invariant
functions over X. For any h € Met™ (L), write A, for the Riemannian Laplacian of
(X, g%X) acting on €°°(X,R).

Lemma 2.6. Let K C Auto(X) be a connected compact subgroup and let T C K be the
identity component of its center. For any h € Met™ (L)X and ¢ € /=1 LieT, the operator
Agf) acting on f € €=(X,R)X by the formula

1
AOf.— A - df.£10 (2.21)

is positive and essentially self-adjoint with respect to the scalar product (-,-) 12, ¢) defined
on f, g € €(X,R)E by the formula

wn
(f,9) r2(he) = / fgeh® # . (2.22)
X
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Furthermore, we have Ker Agf) =C.

Proof. Fix h € Met™ (L)X and ¢ € /—1LieT, and recall that by definition, we have
J& € LieT. Then all f € €°(X,R)¥ satisfy df.€ = 2df.€"°, and for all n € Lie K, we
have [¢,n7] = 0 and [Ap,n] = 0, so that Af) preserves ¢°°(X,R)¥ inside € (X, C).
Using Proposition 2.2, the imaginary part of the holomorphy potential equation (2.7)
gives 2mi jewp, = —dBp(§). Then writing (-, '>ggx for the pointwise scalar product on T*X
induced by the Riemannian metric (2.2) and using an integration by part from formulas
(2.21) and (2.22), for any f, g € €>°(X,C)X we get

wn
(A 92 :/<df’ dg) gpx e n_};b (2.23)
X

This shows that the operator Agf) given by formula (2.21) is essentially self-adjoint and
positive with respect to the scalar product L?(h, &) on (X, R)% and that its kernel
is reduced to the constant functions. 0O

Let wp_, € Q?(X,R) be a Kihler-Ricci soliton with respect to ¢4, € Lie Aut(X), let
K C Autg(X) be a connected compact subgroup of isometries of (X, ggj Jandlet T C K
be the identity component of its center. Via Definition 2.1, Proposition 2.5 implies in
particular that for any n € Lie K and any ¢ € v/—1LieT, we have

0

5|y @10 One (€) = On ([0, €]) = 0, (2.24)

so that Proposition 2.2 implies that n € v/—1Lie K belongs to v/—1LieT if and only if
On.. (1) € €°(X,R)¥X. As explained by Futaki in [16, §4] and using formula (2.20) for
Kéhler-Ricci solitons, this implies the following result via a straightforward generaliza-

tion of a theorem of Lichnerowicz and Matsushima in [26,32] restricted to the subspace
¢ (X,R)E C €>~(X,C). We also refer to [43, Lem. 2.2] for a self-contained proof.

Proposition 2.7. [16, Prop. 4.1] Let ho, € Met™ (L) be a Kéhler-Ricci soliton with respect
to £oo € Lie Aut(X), let K C Auto(X) be the identity component of the group of holo-
morphic isometries of (X, g{f) and let T C K be the identity component of its center.

Then the first positive eigenvalue A1 (hoo,€c0) > 0 of Aﬁf:) acting on € (X,R)X as in
Lemma 2.6 satisfies M\ (hoo,€0) = 1, and the associated eigenspace satisfies

Ker (Afj - Id) = (0h_ (&) | €€ V=1LieT). (2.25)
2.3. Berezin-Toeplitz quantization

In this Section, we fix a positive Hermitian metric h € Met™ (L) on the line bundle
L := det(T™9 X), and use the associated volume form du, given by formula (1.4). For
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any p € N*, we consider the Hermitian product L?(h?) on H°(X, LP) defined for any
$1, 82 € €°(X, LP) by

(s1,82) L2(hp) = / (s1(z), s2(x))pe dp (). (2.26)

X
We write
’% = (HO(X7 Lp)a <'a '>L2(h7’)) ; (227)

for the associated Hilbert space of holomorphic sections, and set n, := dim .5%,. We write
Z(44,) for the space of Hermitian endomorphisms of .7,
By definition of L ample and for all p € N* big enough, the Kodaira map

Kod, : X — P(H (X, L*)*),

(2.28)
r — {s€ H(X,LP) | s(z) =0}

is well-defined and an embedding. In this section, we will always implicitly assume p € N*
big enough so that this is verified.

Definition 2.8. The coherent state projector is the map
e : X — L(5,) (2.29)
sending = € X to the orthogonal projector satisfying
KerIlpr(z) ={s€ 4, | s(x) =0}. (2.30)

The Rawnsley function is the unique positive function pper € €°(X,R) defined for any
s1, 82 € Ay and x € X by

pie () (pe ()51, 82) 2 (1ry = (51(2), 82(7)) v - (2.31)

From the well-definition of the Kodaira map (2.28), formula (2.30) implies that IT;» ()
is a rank-1 projector for all # € X, so that for any orthonormal basis {s; }?il of 7,
formula (2.31) implies

np np
Phr = Phpr TI'[th] = thp <th$j, Sj>L2(hT’) = Z |S]|]%Lp . (232)
j=1 j=1

This gives the characterization of the Rawnsley function as a density of states, which
in turn coincides with the Bergman kernel with respect to dv, along the diagonal, as
described in [27, §4.1.9]. The following Theorem describes the semi-classical behavior of
the Rawnsley function as p — 400, extending [9,47].
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Theorem 2.9. [10, Th. 1.3] There exist functions bg) € € (X,R) for all r € N such
that for any m, k € N, there exists Cy, , > 0 such that for all p € N* big enough,

< Crngep™ ™, (2.33)

k—1 1
Py — p’n Z ]?bgz”)
r=0 @«m

where bglo) € € (X,R) is given by the identity b;lo) dvp, = wj /nl.

Furthermore, the functions bgf) € €°(X,R) for all v € N depend smoothly on h €
Met+(L) and its successive derivatives, and for each m, k € N, there exists | € N such
that the constant Cy, , > 0 can be chosen uniformly for h € Mett (L) in a bounded subset
in €'-norm.

The concepts introduced in Definition 2.8 induce a coherent state quantization, de-
scribed via the following fundamental tools.

Definition 2.10. For any p € N*  the Berezin-Toeplitz quantization map is the linear map
Thr 1 €°(X,R) — Z(5¢,) defined for any f € €°°(X,R) by the formula

Tir (1) i= [ 7)o (0) pus () (). (2.34)

The Berezin symbol is the linear map op» : Z(56,) — €°°(X,R) defined for any A €
Z(s,) and z € X by the formula

opr(A)(z) := Tr[Is (x) 4] . (2.35)

Using formula (2.31), we get for any f € €°°(X,R) and any s1, s2 € 57,
(Tho (f)s1,82) L2(he) = / f(x) (s1(x), s2(x))pe dvp(z), (2.36)
X

recovering from Definition 2.10 the usual definition of Berezin-Toeplitz quantization asso-
ciated with the volume form dvy, as described in [27, Chap. 7]. The following fundamental
Theorem describes the semi-classical behavior of the Berezin-Toeplitz quantization as
p — +o0o. We write || - ||op for the operator norm on endomorphisms of .7,.

Theorem 2.11. [28, Th. 1.1] For any f, g € €°°(X,R), there exist bi-differential operators
C}(Lr) for all r € N such that for any k € N, there exists C, > 0 such that for all p € N*
big enough,

Cr
<_

e (2.37)

k—1
Too (DT (9) = 3 = Tor (€ (£,9))
r=0

op
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where C;(LO)(f, g) € € (X,R) is given by C;(LO)(f, g)=fg.

Furthermore, the bi-differential operators C,(f) depend smoothly on h € Mett (L) and
its successive derivatives for all v € N, and for each k € N, there exists | € N such that
the constant Cy, > 0 can be chosen uniformly for f, g € € (X,R) and h € Met* (L) in
a bounded subset in €'-norm.

In the context of quantization, the Berezin symbol (2.35) of a quantum observable
A € £ () is interpreted as the classical observable given by the expectation value of A
at coherent states. The following result shows that this operator is dual to the Berezin-
Toeplitz quantization with respect to the trace norm on .Z(#,) and the L?*-norm on
¢ (X,R) induced by the density pp» dvy.

Proposition 2.12. For any A € () and f € €°(X,R), we have

Te(Th (f) A] = / f oo (A) oo o, (2.38)

Furthermore, we have Tpr(1) = Id ., and ope(Idg,) = 1.

Proof. Formula (2.38) is an immediate consequence of Definition 2.10. On the other
hand, by Definition 2.8 we have

/ My () pror () d () = T, (2.39)
X

This implies the identity T}»(1) = Idg,, while the second identity is a consequence of
the fact that IIj» is a rank-1 projector, so that Tr[Ilz] = 1. O

This gives rise to the following concept, which will be the main technical tool of this
paper.

Definition 2.13. The Berezin transform is the linear operator

B+ (X, R) — € (X,R),

(2.40)
f— ow (Twe (f)) -

As explained in details in [22, §2], the Berezin transform is a Markov operator with
stationary measure pp» dvy,, and measures the delocalisation of a classical observable after
quantization. From this point of view, the following semi-classical result can be thought
as a quantitative refinement of the celebrated Heisenberg’s uncertainty principle, and
refines a semi-classical expansion due to Karabegov and Schlichenmaier [24].
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Theorem 2.14. [27, Lem. 7.2.4], [22, Prop. 4.8] For any f € €°°(X,R), there exist dif-
ferential operators D,(LT) € €*(X,R) for all r € N such that for any k, m € N, there
exists a constant Cp, 1, > 0 such that for all p € N* big enough,

k—1
- Ch,
B (1) =Y p" D) < pk’“, (2.41)
r=0 @m

with D}LO) (f) = f and D;Ll)(f) = ﬁAh f, where Ay, is the Riemannian Laplacian of
(X, 977%).

Furthermore, the differential operators D,(:) depend smoothly on h € Met™ (L) and its
successive deriatives for all r € N, and for every m, k € N, there exists | € N such that
the constant Cp, ;> 0 can be chosen uniformly for f € €>(X,R) and h € Met™ (L) in
a bounded subset in €' -norm.

3. Quantum action of the automorphism group

One basic property of any reasonable quantization is its compatibility with symme-
tries, represented here by the action of the automorphism group Aut(X). In this Section,
we will establish this fact through the use of Berezin-Toeplitz quantization, and establish
fundamental properties of the quantized Futaki invariant (1.7) as a holomorphic invari-
ant for this action. In the whole Section, we fix h € Met™ (L) and consider the setting of
Section 2.3.

3.1. Quantization of the holomorphy potentials

Let K C Auto(X) be the identity component of the group of holomorphic isometries
of (X, gF'¥). In the notations of Section 2.3, the action of K on X lifts to a unitary action
on 7, and any £ € \/—1LieT induces a Hermitian operator L¢ € £ (.%;,) defined via
formula (2.4). On the other hand, Remark 2.3 implies that 0, () € €°°(X, R) generates a
Hamiltonian flow ¢¢j¢ € K, for allt € R. From general principles, the Hermitian operator
L¢ € £(€,) can thus be seen as the appropriate quantization of the classical observable
0r(&) € €°°(X,R), and the following result illustrates this principle via Berezin-Toeplitz
quantization. Recall that we consider Berezin-Toeplitz quantization with respect to the
anticanonical volume form (1.4) instead of the usual Liouville form.

Proposition 3.1. For any & € Lie Aut(X), the induced operator Le € End(7,) satisfies

Le = (p+1) Thwr (61(5)) - (3.1)

In particular, there exists a constant C > 0, independent of hP € Met+(Lp) and ¢ €
Lie Aut(X), such that for any p € N*, we have

[Lellop < CpIE]- (3.2)
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Proof. This is version of an argument due to Tuynman [45], adapted to the anticanon-
ical volume form (1.4). Recall that the Chern connection V” induces the holomorphic
structure of L, and recall the variation formulas (2.3) and (2.5) for the anticanonical
volume form. Then by Proposition 2.2, for any holomorphic sections sy, sy € H°(X, LP)
we get

/<v?p51»52>h1> duvy, :/<V?f,081,82>hp dvy, = / L£1,0<81752>hp dvy,
X X X

(3.3)
=— / (81, 82)ne Lerodyy, = / 0n(§) (s1, 52)ne dvp,
X X
On the other hand, Definition 2.1 implies that for any s € J%,, we have
pﬁh(f)s:Lgs—V?)s. (3.4)

Then using formula (2.36) for the Berezin-Toeplitz quantization map, for any sq, so € 7%,
we get

<L5 S1, 82>L2(hp) = p/ah(§)<81, 82>hp dvy, + / <Vgp81, 82>hp dvy,

= (p+1) (Tp(0n(£)) 51, 82) L2 (nr) -

This gives the identity (3.1), which implies in turn the inequality (3.2) via formula
(2.36). O

Using Theorem 2.11, we can establish the following result, which is an exponentiation
of Proposition 3.1.

Proposition 3.2. There exist functions F)éj) € €*(X,C) for all j € N, depending
smoothly on & € Lie Aut(X), such that for any k € N, the exponential e</P € End (/%))
satisfies the following expansion in the sense of the operator norm as p — +00,

k—1
ele/r =, (e‘%(@) + 3 p I T (09) + O(pF). (3.6)

j=1

In particular, there exists a constant C > 0 such that for all p € N* big enough,
Clp" < Tr [eLi/”} < Cp". (3.7)

These estimates are uniform for & € Lie Aut(X) and h € Met™ (L) in any bounded set
in €' -norm.
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Proof. In this proof, the notation O(p~*) for some & € N is taken in the sense of
the operator norm as p — oo, uniformly in the €'-norm of 6,(¢) € ¥*°(X,R) and
h € Met™ (L), for some I € N only depending on k € N and for all ¢ € [0, 1].

First note that Proposition 3.1 implies the following ordinary differential equation in
t €10,1],

Zethelr = (14 1) T (B (€))et e/

(3.8)
etbe/p| _ = 1Td,.
On the other hand, Theorem 2.11 implies that for all ¢ € [0, 1], we have
9 0 () t6
¢ L (€)= T (601,(€)) T (e ")+ 0. (3.9)

Using the fact from Definition 2.10 and formula (2.39) that Tj»(1) = Id,, we can then
apply Gronwall’s lemma to the difference of (3.8) and (3.9) to get the expansion (3.6)
for k= 1.

Assume now by induction on k > 2 that there exist a function g, € €°(X,C) and
functions f;; € €>°(X,C) for all 1 < j <k — 1, all smooth in ¢ € [0, 1], such that

k—1
(1 ; %) T 00 ()T | S0 £
§=0

:_ThP ZP fie |+ Thn(gre) + O~ . (3.10)

Using Theorem 2.11, we then see that (3.10) holds for k replaced by k + 1, with the
function fi; € €°(X,R) defined as the solution of the ordinary differential equation

L fit = frt On(E) + gre
(3.11)

fro=0.

This shows by induction that (3.10) holds for all ¥ € N. Applying Gronwall’s lemma to
the difference of (3.8) and (3.10) as above, this gives the result taking Géj) = fj1 for
all j € N. The smooth dependance on ¢ € Lie Aut(X) is then clear from the ordinary
differential equation (3.11).

Recall on the other hand that the coherent state projector of Definition 2.8 is a rank-1
projector, so that Tr[II,(z)] = 1 for all z € X. Using Theorem 2.9 and formula (2.39),
we then get a constant C' > 0 such that the dimension of JZ, satisfies n, < Cp" for
all p € N*, which implies Tr[A] < Cp" [|4]],, for all A € End(/%,) and p € N* by
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Cauchy-Schwartz inequality. The inequality (3.7) then follows by applying this estimate
to A = O(p~1!) in the expansion (3.6) for k = 1, and by Definition 2.10 of the Berezin-
Toeplitz quantization map. O

3.2. Quantized Futaki invariants

In this Section, we study the quantized Futaki invariants Section 3.2, which play a
central role in this paper. Recall that for any ¢ € Lie Aut(X) and any p € N*, we have
an operator L¢ € End(H(X, LP)) defined by formula (2.4).

Recall the decomposition (2.8) for the Lie algebra of the complexification K¢ C
Auto(X) of any compact subgroup K C Autg(X). We will establish a quantized version
of Proposition 2.4 of Tian and Zhu, whose first part is given by the following result. It
can also be found in [41, §3.1], but we give here a short proof using Berezin-Toeplitz
quantization.

Lemma 3.3. Let T C Aut(X) be a compact torus. Then for any € N, the functional
F,:v/—1LieT — R defined by the formula

Fp(§) := pTr[e"/7], (3.12)
is strictly convex and proper.

Proof. Let T' C Aut(X) be a compact torus, and consider the setting of Section 2.3 with
a T-invariant positive Hermitian metric h € Met+(L)T, which can always be constructed
by average over 7. Then for any ¢ € /—1Lie T, Proposition 2.2 implies that there exists
x € X such that 0,(€)(z) > 0. Let now p € N* be large enough so that the Kodaira
map (2.28) is well-defined, and let s, € 7, with ||sp|/z2(n») = 1 be in the image of the
coherent state projector Ilr(x) € £(54,) of Definition 2.8. Then from Theorem 2.14
and Proposition 3.1, as p — +00 we get

(LS, so) 2y = Tr[Lellnn (2)] = B (01(€)) (@) = 0u(€)(x) + O(™1),  (3.13)

uniformly in the ¢'-norm of ), (&) for some I € N. Thus there exists pg € N independent
of £ € Lie Aut(X) such that L € Z(4%,) is non-negative for all p > pg. For any p € N*,
write Spec,(T') C (LieT)* for the joint spectrum of L¢ € £(;,) for all { € \/—1LieT.
Taking p > pg, we then get that for any & € /—1Lie T, there exists xo € Specp(T) such
that (xo,&) > 0. Thus for any n € /—1Lie T, we have

2
L p+te) = p? > (et s (3.14)

de2 =P
XESpec,, (T)

and
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Fytn+te)=p D ebnttO/r 5 pelom/pethod/p 20 o (3.15)
Xx€Spec,, (T')

This proves the result. O

We then have the following corollary, which is a central property of the quantized
Futaki invariants (1.7) and which is the quantization of the second part of Proposition 2.4.
It can also be found in [41, §3.2].

Corollary 3.4. Let K C Auto(X) be a connected compact subgroup, and let T C K
be the identity component of its center. Then for any p € N* big enough, there ez-
ists a unique &, € /—1LieK such that the associated quantized Futaki invariant
Futff : v/—1Lie K — C wvanishes identically, which is given by the unique minimizer
of the functional F, : v/—1LieT — R of Lemma 3.5.

Proof. Fix p € N*, and note that for any compact torus T' C Autg(X) and any &, n €
v/—1 LieT', we have

FUtS() = o],y Fol€ + ). (3.16)

Now Lemma 3.3 implies that F, : /—1LieT — R admits a unique minimizer, which is
the unique &, € v/—1LieT such that Futfj(n) =0 forallp € /~1LieT.

Let now K C Autg(X) be a connected compact subgroup, and let T' C K be the
identity component of its center. Then for any &1, & € Lie K¢, we have

Tr[L[fhﬁz]eLEp/p] =Tr [[L& ) L§26L£p/p} =0, (3.17)

so that Futff (n) = 0 for all n € [Lie K¢,Lie K¢] C Lie K¢. Using the classical de-
composition Lie K¢ = LieT¢ & [Lie K¢, Lie K¢], we then get that Futf;’ (n) = 0 for all
n € Lie K¢. _

Assume now that Ep € V/—1Lie K is such that Futff (n) = 0 for all n € Lie K¢, and
let now 7 C K be a maximal compact torus such that Ep € v/—1Lie T. Then we have
LieT¢ C Lie f@ by definition of a maximal torus, and we have 5,, = ¢, by uniqueness of
the minimizer of F, : /—1LieT — R given by Lemma 3.3. This gives the result. 0

3.8. Asymptotic expansion of the quantized Futaki invariant

In this Section, we fix a connected compact subgroup K C Autg(X) and write T’ C K
for the identity component of its center. The following result describes the semi-classical
behavior of the quantized Futaki invariant (1.7) and the functional (3.12) as p — +o0,
recovering the modified Futaki invariant (2.17) and the functional (2.16) as the highest
order coefficient respectively. As explained for instance in [3, §4.4], this is essentially a
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consequence of the equivariant Riemann-Roch formula, but we give here a short proof
using Berezin-Toeplitz quantization.

Proposition 3.5. There exist smooth maps F,gj) :v/—1Lie K — C for all j € N such that
for any k € N*, we have the following asymptotic expansion as p — +00,

k-1
J;Zﬂ) — F(n) + ; P ED () +0(p7"). (3.18)

Furthermore, there exist linear maps Futéj) : Lie Aut(X) — C for all j € N, depending
smoothly on & € Lie Aut(X), such that for any k € N*, we have the following asymptotic
expansion as p — 400,

Futg(n) S —J ©) —k
pntl = Fute(n) + Z p~7 Futg (n)+0@E"). (3.19)
j=1

These estimates are uniform for &, n € Lie Aut(X) in any compact set.

Proof. Fix h € Met"(L). Using Proposition 2.12 and Definition 2.13 and by Theo-
rems 2.9 and 2.14, we get differential operators D; for any 7 € N such that for any
fig€e€>®(X,C), any k € N and as p — 400,

Te(The () Toe (9)] = / f B (g) pp v,
X

ke (3.20)
w iy _
=p"/ fo—+> p" / £ Dj(g) dvy, + O(p" ),
X Cd=t b'e
uniformly in the derivatives of f, g up to order I € N only depending on k € N.

Now using Propositions 3.1 and 3.2, for any k¥ € N and as p — +00, the quantized
Futaki invariant (1.7) and the functional (3.12) satisfy

Fut
pti(? D [0 (0000 T ()
k—1
+ Z p~J Tr {Thi’ (01.(n)) Thr (aéj))} +O(p™) and
k—1
Fpéf) = Tr [Th ()| + 7 7 Te [T (0)] + 0", (3.21)

Jj=1



22 L. Ioos / Journal of Functional Analysis 282 (2022) 109400

uniformly for £, n € Lie Aut(X) in any compact set. Using the fact from Proposition 2.12
that Ids, = The (1), we can then apply the identity (3.20) to the expansions (3.21) and
compare with Proposition 2.4 for the first coefficients to get the result. O

The following result describes the semi-classical behavior of the sequence of vector
fields produced by Corollary 3.4 as p — 400, recovering the vector field of Proposition 2.4
as the highest coefficient. This is an anticanonical analogue of the result of Sano and
Tipler in [39, Lem. 4.5], and the proof closely follows their strategy.

Proposition 3.6. There exist £9) € \/=1LieT for all j € N such that for any k € N,
the sequence {&, € \/—1LieT},en+ of Corollary 3.4 satisfies the following expansion as
p — +o0,

k—1

=&t Y p 7D +00™), (3.22)

j=1
where £oo € v/—11ieT is the unique minimizer of the functional (2.16).

Proof. Let h € Met™ (L)T be a T-invariant metric, which always exists by average over
T. Using Proposition 3.5, we know that for all n € \/—1Lie T, the functionals (2.16) and
(3.12) satisty F,(n) LnasaNy o (n). As these functionals are strictly convex and proper,

this implies that their unique minimizers satisfy

p—>+o0

& — - (3.23)
From Proposition 2.4, we know that Fute_(n) = 0 for all n € Lie K¢. Using Proposi-
tion 3.5 and formula (2.16) for the first coefficient, we can take the Taylor expansion as

p — 400 of Futff""'fl&m (n) for any ¢ € /=1 LieT to get

Futéetr '€"
P

pn—i-l

()

n
“n

=y (Bt + [ B ou(€) ) 2 ) 1 0. (320

X

n!

Recall now the linear embedding 6, : LieTe — (X, C) induced by Proposition 2.2,
and restrict the scalar product L?(hso,€so) defined in Lemma 2.6 for K = T to the
subspace (0,(€) € € /—1LieT) C €(X,R)T. Then by non-degeneracy, for any linear
form G : LieTc — C, there exists a unique £ € v/—1 Lie T such that for all € Lie T,

G(n) +/ On(n) On(Ec) (8 fl—’? =0. (3.25)
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Setting €M) := &g for G = Futéz, the first term of the right hand side of (3.24) vanishes.
Now for any £ € /=1LieT, this together with Proposition 3.5 and formula (3.24)
gives a linear form G : Lie Tc — C such that for any 7 € Lie Tc we have as p — +00,

—1,4(1) —2+(2)
Futf,°°+p §&+p ¢ (77)

pn+1

n!

=2 (GO + [ B ou(€) 2R ) 0. (320)
X

Taking £ := ¢ae as in (3.25), the first term in the right hand side of the expansion
(3.26) vanishes. Repeating this reasoning, we then construct by induction a sequence
() € /=1 LieT, j € N, such that for all k € N and 7 € LieTc, we have as p — ~+00,

ootk lzﬂsm(

Fut, n) = 0™ "). (3.27)

For all p, k € N, set g},’“) = &0 + Z?zl p~7€U) . Then using Corollary 3.4 and formula
(3.27), we know that for all £ € N and as p — +oo,

1
9 t&"“)+(l )& & n—
[ 5 v (e = Futf” () — Pt () = 0G4, (3.29)
0

uniformly for n € Lie T¢ in any compact set. On the other hand, recall from (3.23) that
tfz()k) + (1 —t)€p — &oo uniformly in ¢ € [0,1] as p — +oo. Together with Theorem 2.11
and Proposition 3.1, this implies the existence of constants [ € N, C, ¢, € > 0 such that
for all p € N* big enough,

1
0
/8_ e+ e, (&~ &) dt
0

=p! / o KL&W@)Q P (p_l (tLgé") +a- t)LSP))] ” (3.29)
0
>epl(p+ 1)’ T [T’“’ (om0 - 51’))1

2
> (e= Cp7) |On(el - )],

Combining the estimates (3.28) and (3.29), we get as p — 400,

e &) =0, (3.30)
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which in turn implies that |§1(,k) — &I? = O(p~*1) by equivalence of norms on the
finite dimensional space v/—1LieT, as 6, : v/—1LieT — €*°(X,R) is an embedding by

Proposition 2.2. This proves the result. O
4. Balanced metrics

In this Section, we study the notion (1.5) of an anticanonically balanced metric relative
to € € Lie Aut(X), and using the quantized Futaki invariant (1.7) as an obstruction for
their existence, we show that the vector field £ is determined by the complex geometry
of X.

In the whole Section, we consider p € N* big enough so that the Kodaira map (2.28)
is well-defined and an embedding, and fix a compact torus T' C Auto(X). We will use
freely the decomposition (2.8) for K =T.

4.1. Fubini-Study metrics

Let H be a T-invariant Hermitian inner product on H°(X, L?), which always exists by
average over T'. For all £ € \/—1LieT, the operators L¢ € End(H%(X, L?)) induced by
formula (2.4) are then Hermitian with respect to H, so that they admit a joint spectrum
Spec,(T') C (LieT)* not depending on H. For any x € Spec,(T), write

H(X,LP), :={s € H'(X,LP) | L¢s = (x,&) s forall ¢ €LieT}. (4.1)
Write Z(H(X, LP),) for the space of bases of H*(X, L), and set

BHO(X, ') =[] BHX.LP),). (4.2)
XGSpecp(T)

For any x € Spec,(T), write n,(x) = dim H°(X, L?),. The space Z(H°(X,LF))"
admits a free and transitive action of the group

GL(IC™)":= (K GL(C™W), (4.3)

XGSpecp(T)

acting component by component by the canonical action of GL(C™®)) on bases of
H°(X,LP)y, for all x € Spec,(T). Note that for any ¢ € Lie Tc, we have el¢ € GL(C"»)”
acting in a canonical way as a scalar on each component. For any n € N, we write
U(n) C GL(C™) for the subgroup of unitary matrices acting on C", and we set

Uny)" = Q) Ulnp(x)) € GL(C™)T. (4.4)

X€Spec,, (T)
To any s € B(H°(X, LP))", we can associate a basis {s;};7, of H’(X, L?), uniquely
determined up to reordering by the condition that it restricts to the corresponding
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basis of HY(X, L), for each x € Spec,(T). We write H, for the unique T-invariant

inner product on H°(X, LP) for which {s; };Lil is orthonormal. Conversely, we say that

s € B(H(X,LP))T is orthonormal with respect to a Hermitian inner product H on
HO(X, LP) if {sj}?il is, so that Hy = H.
We are now ready to introduce the main definition of the Section.

Definition 4.1. For any s € #(H°(X, L?))”, the associated Fubini-Study metric hY €
Met ™ (LP) is characterized for any s;, sy € H°(X, LP) and x € X by the formula

(s1(2), s2(x))np := (Ms(2) 51, 82) 1, » (4.5)
where II(z) is the unique orthogonal projector with respect to Hj satisfying
KerTly(z) = {s € H*(X, L) | s(z) =0} . (4.6)
That formula (4.5) defines a positive Hermitian metric is a consequence of the fact
that the Kodaira map (2.28) is an embedding.
For any T-invariant Hermitian product H, write Z(H°(X, LP), H)T for the space of

Hermitian operators with respect to H commuting with the action of T'. Via the action of
GL(C™)T on B(HY(X, LP))T, any given s € Z(H°(X, LP))T induces an identification

ZL(H(X,L7), H)" ~ Herm(C™)" := @)  Herm(C™ X)), (4.7)
X€Spec,, (T')

In particular, for any ¢ € /—1LieT, we have L¢ € Herm(C™ )T not depending on
s € B(H°(X,LP))T. We then have the following basic variation formula for Fubini-
Study metrics.
Proposition 4.2. For any s € Z(H°(X, L?))T and A € L(H°(X, LP), Hy)T, set

os(A) := Tr[All] € €°°(X,R). (4.8)
Then for any B € Herm(C™)™ | we have

a5(e*F) W, = hE, (4.9)

in the identification (4.7) induced by s € B(H' (X, LP))T.

Proof. First note that for any s € Z(H°(X, L?))", writing {s;};7, for an induced basis
of H°(X, L), Definition 4.1 implies

Z |sil7e = Z<HHssj,sj>Hs =Tr[y] =1, (4.10)

J=1 J=1
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and this formula characterizes hf € Met™(L?)T. On the other hand, for any B €
Z(H°(X, LP), Hy), we have

o, (eQB) = Tr[eBHHSeB]
np

n (4.11)
= (MuePsj,ePs;)m, =D |ePs; |iP )
i=1 j=1

which gives the result by the characterization (4.10) applied to both hs and h.z,. O

Remark 4.3. Let K be a compact Lie group containing T in its center, and let
hP € Mett(LP)X be a K-invariant positive Hermitian metric. Then the associated L2-
Hermitian product L?(hP) given by formula (2.26) is also K-invariant, and there exists
sp € B(H°(X, L))" orthonormal with respect to L?(h?). Furthermore, the orthogonal
projector Ils, () of Definition 4.1 coincides with the coherent state projector of Defini-
tion 2.8 at z € X, so that

WP = pro B2 (4.12)

and the function oy,(4) € €*°(X,R) defined by formula (4.8) for any A € Z(74)
commuting with the action of T, coincides with its Berezin symbol as in Definition 2.10.

Let us end this section by the following variation formula for the Berezin symbol with
respect to a change of basis

Proposition 4.4. For any s € #(H°(X,L?))T, any B € Herm(C™)T and any A €
L(H°(X,LP), H.54)T, in the identification (4.7) induced by s, we have

oeg(A)os(e*P) = oy(eP AeP) . (4.13)
In particular, for any & € /—1LieT, we have o5(e*t<A) = 0,1, (A)og(e?F<).

Proof. Let s € #(H°(X,LP))T be given, and let {sj}?il be an induced basis of
H°(X, LP). Then by Definition 4.1, the projector Il (z) at # € X of can be written
in this basis as

np

(@) = ((3;(2), su(@)ne ) (4.14)

k=1

Take now B € Herm(C")T, seen as a Hermitian operator with respect to Hy via the
identification (4.7), and take A € Z(H°(X,LP),H.5s)T. Writing them in the basis
{s; }?il, using Definition 4.1 and Proposition 4.2, we then get



L. Ioos / Journal of Functional Analysis 282 (2022) 109400 27

Np

JeBS(A) = Z <A6BS/€7€B$j>h§B

J,k=1

B

(4.15)

= gy(e?B)7! Z (eBAeB)ml (81, 8m)nr = 05(e*B) "L og(eP AeP).

I,m=1

This gives the result. O
4.2. Relative balanced metrics

In this Section, we introduce the notion of relatively balanced metrics, and we exhibit
their role as a quantized version of Kéhler-Ricci solitons. In particular, we will establish a
quantized version of Proposition 2.5 of Tian and Zhu for the quantized Futaki invariant.

Recall that we write hf € Met™ (LP)T for the Fubini-Study metric of Definition 4.1
associated with any s € Z(H°(X, LP))T, and recall that for any & € Lie Aut(X), we write
¢e € Aut(X) for its exponentiation. We will need the following equivariance property.

Proposition 4.5. For any s € Z(H°(X, LP))T and any n € Lie Aut(X) such that L, €
ZL(HY(X,LP), Hy)T, we have

¢y hs = heryg and  ¢po5(A) = Oy g€ Aetn) (4.16)

for any A € L (H°(X,LP), H)T.
Furthermore, if Hy is preserved by a connected subgroup K C Auto(X), the Fubini-
Study metric hE € Met™ (LP) is K -invariant.

Proof. Let s € #B(H°(X,LP))T be given, and let n € LieAut(X) be such that
L, € Z(H°(X,LP),Hy)T. For any si, s € H°(X,LP), we have by definition that

(s1,82)m ,, = (e "ns1,e7"msg)py,, and for any x € X, we have the identity

I, (7) = e“TL(¢, (x))e L7, (4.17)

which follows from the fact that both sides are orthogonal projectors with respect to
H,r,, and have common kernel by formula (4.6). Plugging these two identities in formula
(4.5) for h?,, and using formula (2.4) for L,, we get

(s1(2), s2(x))pr, = (s(oy(x))e Frs1,e™ Fr50) m,
etns (4.18)

= (7 751(¢(2)), e F52(y(2)))nr

which gives the first identity of (4.16) by definition of the pullback of a Hermitian metric.
On the other hand, from formula (4.17) we get

03(A)(6y(2)) = Trle 1MLz, (€)™ A] = 0,0, (e 20 A) (@) (4.19)
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This gives the second identity of (4.16) and concludes the proof. Finally, the fact that
h¥ is K-invariant when K C Auto(X) preserves Hy then follows from Definition 4.1, as
IIs only depends on Hy. O

To simplify notations, let us write ws := wp, for the Kéhler form associated with the
Fubini-Study metric induced by s € Z(H°(X, L?))T. From Proposition 4.5, a positive
Hermitian metric h? € Met*(LP)7 is anticanonically balanced relative to ¢ € Lie Aut(X)
in the sense of formula (1.5) if ¢ € y/—1LieT and if for any s, € B(H°(X, L))"
orthonormal with respect to L?(hP), we have

Whpr = weLg/stp . (420)

We then have the following useful alternative characterization of relatively balanced
metrics.

Proposition 4.6. A positive Hermitian metric hP? € Met+(L1’)T is anticanonically bal-
anced relative to € € \/—1LieT if and only if the associated Rawnsley function satisfies

Tr[eLE/P]
Opp (eLf/p)php = W . (421)

Proof. Consider h? € Met™ (LP)T, and let s, € Z(H"(X,L?))T be orthonormal with
respect to L?(hP) as in Remark 4.3. Using also Proposition 4.2, we have

hP = ppo Ky = ppe oo (eFe/Py pP : (4.22)

Le/2
ef/psp

Using (1.5), we then get that h? € Met™(LP)T is anticanonically balanced relative to
¢ € V/—1LieT if and only if the function pp» ops(e2¢/P) € €°°(X,R) is constant over
X. To compute this constant, it suffices to note that Proposition 2.12 implies

/ pe one (eX€/P) duy, = Tr[ele/P) . (4.23)
X

This gives the result. O

Using this characterization of relative anticanonically balanced metrics together with
the tools of Sections 2.3 and 3.1, we can now give a short proof of the following key fact.

Proposition 4.7. If there exists an anticanonically balanced metric h? € Met™ (LP) relative
to £ € Lie Aut(X), then the quantized Futaki invariant Futg : Lie Aut(X) — C vanishes
identically.
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Proof. Let h? € Met™(L?)T be anticanonically balanced metric relative to & €
v —1LieT. Then by definition (1.7) of the quantized Futaki invariant relative to &, using
Propositions 2.2, 2.12, 3.1 and 4.6, for any n € Lie Aut(X) we get

uté
Fpt—izi(?) - Tr[ThP(oh(n))eLE/p] = / On(n) one (eLs/p) pne dup,
X
(4.24)
rlele/P
= M/ On(n)dvy, =0.

X

This shows the result. O
4.8. Relative moment maps

In this section, we give the finite dimensional characterization of relative balanced
metrics, using a relative version of Donaldson’s moment map picture in [13]. For any
s € B(H°(X,LP))T, let us write dvs := dvp, for the anticanonical volume form (1.4)

induced by the associated Fubini-Study metric.

Definition 4.8. The anticanonical moment map relative to £ € /—1LieT is the map
pe + B(HO(X, LP))T — Herm(C™)T defined for all s € Z(H°(X, L)) by the formula

np

e(s) = / (8(2), 8(2)) e son, v /20 (2)

X 3, k=1

~ Vol(dw)

where {s; }?21 is an induced basis of H°(X, LP).

Note that we wrote formula (4.25) as an element of Herm(C"») instead of Herm(C"»)T".
However, Proposition 4.5 shows that L*(h v /2,) is T-invariant, so that the right hand
side of (4.25) splits into blocks corresponding to the eigenspaces (4.1) of the action of
T on H°(X, LP), giving an element of Herm(C™)T as in formula (4.7) depending only
on s € Z(H°(X,LP))T. This identification will always be implicitly understood in the
sequel.

Note that we do not claim that Definition 4.8 defines an actual relative moment map
in the usual sense, and we will consequently not use any moment map property as such
anywhere in this paper. We will however stick to this name, as it is the anticanonical
analogue of the relative moment map considered by Sano and Tipler in [39, §3.3]. Its
relevance in the context of balanced metrics comes from the following basic result, which
follows immediately from the definition.
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Proposition 4.9. For any £ € /—1LieT and s € B(H°(X, L?))T, we have

pels) = 0 (4.26)

if and only if there exists an anticanonically balanced metric h? € Met+(Lp)T relative to
& for which s is orthonormal with respect to L*(hP).

Proof. Writing

Vol(dus)
WP Telen Wy (4.27)

Definition 4.8 shows that s is orthonormal with respect to L?(h?) if and only if u¢(s) = 0.
Hence formula (4.27) for h? € Met™ (LP)T implies formula (4.20) for an anticanonically
balanced metric with respect to €. This gives the result. O

For any { € /—1LieT, consider the scalar product (-,-)¢ defined on any A, B €
Herm(C™»)T by

(A, B)¢ := Tr[el</PAB]. (4.28)

We then have the following important obstruction result, which is compatible with Propo-
sition 4.7 via Proposition 4.9.

Proposition 4.10. For any £ € v/—1LieT and s € B(H°(X, LP))", we have the identity
(Id, pe(s))e = 0, and for any n € v/—1LieT, we have the identity

~ Vol(dvs)

P(Ly, pe(s))e = Tefebe/] Fut$ (1) . (4.29)

Furthermore, for any connected compact subgroup K C Auto(X) preserving Hy and
containing T C K in its center, we have that u¢(s) € Herm(C™»)T commutes with the
action of K on H°(X, LP) via the identification (4.7).

Proof. Let £ € \/—1LieT and s € Z(H°(X, L?))” be given, and let {sj}?il be an in-
duced basis of H°(X, LP). Using formula (4.14) for the basis {el¢/?Ps; }?21, the coherent

p

state projector II 1.2y () at € X in the basis {s;};?; reads

np

e g (@) = ((5,@) su@, ) (4:30)

j k=1

Using Proposition 4.5 together with formula (2.5), the fact that II .2, () is a rank-1
projector implies
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Tr[ebe/? g (s)] = / To{IL oo, (2)] v, o son (2) — Vol(dig) = 0. (4.31)
X

This proves the first assertion.
On the other hand, using Propositions 4.2 and 4.5, for all n € v/—1LieT, formula
(2.5) implies

9 .
/ 05(Ly) dvg = p &’tzo/ o5, dun = 0. (4.32)
X

X

From formulas (1.7) and (4.30), this gives

Vol(dvs)
Tr[eLs/PLn pe(s)] = / 06L£/2ps(Ln) dv g /opg — W Futg(n)
X (4.33)

_ Vol(dw) ¢

Finally, let K C Auto(X) be a connected compact subgroup preserving Hs containing
T C K in its center, and recall from Proposition 4.5 that hs € Met™ (L)%, and for any
n € Lie K, we have Il r,, = II;. Then using formulas (2.5), (4.17) and (4.30), in the
identification (4.7) we get

- B B _ Vol(dvs)
e P pg(s)etn :/6 Le/2em Il 1, jay (w)eme™ He/?P dug — Tr[ele/r]
b'e
B B Vol(dvs) 4.34
- / S PN CH ) e Tr[eLa/SP] . o
b'e

1273 (S) ’

where we used a change of variable with respect to ¢, € Auty(X) to get the last line.
This concludes the proof. O

5. Equivariant Berezin-Toeplitz quantization

In this Section, we fix a connected compact subgroup K C Auty(X), and write T C K
for the identity component of its center. We will study the properties of the Berezin-
Toeplitz quantization of Section 2.3 with respect to the action of K. Let p € N* be large
enough so that the Kodaira map (2.28) is an embedding, and consider the setting or
Section 2.3 for a K-invariant positive Hermitian metric h? € Met™ (LP)K.
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5.1. Quantum channel

Recall that we write €°°(X,R)¥ for the space of K-invariant functions on X, and
L (#,)X for the space of Hermitian operators commuting with the action of K on 7.

Lemma 5.1. The symbol and quantization maps introduced in Definition 2.10 restrict to
linear maps ope + L(H,)5 — €°(X,R)E and Ty : € (X,R)E — 2(,)K

Proof. Following Remark 4.3, let s, € (H°(X, L?))T be orthonormal with respect to
L?(hP). As K preserves L?(hP) and as the coherent state projector of Definition 4.1 only
depends on H,, = L?(hP), we have Iz, s, = Hs, = 1lp» for all n € Lie K. Proposition 4.5
then implies that ops(A) € €°(X,R)X for all A € Z(#,)%. This shows that the
Berezin symbol restricts to a map ope : L(5,)5 — €°(X,R)E

On the other hand, Proposition 4.5 shows that hf € Met ™ (LP) is K-invariant, and
formula (4.12) then implies that pp» € €°°(X,R)X. Thus for any € LieK and f €
¢>°(X,R)X, we can use formula (4.17) and a change of variable with respect to ¢¢ €
Auto(X) to get

nmﬂ=/}w4mﬂu4%m»m4%w»ﬁd%u>

(5.1)
:/f e Tl (x)e™ " ppo () dip(z) = *" T (Fle™ ",
X

so that Tys (f) € Z(54,)K for all f € € (X,R)X. This concludes the proof. O

From now on, we fix £ € v/—1LieT. Recall the scalar product (4.28) on the real vector
space £ ()% ~ Herm(C"»)X | and consider the scalar product L?(h,&,p) defined on
any f, g € €°(X,R)" by

one (€/P) ppo

(f,9) 9)L2(hg,p) * / fa eLs/P] dvy, . (5.2)

The following result is the equivariant version of the duality Proposition 2.12 between
Berezin symbol and Berezin-Toeplitz quantization.

Proposition 5.2. For any A € £ ()% and f € € (X,R)X, we have

<Thp (f)7 A>§

TrjeLer] W Gz (ADrnen - (5.3)

Proof. Following Remark 4.3, let s, € ZB(H°(X,LP))T be orthonormal with respect
to L?(hP). Then using Propositions 2.12, 4.4 and 4.5, for any A € Z(#,)K and f €
E(X,R)K, we get
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Te[e5e/P ATy (f)] = / oo (€55 A) ppo din
X

= [ oty () o (57) (5.4)
X

- / ¢2/2P Ohr (A) Ohp (eLg/p) Phe AV, .
X

This gives the result. O
We can now introduce the main tool of this Section.

Definition 5.3. For any & € \/—1LieT, the Berezin-Toeplitz quantum channel relative to
£ is the linear map defined by

&+ L) — L(A)E

A Tr (625500 (4)) - 55

Proposition 5.2 the shows that the quantum channel relative to £ € \/—1LieT is a
positive and self-adjoint operator acting on the real Hilbert space .Z (%)K endowed
with the scalar product (-, -)¢ defined by formula (4.28).

5.2. Berezin transform

The goal of this section is to extend the results of [22] on the Berezin transform
of Definition 2.13 to the equivariant setting of Section 5. For any ¢ € /—1LieT, we
consider the linear isomorphisms ¢ : ¢ (X,R)E — ¢~(X,R)X by pullback with
respect to ¢¢ € Tc. The following basic result draws a link with the quantum channel of
Definition 5.3.

Proposition 5.4. For any & € /—1LieT, the linear map

Dt jap PBrw + € (X, R)E — (X, R)" (5.6)
is a positive and self-adjoint operator with respect to the scalar product L?(h, &, p) given
by formula (5.2).

Furthermore, the positive spectrums of ¢Z/2p Brr and (a@}fp coincide.

Proof. The fact that ¢g/2p P is a self-adjoint and positive operator on €>°(X,R)X
with respect to the scalar product L?(h,&,p) is a straightforward consequence of Propo-
sition 5.2. Furthermore, this operator factorizes through the finite dimensional space
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< (%)K , so that in particular, it is a compact operator with smooth kernel. This im-
plies that Spec(qﬁg /2p Ppr) is discrete and contains a finite number of non-vanishing
eigenvalues counted with multiplicity.

Let now f € €>°(X,R)X be an eigenfunction of D% j2p PBnr with eigenvalue A # 0.
Then from Definition 2.13 and Definition 5.3, we have

&5 (Tur (1)) = Tor (6812 B (1) = AT (1), (5.7)

so that Ty»(f) € Z(#,)X is a non-vanishing eigenvector of é",fp associated with the
eigenvalue \, since by definition o r. . (Th»(f)) = Af # 0. This shows that the positive

spectrums of qbz /2p PBrr and éf,, coincide. This concludes the proof. O

The following result is the analogue of Theorem 2.14 for the equivariant Berezin
transform (5.6), where the role of the Riemannian Laplacian is played by the operator
Agf) of Lemma 2.6.

Proposition 5.5. For any £ € /—1LieT and m € N, there exists C,, > 0 such that for
any f € € (X,C)X and all p € N*, we have

* — Cm
T e R A L (5.8)

Furthermore, there exists | € N such that the constant Cp, > 0 can be chosen uniformly
for ¢ € /=1LieT in a compact set and h € Met™ (L) in a bounded subset in €"*-norm.

Proof. Using Theorem 2.14, we get for any m € N a constant C,, > 0 such that for any
f€€>(X,C) and all p € N*, we have

Cm
< 2| flgmea - (5.9)

A
Bt~ 4 21
™ lgm D

On the other hand, considering the Taylor expansion of ¢¢ /o, in p~ L, we get for any
m € N a constant C,,, > 0 such that for any f € > (X,R) and all p € N*|

" df-§ Cm
—f - = < — m+2 . .
S d ~ = | < e (5.10)

By definition (2.21) of the operator Agf) and the fact that df.& = 2df.€Y°0 for f €
€>(X,C)X and ¢ € /—1LieT, this gives the result. O

Let £ > 0 be smaller than the injectivity radius of (X, gZ™¥), fix zo € X, and let
Z = (Zy, ..., Zag) € R?¢ with |Z| < g9 be geodesic normal coordinates around x¢, where
| - | is the Euclidean norm of R2?. For any K(-,-) € €>°(X x X,C), we write K, (,-)
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for its image in these coordinates, and we write |Ky|4m (x) for the local €"-norm with
respect to x € X.

Let d¥ be the Riemannian distance on (X, g%x ), and recall as in the proof of Propo-
sition 5.4 that %pr admits a smooth Schwartz kernel, for all p € N*. The main tool of
this Section is the following asymptotic expansion as p — +oco of this Schwartz kernel,
which follows from [10, Th. 4.18’]. Let | - |¢= denote the local €™ norm on local sections
of LP ® (LP)*. In the following statement, the estimate O(p~>°) means O(p~*) in the
usual sense as p — +00, for all kK € N.

Theorem 5.6. [22, Th. 3.7] For any m,k € N, ¢ > 0, there is C > 0 such that for all
p € N* and x,y € X satisfying d* (z,y) > €, we have

| Bho (2, y)|m < Cp~". (5.11)

For any m,k € N, there is N € N, C > 0 such that for any xo € X, |Z|,|Z'| < &9 and
for all p € N*| we have

r/2 / _ 712
P Bro 00 (2, 2") Zp Trao (VP2 VP2 exp(=mplZ = ZT)|

Cp~2 (14 VBl Z| + VBIZ' )N exp(—y/blZ = Z'|/C) + O(p™) , (5.12)

where Jy.,(Z,Z") are a family of polynomials in Z,Z' € R®" of the same parity as
r € N, depending smoothly on xo € X. Furthermore, for any Z,Z' € R?" we have

Jowo(Z,2') =1 and Jy4,(Z,Z')=0. (5.13)

Finally, for any m € N, there exists | € N such that the estimate (5.12) is uniform for
h € Met™ (L)X in a bounded subset in €'-norm.

5.8. Spectral asymptotics

Fix h € Met™ (L)X, and write (-,-)z2 for the associated L?-Hermitian product on
€ (X,C)K, defined by formula (2.22) for ¢ = 0. We write || - ||, for the associated
norm, and L2(X,C)¥ for the induced completion of ¥°°(X,C)%. In the notations of
Section 2.2, the Riemannian Laplacian Ay, is then an elliptic self-adjoint operator acting
on L?(X,C)X and we write

0=X <A< A< <A <an (514)

for the increasing sequence of its eigenvalues. For all j € N, let e; € €>°(X,C)X be the
normalized eigenfunction associated with A;, so that |le;||L, = 1 and Ae; = Aje;. For
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any F : R — R bounded, we define the bounded operator F(A) acting on Lo(X,C)¥
by the formula

A)f= ZF Wfrei) a6 - (5.15)

In particular we can consider its associated heat operator et acting on €>°(X,C)¥
for all ¢ > 0. For any m € 2N, write || - | = for the norm defined for all f € (X, C)¥
by

Iz == AT f e + £ zs (5.16)

By the classical Sobolev embedding theorem and the elliptic estimates for Ay, there
exists k € N such that for any m € 2N there is C,;, > 0 such that

f

em < Co|l fll grmr (5.17)

for all f € ¥°°(X,C)¥. Furthermore, there exists [ € N such that the constant C,, >
0 can be chosen uniformly for h € Met™ (L)X in a bounded subset in €’-norm. By
convention, we set || f||go := || f|lL,-

We then have the following result, which is the analogue of [22, Prop. 3.9] for the
equivariant Berezin transform (5.6).

Proposition 5.7. For any m € 2N and any £ € /—1LieT, there exists Cp, > 0 such that
for any f € €(X,C)X and all p € N*, we have

_Ap . _ Cm
(7% = @ 20z, e O12) fHHm <2l (5.18)

Furthermore, there exists | € N such that the constant Cy, > 0 can be chosen uniformly
for £ € /—1LieT in a compact set and h € Met+(L)K in a bounded subset in €'-norm.

Proof. In this proof, we use the notation O(|W|¥) € R?" or R in the usual sense as
W € R?" goes to 0, for any k € N, and write (-, -) for the Euclidean product of R?".
First note that the operator

%7 _eeh(S)/2¢ gghpe 0n(8)/2 (5.19)

has a smooth kernel given for all x, y € X by

By, y) = O (2)e O (y) Bro (d¢jp (), y) (5.20)

Recall formula (5.12) for the asymptotic expansion as p — +o0 of the Berezin transform
Prv in geodesic coordinates Z, Z' € R*™ with |Z|, |Z'| < g¢ around x¢y € X. For
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all { € /—1LieT in a compact set, considering the Taylor expansion of ¢¢/2,(Z) as
p~l = 0and |Z] — 0, we get

exp(—7p |pgj2p(Z) — Z'[?)
= exp(~mplZ — Z'* — w(6sy. Z — Z') + (O(Z]) + p7O(2)). Z — Z'))
= exp(—mplZ = Z'P)(1 = 7p ™2 (6ay, VB(Z — 21))

+p HO(vPZ) + ™' O(IVPZ]), /P(Z — Z’))) -

(5.21)

On the other hand, recall from Proposition 2.2 that the imaginary part of the holomorphy
potential equation (2.7) gives 27 jewy, = —dbp, (). Using definition (2.2) for (-, -) := g,ﬁfo,
we get the following Taylor expansions as Z — 0,

e (©)/2(7)e=0n(8/2( 77

=1+d0u(§)-(Z — Z2")/2+ (0(12)) + O(|2']))?

=1+7(,Z~2")+(0(2]) + 0(|2')))*

=1+p 206, Vp(Z ~ Z) + p~H(O(VPZ)) + O(IVpZ']))*.

(5.22)

Multiplying the estimates (5.21) and (5.22) gives

O (Z)e 22"y exp(—mpl e 2, (Z) — Z'°)
= exp(=mp|Z = Z')(1 +p~O(|ypZ]) + p~'O(IVPZ'])) . (5.23)

so that the coefficient of order p~!/2 vanishes. Plugging the expansion (5.12) in formula
(5.20) for the Schwartz kernel of g?,,, we see that it also satisfies Theorem 5.6, with first
coefficients satisfying (5.13).

Setting now R, := e — ép, and using the classical small-time asymptotic expansion
of the heat kernel, as given for example in [1, Th. 2.29], and by (5.12), we see that its
Schwartz kernel R, (-, -) with respect to dvx satisfies R,(x,y) = O(p~ ) for all z,y € X
satisfying dX (x,y) > €o, and we get for any m € N a constant C > 0 and N € N such

that

|RP,10 (Z7 Z/)

€ (X)

< Cp ' (14 VpIZ| + Pl Z' )Y exp(=yplZ = Z'|/C) + O(p™™) . (5.24)

Following the proof of [22, Prop. 3.9], this readily implies that for any m € 2N, there is
a constant C,, > 0 such that for all f € €°°(X,R),

Crn
1R ()| < 7||f||Hm : (5.25)
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The uniformity of C,,, > 0 with respect to h € Met™ (L)% comes from the uniformity of
the small-time asymptotic expansion of the heat kernel with respect to the Riemannian
metric together with the uniformity in Theorem 5.6. This gives the result. O

Let us now write || - || 12(n,¢) and || - || 12(.¢ p) for the norms associated with the L2-
Heermitian products (2.22) and (5.2) respectively. Using Theorem 2.9, Theorem 2.14
and Proposition 3.2, we get a constant C' > 0, uniform for ¢ € /—1LieT in a compact
set and h € Met™ (L)X in a bounded subset in €'-norm for some I € N, such that

C C
(1 - 5) I lz2ne) < I lz2erep) < (1 + 5) I z2ug) - (5.26)

Proposition 5.7 implies the following key lemma, which is an analogue of [22, Lem. 3.10]
for the equivariant Berezin transform (5.6).

Lemma 5.8. For any fized L > 0, consider sequences {f, € €>(X,C)X} en- and {u, €
Spec(qbg/Zp Bhr) tpen~, such that p|1 — p,| < L for all p € N* and

I foll2reny =1 and  @jop Bur(fp) = tipfo - (5.27)

Then for all m € 2N, there exists Cr, y, > 0 such that for all p € N*, we have

[ follzrm < CrLom (5.28)

not depending on & € /—1LieT in a compact set and h € Met™ (L)X in a bounded
subset in €'-norm for some | € N.

Proof. Let {f, € €>(X,C)X}, cn- be a sequence satisfying (5.27) as above, and for all
p € N* | set

-l = lle™ @2 ey and fy = O, (5.29)

In particular, we have || f,|l, = 1 and Z,(f,) = ppf, for all p € N*, for the operator ,@vp
defined by formula (5.19), and the estimate (5.26) implies the estimate (5.28) for m = 0.
By induction on m € 2N, assume now that (5.28) is satisfied for m — 2. Write

Ap

ple™ 5 — By fp = p(1 — pp) fp — p(1 — e~ 5%5)

~ - (5.30)
=p(l— Hp)fp - AhF(Ah/p)fp )

where the bounded operator F(Ay/p) acting on Lo(X,C)¥ is defined as in (5.15) for
the continuous function F : R — R given for any s € R* by F(s) = 4n(1 — e~%/*7)/s.
As |p(1—pp)| < L for all p € N*, by Proposition 5.7 and formula (5.16) for || - || gm, this
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gives a constant C,, > 0, uniform h € Met™ (L)X in a bounded subset in €*'-norm for
some [ € N, such that

IE(An/p) follzrm < Conll Fpllsrm—2 - (5.31)

On the other hand, note that by hypothesis, we have yu, — 1 as p — +4o00. Using
Proposition 5.7 again, we then get &, > 0 and p,, € N*, uniform h € Met™ (L)X in a
bounded subset in €*-norm, such that for all p > p,,,,

~ ~ 7& ~ ~ 7& ~
|[F(AR/p)fp + (B — e 2) follum — [(Bp — €™ =) fpllam
inf {F(s) +pp — e/} Fpll v — Con™ 1 111

1E (/) Fpll sz >
2

2 Em”prHm .
(5.32)

Hence by (5.31), we get a constant Cy, ,,, > 0, uniform in h € Met*(L)¥ in a bounded
subset in ¢'-norm, such that for all p € N*, we have || f,|| = < CL 1, which gives (5.28)
by (5.29). O

Using Lemma 2.6, write

3
h

for the increasing sequence of eigenvalues of A;>’, and using Proposition 5.4, write

Yo(h?, &) Z (WP, &) = ---=n(hP,§) =--->0 (5.34)

for the decreasing sequence of eigenvalues of quZ /2p PBrr. The following result is the ana-
logue of [22, Th. 3.1] for the equivariant Berezin transform (5.6), and is the analytic
basis of our proof of Theorem 1.1.

Theorem 5.9. For every integer k € N, there exists a constant Cy > 0 such that for any
p e N7,

|1 — 71 (RP, &) — p~ " Ak(h,€)] < Crp™2. (5.35)

Moreover, there exists | € N such that the constant Cy, > 0 can be chosen uniformly for
¢ € /—1LieT in a compact set and h € Met™ (L)X in a bounded subset in €' -norm.

Proof. By Proposition 5.5 and by the Sobolev estimate (5.17), there is m € 2N, [ € N
and a constant C' > 0 such that for any f € €>°(X,C)~,

YN I i P (5.36)
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and the estimate (5.26) shows that equation (5.36) also holds in the norm |||z, (¢ p)- Let
now j € N be fixed, and let ¢; € €°°(X, C) satisty A% e; = \;(h,€)e; and |lej| L, = 1.
We then get C' > 0 such that for all p € N*|

(1 = 612, Z0)es = Ai(h,€)e cpt. (5.37)

~
La(h,€.p)

Let m; € N be the multiplicity of \;(h,&) as an eigenvalue of A;f). Then the estimate

(5.37) for all eigenfunctions of Aff)

that for all p € N*|

associated with A;(h, §) gives a constant C; > 0 such

# (Spec (p(1 = 6%10,2)) 0 [N(h,€) = Cip™ X1 €) + Cop™]) Zmy . (5.38)

Conversely, fix L > 0 and let {f,},en+ be the sequence of normalized eigenfunctions
considered in Lemma 5.8. Then by (5.36), we get C' > 0 such that

1- —A® ‘ <Cp . 5.39
Hp( tp) fp — Ay fp e SCP (5.39)
In particular, we get that

dist (p(l — lp), Spec Af)) <Cpt, (5.40)

showing that all eigenvalues of p(1 — ¢Z/2p%p) bounded by some L > 0 have to be
included in the left hand side of (5.38).

Let us finally show that (5.38) is an equality for p € N* big enough. Let | € N with
I > m; be such that for all p € N*, there exists an orthonormal family {fx ,}1<r<i of

eigenfunctions of (;52/21)%’1, for || - [|;2(n,¢e,p) With associated eigenvalues {jx, € R}1<rg
satisfying
p(1 — prp) € [Nj(h, &) —Cp~t N\j(h, &) +Cp Y], forall 1<k<I. (5.41)

By Lemma 5.8 and (5.26), the compact inclusion of the Sobolev space H* in H? gives
a subsequence of {fj,}pen+ converging to a function fj in H?-norm, for all 1 <k < L.
In particular, using (5.26) again, the family {fi}i<r< is orthonormal in Ly (h,§) and
satisfies A% fi = Xj(h, &) fx for all 1 < k <1 by (5.39). By definition of the multiplicity
m; € N of \;(h,§), this forces [ = m;. We thus get

# (Spec (p(L = 6% 2y Bp)) N [N (1, €) = Cp~t 0 (h€) + cpfl]) —my;.  (5.42)

By the uniformity of the constants in Proposition 5.7, Lemma 5.8, (5.17), (5.26), and by
the smooth dependance of the eigenfunctions of qbz /2p PBrr and Agf) with respect to the
initial data, we get the result. O
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6. Proof of the main theorem

In this Section, we use the preliminary results of all previous Sections to establish
Theorem 1.1. In Section 6.1, we will show how to use the results of Section 2.2 on
the differential operator of Tian and Zhu and the results of Section 3.2 on the quan-
tized Futaki invariants (1.7) to construct approximately balanced metrics from a given
Kéhler-Ricci soliton. The heart of the proof is in Section 6.2, where we use these ap-
proximately balanced metrics to establish existence and convergence in Theorem 1.1,
applying the tools of Section 5 on the moment map picture of Section 4.3. Finally, we
establish uniqueness in Section 6.3 using Proposition 4.7 and an energy functional for
the relative moment map.

Throughout the whole section, we will assume given a positive Hermitian metric
heo € Mett(L) such that wy__ € Q?(X,R) is a Kihler-Ricci soliton with respect to
¢oo € Lie Aut(X) in the sense of (1.2). We write K C Auty(X) for the identity component
of the subgroup of isometries of (X, g,{f ), and T'C K for the identity component of its
center, so that he, € Met™ (L)T and ¢, € v/—1LieT.

6.1. Approximately balanced metrics

The following semi-classical estimate on the Berezin symbol is inspired by [13, Lem. 24,
(35)-(35")]. We provide a proof that does not make use of any moment map construction.
Write || - || for the trace norm on End(H® (X, L?)).

Lemma 6.1. For any m € N and h € Met™(L)”, there exists a constant C,, > 0 such
that for any A € L ()T and all p € N*, we have

|one (A)lgm < Crn ™% || Aller . (6.1)

Furthermore, there exists | € N such that the constant Cy, > 0 can be chosen uniformly
for h € Met™ (L)T in a bounded subset in €' -norm.

Proof. Using the Sobolev embedding theorem as in [29, Lem. 2], we get for any m € N
and h € Met™(LP) a constant C,, > 0 such that for all p € N* and any holomorphic
section s € H(X, L), we have

ntm
|slgmney < Cmp 2 [Isllz2ney » (6.2)

where | - [¢m (,p) denotes the € -norm with respect to the Chern connection of (L?, hP).
Replacing h? by efh? with || f|l¢= < C for some fixed C > 0 in (6.2), we readily see
that C,, > 0 can be chosen uniformly for all h? € Met™ (LP)T in a subset bounded in

% ™-norm.
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Let now {sj} | be an orthonormal basis for L?(h?), and for A € Herm(C™»)7| write
(A]k)J’k:1 € Herm(C"P) for its matrix in this basis. Using formulas (4.12) and (4.14),
we know that

Uhp(A) = p;pl Z Ajk(Sk,Sj>hp . (6.3)

j, k=1

On the other hand, using Theorem 2.9, we get C' > 0 such that

-1
—1 _ : n WZ n—1 —-n
oitken =mig (5" 72+ 00m ) <o, (6.4)
Using the Leibniz rule on successive derivatives of p,;pl and by Theorem 2.9 again, this
implies the existence of C/, > 0, uniform in the ¢*-norm of h? for some [ € N, such that
for all p € N*, we have

lpiilem < CLp™. (6.5)

Then using the estimates (6.2), (6.5) and the fact, following from Theorem 2.9 and
formula (2.39), that n, < Cp™ as p — 400 for some C' > 0, we can use Cauchy-Schwartz
inequality on the trace norm to get for all m € N a uniform constant C’ > 0, such that
for all A € Herm(C™)T and all p € N*,

np
lone (A)lgm < |ops lgm D 1Ajk(Sk: 850 n0lgm
J, k=1
Al | 3 Z( )( )|sm oy |55k r oy st igtcam |55 gt um)
7y k=1nrl=1

< C'p"p" T || Allirmy < C'CPMTE (A
(6.6)

This gives the result. O

The following result is an extension of the analogous result of Donaldson [13, Th. 26]
to the case of general Aut(X), and is an anticanonical analogue of the result of Sano and
Tipler in [39, Th. 5.5]. The proof closely follows their strategy.

Proposition 6.2. There exist K -invariant functions f,. € €< (X,R)T for all r € N, such
that for every k, m € N, there exists a constant C ,, > 0 such that all p € N* big
enough, the T-invariant positive Hermitian metric

k—1

hi(p) := exp (Z Z%ﬁ) hoo € Met™(LP)K (6.7)

r=1
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have associated Rawnsley function PrE(p) € E>°(X,R) satisfying

Tr[eken/P]

Vol (dl/hk(p)

< Crmp"™ ", (6.8)
) €™

Pn% (p) Oh% (p) (eher/P) —

for the sequence {§, € \/—1LieT},en+ of Corollary 3.4.

Proof. In this proof, the notation O(p~*) for some k € N is taken to be in its usual
sense, uniformly in €™-norm for all m € N and uniform the ¢'-norm of h € Met™ (L)
for some [ € N.

Fix h? € Met™ (LP)% | and consider the setting of Section 5. Using Proposition 3.1 and
the definition of the exponential of an operator, we know that for any £ € Lie Aut(X),
we have el¢/P = Id + |¢| O(1), so that Proposition 3.6 implies that for any k& € N, we
have eFer/P = eLeoc /P Hk eLP‘fﬁ(j)/p +O(p~%~1). We can then use Proposition 3.2 and
Theorem 2.11 to get functions 7] ) e g (X,QC) for all j € N, depending smoothly on
¢ € /—1LieT, such that for any k € N, we have

k
eler/? = Ty (eeh(gp)) + Z p~’ Thp(néf,)) +O0(p~" ). (6.9)
j=1

Write Ry (p) € £(52,) for the remainder in (6.9), so that | Ri(p)|ep = O(p~*71). Using
the fact n, = O(p™) by Theorem 2.9 and formula (2.39), Cauchy-Schwartz inequality
then implies that ||Rg(p)|s = O(p? ~%71). Using now Theorem 2.14, we get functions
gj(h) € €~ (X,R) for all j € N, depending smoothly in the successive derivatives of
h € Met™ (L), such that for any ko € N, Lemma 6.1 applied to the expansion (6.9) for
k> ko+ (3n+m)/2 gives

oo (X0 /P) = B (")) + 3™ pI B () + oo (Ri(p))
(6.10)

Comparing with Theorem 2.9, and using Proposition 4.5, we get K-invariant functions
fi(h) € €°(X,R)¥ for all j € N, depending smoothly in the successive derivatives of
h € Mett (L), such that for any k € N, we have

efn(€co)
—-n Le /p —3 —k—1
p~ " one (€7 P prr = “aldo E p fi(h) +O(p™" 7). (6.11)
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Via the characterization (2.20), we see that the first coefficient of (6.11) is constant if
and only if A € Met™ (L) is a Kéhler-Ricci soliton with respect to £.. Integrating both
sides against dvj, and using formula (4.23), this implies the result for k& = 1.

Recall that Ay, denotes the scalar Riemannian Laplacian of (X, g1 ). Using the vari-
ation formula (2.3) for the anticanonical volume form and a classical formula in Kdhler
geometry, for any f € €°(X,R) we get

0 Wetrp, 1 wy
—_ S llee [ —A _ oo 12
(gt = 1) i (6.12)

Otli=0 dvesy,

For any & € /—1LieT and h € Met" (L)X, recall the operator A,(f) acting on
%>(X,R)X defined in Lemma 2.6. Using Proposition 2.2 on holomorphy potentials
and Theorem 2.9, the expansion (6.11) implies that for all kK € N and f € €°>°(X,R)7,
we have

—n

p 0(epfkf})p(eLsp/p) p( p*’“fh)p

efn(€s0)

- Z P L) 407 (flh) + A = ) + 07 (613)

Cnldy, dvy,

On the other hand, using Propositions 2.12 and 3.1 and the definition (1.7) of the
quantized Futaki invariant, Corollary 3.4 implies that for any h € Met+(L) and all
71 € Lie Aut(X), we have

Futff (n) _

/Gh(n) on ("0 /P) ppo dvy, = i1

(6.14)

Using Proposition 2.7, this implies that the coefficients in the expansion (6.11) for heo
satisfy

Filheo) € (Ker (Afj) —Iol))l forall jEN, (6.15)

for the L2-scalar product L2(h,¢) on €°°(X,R)¥X defined by formula (2.22) using the
characterization (2.20) of Kéhler-Ricci solitons. Thus for all j € N, there exists a func-
tion f; € €°(X,R)¥ satistying f;(hoo) = f; — A=) f;. Taking hi(p) = e/1/Pho €
Mett (L)X, the second coefficient of the expansion (6.13) with & = 2 vanishes, and in-
tegrating both sides against dvy,(,) gives the result for & = 2 via formula (4.23) as
above.

Let us now assume that for some k € N, we have positive Hermitian metrics hy(p) €
Met ™ (L)X as in (6.7) satisfying

eahoc (goo)wg'

ni o) (" V)P () = o = +0(p"). (6.16)
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As we have hi(p) — he smoothly as p — 400 by hypothesis; we can again apply
Theorem 2.9 to get expansion (6.11) for hfY(p), and taking the Taylor expansion as
p — +oo of the coefficients f.(hr(p)) for all 1 < r < k + 1, we then get for any
fee=(X,R)¥,

— L
p " Jep*k.fh(e gp/p)p(ep’kfh)p

eghoo (&oo)wg

T L 7% (fulhoo) + AFZf = ) + O (617)

Taking hpy1(p) := efe/P" hy(p) € Met™ (LP)K for all p € N*, where f € €>(X,R)K
satisfies fi(hoo) = fx — A;i‘:’)fk thanks to (6.15), we get the result for k + 1 via formula
(4.23) as above. This gives the result for general k € N by induction. O

For any £ € N and p € N* big enough, consider the positive Hermitian metrics
hi(p) € Met™ (L)X constructed in Proposition 6.2 and let s,(p) € B(H(X,LP))" be
orthonormal with respect to L?(h} (p)). The following Lemma shows that these metrics
indeed approximate the Kahler-Ricci soliton.

Lemma 6.3. For any k, kg, m € N with k > ko > n+ 1+ m/2, there exists C > 0 such
that for all p € N* and any B € Herm(C™)T with || B|ls» < C™1p~*0, we have

C
weBeLSP/zpsk(p) - whw‘(gm < 5)
6.18
dVeBeLép/%sk(p) B VOl(dVeBsk(p)) < Cp—ko—l ( )
thk(p) VOl(dZ/hk(p)) o )

and C~1 < Vol(dv.zg, () < C.

Proof. Using Propositions 4.2 and 4.4, we know that for all k € N, p € N* and B €
Herm(C™)T'| we have

W) = Png ) ho) = P O (€5 VW oy
(6.19)
L 2B
= phi (p) O'hi (p) (6 &p /p) O-eLﬁp /pSk (») (6 ) theLEP/2psk ) .

By definition of the Kéhler form (1.1), we then get
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V-1= B
weBeLEp/pSk(P) = Whi(p) — 2mp 99 log Tl "s1(p) (62 )

V=1
— 2—86 lOg (phl’(p)O'hP(p) (6 §1’/17))

V=1= (6.20)
= Why,(p) — %86 log (1 + o—eLsp/pSk(p) (623 _ Id))

VOl(thk (p) )

\/_
2mp Tr {GL%/”]

——00log [ 1+ phz(p)o—hi(p)(eLgp/p) 1

Recall from Propositions 3.2 and 3.6 that C~1p" < Tr {eLﬁp/p] < Cp™ for some C > 0,
while Vol(dvy, (p)) — Vol(dvn,, ) as p — +oo by definition (6.7) of hx(p). Then by
Lemma 6.1 and Proposition 6.2, we can take the Taylor expansion as p — oo of
formula (6.20) to get that for any k, ko, m € N with k > ko > n+ 1+ m/2, there exists
C > 0 such for all B € Herm(C™) with ||B|l¢, < C~'p~*, we have

—ko—1
weBeLgp/pSk(p) — Why,(p) - < Cp~Fo ., (6.21)
By formula (6.7) for hg(p) and the corresponding formula for wy, () as in (6.20), this
implies the first inequality of Lemma 6.3.

Let us now establish the second inequality of Lemma 6.3. For any p € N* and B €
Herm(C™»), formula (2.3) and (6.19) give

log M 1 log Vol(dvn, )
vy, (p) p Tr [6L£P /p}
1 Vol(dvy, () 1 2B
-7y lo Tr {eLsp/f’} Prip) | — ;_alog UeLﬁp/PSk(P)(e ). (622)

Taking the Taylor expansion as p — 400 of the right hand side of (6.22) in the same way
as we did to deduce (6.21) from (6.20), for any k, kg € N with k > kg > n+1+m/2, we get
a constant C' > 0 such that for all p € N* and all B € Herm(C"™») with || B||; < C~1p~Fo,
we have

dVeBeLgp /pSk(p) _ 1 log Vol(dl/hk(p))

< COp ot (6.23)
v, (p) P Ty [epr /P}

7Y

Taking the integral of both sides against the probability measure dvy, )/ Vol(dvp, (p)),
we see that there is C' > 0 such that the constants V}, > 0 for all p € N* satisfy
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Vol (dVeBeLﬁp/psk(p) . 1 log M < Cp7k071 . (6.24)
Vol(dvpy () P Tx [GLE” / p}

Using the fact from Proposition 4.5 and formula (2.5) that Vol(dvs) = Vol(dv, ) for all
s€ BH(X,LP))T and ¢ € /—1LieT, we get the second inequality of (6.18) by com-
bining inequalities (6.23) and (6.24). The last statement then follows from the inequality
(6.24), recalling that C~1p™ < Tr [eLip/p} < Cp" and Vol(dvy, (,)) — Vol(dvy,, ) as
p — +00, so that the second term of the left hand side of (6.24) goes to 0 as p — +oo.
This concludes the proof. O

6.2. Moment map picture and existence

The goal of this Section is to give a proof of existence and convergence in Theorem 1.1.
In order to do so, it will be convenient to introduce some extra notations. Recall the
setting of Section 4.1, and write Prod(H°(X, L?))¥ for the space of K-invariant Her-
mitian inner products on H°(X, LP). Given a fixed basis s € Z(H°(X, L?))T inducing
Hy € Prod(H(X, LP))X, consider the induced identification H°(X, LP) ~ C"». Via this
identification, write GL(C™" )X < GL(C")T for the group of invertible endomorphisms
commuting with the induced action of K on C™, and write U(n,)% C GL(C™)X
for the subgroup of unitary matrices commuting with the action of K. The action of
G € GL(C™)X on s induces again a K-invariant product Hgs € Prod(H°(X, LP))X,
and as for (4.7), we have an identification

ZL(HY(X,LP), Hgs)® ~ Herm(C™)X | (6.25)

where Herm(C"»)%X C Herm(C™)7 is the space of Hermitian matrices commuting with
the induced action of K on C"». Note that the second statement of Proposition 4.10
precisely says that ue(Gs) € Herm(C™»)%.

Our strategy for the proof of Theorem 1.1 is based on the following fundamental
link between the anticanonical moment map of Definition 4.8 and the Berezin-Toeplitz
quantum channel of Definition 5.3. Following Remark 4.3, let h? € Met™ (L)X be a
K-invariant positive Hermitian metric, let s, € Z(H°(X, LP))T be orthonormal with
respect to L?(hP), and consider the induced identification (6.25). By Proposition 4.10,
for any ¢ € v/—1LieT and A € Herm(C™ )X we have

0
Ds, pe(A) := e Oug(etAsp) € Herm(C™)¥ . (6.26)
t=
Let (-, )¢ be the scalar product (4.28) on Herm(C"™»)¥X, and write || - ||¢ for the associated
norm.
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Proposition 6.4. Assume that h? € Met™ (LP)K is anticanonically balanced relative to
& € V—1LieT, and let s, € B(H(X,L)P)T be orthonormal with respect to L*(hP).
Then for all A € Herm(C™»)X satisfying (Id, A)e, = 0, we have

Trleen /7]

Qde%ﬁAJ%M@M»@=HA%,—G+§)@&&%M»§. (6.27)

Proof. Let us first compute Dsug(A) € Herm(C™)T, for general ¢ € /—1LieT,

s € Z(H°(X,LP))T and A € Herm(C™)T. Using Proposition 4.2, Proposition 4.5 and
formula (4.30), in the identification (4.7) we get

p
Dspe(A) = 9 (es;, e s ) pp v re /e
ské t=0 7 het,AeLg/Zps e ¢/ Ps
P

J, k=1

Np

9 Vol(dv,:a)
T e I

j, k=1

—L:/2 —L¢/2
= /6 ¢/ p(AHeLs/QpS + HeLs/ZpSA — QO-GLE/ZPS(A)HeLs/ZpS)e ¢/ deeLE/ZpS
X

2
—L¢/2 —L¢/2
—2—? 06L5/2pS(A)€ E/ pHeLE/ZpSe g/ pdVeLé/sz
X

Vol(dvs) [ 2

Tl Elawmm%1¢ (6.28)

Then by Propositions 4.4 and 4.5, for any A € Herm(C"™)T with Tr[el</? A] = 0, we
get

TrleX¢/P A Dypue(A)]

1
= /UeLé/st(Az) dVeLg/QpS — (1 + p) /(TELE/%S(A)2 dVeLg/st (6.29)
X X

On the other hand, from Proposition 5.2 and Definition 5.3, for any h? € Met™ (LP)T
get
Trfebe/r A2] :t/}nw(A?)am4eL~@)phpdyh,

* (6.30)
Tr [eLf/pA &5, (A)} = / oo (A)2ons (eX/P) po duy, .
X
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Using Proposition 4.6 and comparing formulas (6.29) and (6.30), this gives the result. 0O

For any £k € N and p € N* big enough, consider the positive Hermitian metric
hY(p) € Met™ (L)X constructed in Proposition 6.2, and let sy (p) € B(H°(X, LP))T be
orthonormal with respect to L?(h% (p)). Consider the induced identification (6.25), and
let &, € v/—1LieT be given by Corollary 3.4. The following result constitutes the heart
of our strategy, using the asymptotics of the spectral gap of the Berezin transform given
in Theorem 5.9 to give a crucial estimate from above on the Berezin-Toeplitz quantum
channel.

Theorem 6.5. There exists € > 0 such that for all k > n+ 3, all p € N* big enough and
for any A € Herm(C™»)X satisfying (Id, A)¢, = (Ly, A)e, = 0 for alln € \/—1Lie T, we
have

(465, (D), < (L— (1 +ep™) A]2, (6.31)

Proof. For any s € #(H°(X, L)) and n € v/—1LieT, we write 05(n) := 0p,(n) to
simplify notations. By Propositions 2.2, 4.2 and 4.5, we have

0
PONE = | Gieht = a(Ly) B2 (6.32)
Given h? € Met*(LP)X and s, € Z(H°(X, LP))T orthonormal with respect to L2(h?),
Proposition 3.1 and Definition 5.3 of the quantum channel then imply that for any
&, me/—1LieT, we have

(L) = T (One /20, (1)) (6.33)

Using Propositions 2.2 and 6.2, we get from formula (6.19) a constant C' > 0 such that
|96L§p/2psk(p)(n) — Oh(p) ()]0 < Cln|p"~*, for all n € /=1 LieT and p € N*. Hence by

Theorem 2.9, Definition 2.10, and Proposition 3.1 and as || - [|¢ < Cp™/2|| - ||op for some
C > 0, formula (6.33) implies

On the other hand, recall the notation (5.33) for the increasing sequence of eigenvalues
of the Tian-Zhu operator A,i of Lemma 2.6, for any h € Met™ (L) and ¢ € /—1LieT.
Proposition 3.6 and formula (6.7) show that for any j € N, there exists a constant C; > 0
such that [A;(hg(p),&p) — Aj(hoo,€xo)| < Cjp~t, for all p € N*. Using Theorem 5.9, we
thus get that for any j € N, there exists a constant C; > 0 such that for all p € N¥,
we have |1 —7;(h}(p),&) — P Ak (hoo, €ac)| < Cjp~2. Using Proposition 5.4, this shows
that there exists €, C' > 0 such that for all p € N*,

p
n) = = Ln

3n 49
Bt (En) = 2 Lnl| < Op% T ] (6:3)

tr
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Spec(6if ) N1 = (1+e)p™ 1= (1—e)p™']

Cll—=pt=Cp21-pt+Cp?. (635

Recall from Proposition 2.2 that 0y, ;) : vV—1LieT — *°(X,R) is an embedding. For
any 11, 2 € v—1LieT, Propositions 3.1, 3.2, 5.2, 5.5 and 6.2 imply that for all p € N*,
we have

<L aL >§ _
% = (O (o) (1) O () (12)) L2 (e (), + 2] 12 O(07), (6.36)

so that || Lylle, = €|nlp2 T for some & > 0 not depending of p € N* big enough. Note
also from Propositions 3.1 and 3.6 that there is C' > 0 such that the norm induced by
(4.28) satisfies C7 - [|er < || - |le, < C| - |l4r for all p € N*.

Set now k£ > n + 3. Using Proposition 3.1 together with an elementary Lemma on
quasi-modes (see for instance [23, Lem. 2.1]), formulas (6.34) to (6.36) imply the existence

of a constant C' > 0 and an eigenvector L, € Herm(C™ )X of &

W? (p) with associated
k
eigenvalue A € [1 —p~t — Cp~2,1 — p~ + Cp~2] and such that

Ialle, = IZglle, > elnlp®** and |L, =Ly <oyl (637)
P

Using Proposition 2.7 and Theorem 5.9 again, we know that the dimension of the sum
of eigenspaces associated with the right hand side of (6.35) is equal to dim 7', so that
by formula (6.36), the operators E; € Herm(C™)K for all n € /—1LieT generate
this subspace as soon as p € N* is big enough. As we have (fffé’(p)(Id) = Id by Propo-
sition 2.12, Lemma 2.6, Proposition 5.4 and formula (6.35) imply that (6.31) holds for
A € Herm(C"™)¥ belonging to the orthogonal of the subspace generated by Id o, and f:,
for all n € v/=1Lie K. Now for any A € Herm(C"»)¥ satisfying (Id, A)¢, = (L,, A)e, =0
for all n € v/—1LieT, formula (6.37) and Cauchy-Schwartz imply the existence of C' > 0
such that

—~ n_ cC o~
(Ly, A)e, < Clulp? “HIAlle, < Z P71, [ 4lle, - (6.38)

It then suffices to consider the splitting of A into the eigenspaces of éfj;’ ® to get the
k
result. O

Using the relation between the derivative of the moment map and the relative quantum
channel given in Proposition 6.4, we can now apply the estimate of Theorem 6.5 to give
an estimate from below for the derivative of the moment map at the approximately
balanced bases. This lower bound constitutes the core of the proof of Theorem 1.1,
and this shows how Berezin-Toeplitz quantization can be used to bypass the delicate
geometric argument in the proofs of Donaldson [13] and Phong and Sturm [34] of the
analogous result for the original notion of balanced metrics.
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Corollary 6.6. For any k, kg € N with k > ko > n + 3, there exists € > 0 such that
for all p € N* big enough, for all B € Herm(C")X with |B|¢, < ep™* and all
A € Herm(C"»)X satisfying (Id, A)e, = (Ly, A)e, =0 for alln € /—1Lie K, we have

Tr[eler/P]

g
—— (A, D A 27‘42. )
Vol(drgoy ) Dersemties (A, > CIIAILE, (6.39)

Proof. The proof uses the fact that Proposition 6.4 is approximately satisfied for ap-
proximately balanced metrics. First note that for all s € Z(H°(X,LP))T and all
A € Herm(C™)E  Cauchy-Schwartz inequality and the fact that Il is a rank-1 pro-
jector implies that |o5(A)|zo < ||Allsr and |o5(A?)|xo < ||A]j7,.. Consider the operator S,
acting on A € Z(H°(X, L?), H)¥ by

o) S (A (6.40)

1
Sp(A) == A— <1 + _) &
Then plugging s = ePs;(p) into formula (6.29) and comparing with (6.30), we can use
Proposition 6.2 and Lemma 6.3 to get a constant C' > 0 such that for all p € N*,
for all B € Herm(C™)X with | B¢, < C™'p~* and for all A € Herm(C"»)¥ with
(Id, A)¢, = 0, we get that

Tr[ele /7]

Vol(dvess, () (A, Desg, (p) 1, (A))e, — 2(A, Sp(A))e,
e-sg(p

<O r A2 . (6.41)

We then get the result from Theorem 6.5 by taking kg >n+3. O

Thanks to the lower bound of Corollary 6.6, we can now follow the standard strategy
of Donaldson in [13], adapted to the case of general Aut(X). The following result is
inspired from the moment map Lemma of Donaldson in [13, Prop. 17]. We provide a
proof working in greater generality, as we do not claim that Definition 4.8 defines a
moment map of any kind.

Proposition 6.7. Consider a €*-map
w: BH(X,LP)T — Herm(C™»)T (6.42)

satisfying p(s) € Herm(C™)E for all s € Z(H® (X, LP))T inducing a K -invariant prod-
uct Hy € Prod(H®(X, LP))X, and such that u(Us) = Up(s) U* for all U € U(n,)T and
(Id, pu(s))e, = (Ln, u(8))e, = 0 for alln € /—1LieT.

Assume that there exist s € B(H®(X, LP))T inducing Hy € Prod(H°(X, L?))X and
A, 0 > 0 such that

(1) Mipe, (s)lle, <95
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(2) XA, D sgpe,(A))e, = ||A||§p, for all B € Herm(C™)X such that||B|l¢, < § and all
A € Herm(C")X such that (Id, A)¢, = (L, A)e, =0 for all n € /—1LieT.

Then there exists B € Herm(C™»)X with | B|l¢, < and p(ePs) = 0.

Proof. First note that for any A, B € Herm(C™)T U € U(n,)T ands € B(H°(X, L?))T,
using that u(Us) = Upu(s) U*, we get
0
Tr[A Dygu(A) eler /Pl = | Tr[A u(etAUs) eler /P
(A Dusp(A) e 7] = O] T4 (et Us) el o1
= Tr[U* AU Dyu(U* AU ) e /7] .

Thus assumption (2) is equivalent to

(2") MA, Dyengp(A))e, = ||A||§p, for all B € Herm(C"»)X such that ||Bll¢, < §, all
U € U(nyp)® and all A € Herm(C™ )X such that (Id, A)e, = (L, A)e, = 0 for all
ne€—1LieT.

Let now s € Z(H°(X, L?))T inducing Hy € Prod(H°(X, L?))¥ be such that assumptions
(1) and (2) are satisfied, and consider the induced identification (6.25). Then the map

GL(C™)X — Prod(H"(X, LP))¥

(6.44)
G— HGs y

identifies Prod(H%(X, L?))% with the quotient of GL(C™ )X by U(n,)¥. This realizes
Prod(H°(X, L?))X as a symmetric space, whose tangent space at every point is naturally
identified with Herm(C™»)X. The scalar product (-,-)¢, then makes this space into a
complete Riemannian manifold, whose geodesics are of the form

t — Hung € Prod(H(X,LP))%, t € R, (6.45)

for all B € Herm(C"»)%.

Note on the other hand that the tangent space of the orbit GL(C™)K.s C
B(H°(X, L?))T is naturally identified with the space of endomorphisms commuting with
the action of K on C"». Then by assumption, the restriction of the map (6.42) to this
orbit can be identified with a vector field along this orbit, and we define s; € GL(C"»)X.s
for all t > 0 as the solution of the ODE

% st = —u(sy) forall ¢>0,

(6.46)
Sp = S.

If u(s) = 0, then the result is trivially satisfied, so that we can assume u(s) # 0, in
which case p(s;) # 0 for all t > 0. Let to > 0 be such that there exist U; € U(n,)¥
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and B, € Herm(C™ )X with || By|l¢, < & such that s, = UsePs for all ¢ € [0,o]. Using
assumption (2') with A := p(s;), for all ¢ € [0,¢y] we have

A2 o) 2, = 27 als0) D50y, > 2N, (6.47)

By derivation of the square, this implies A2 [|uu(s¢)|le, < —[|u(st)|le, for all t € [0,%0], so
that using Grénwall’s lemma with initial condition (1) and as u(s;) = Uyu(eBts) Uy, we
get

. 6 _
(e s, = llutso)lle, < ™ luis)lle, < y e/ (6.48)

Then by equation (6.46), the Riemannian length L(to) > 0 of the path {t — H, }1¢[0,4,] C
Prod(H°(X, L?))X satisfies

to +oo
5
L(to)Z/ [[(s)lle, dt<X/e‘Wdt=6. (6.49)
0 0

This means that there exists ¢ > 0 such that all points of {t — Hj, }+c[o,+o4) can be
joined by a geodesic of length strictly less than ¢, i.e., that for each t € [0,¢q + €], there
exists B; € Herm(C"»)X with ||B|l¢, < & such that Hy, = H,s.,, so that there exists
U; € U(ny)X such that s, = UpePrs. Thus I := {t; > 0| L(to) < 6} is non-empty, open
and closed in [0, +00], so that I = [0, +oo[. In particular, the path {¢t — Hs, }+~0 has total
Riemannian length strictly less than &, so that it converges to a limit point H.z.s €
Prod(H(X, L?))¥ by completeness, with By, € Herm(C™)¥ satisfying [|Bo|le, < 9.
Finally, inequality (6.48) for all ¢ > 0 implies

Boo — ] Bt —
lia(eP=s)lle, = Tim_[la(ePs)lle, =0. (6.50
This gives the result. O

Proof of existence and convergence in Theorem 1.1. Let h? € Met™ (LP)X, let s, €
PB(H°(X, L?))T be orthonormal with respect to L?(h?), and consider the identification
(6.25). For any & € /—1LieT, using Proposition 4.4 and formulas (2.39) and (4.30), we
get from Definition 4.8 the following inequality, for all A € Herm(C"»)X,

Tr[ele/P]
—(A
Vol(dl/sp>< 7M§(SP)>5
Tr[ele/?] L
= — L¢/2p Le¢/2p, P s/p p
Vol(dus, ) / Tele/ sp(A) dv,re/ Sp /Uh (e A) prr dvp, (6.51)
X X

Tr[eLg/p] dVeL€/2pS L
== A LA P &/p p d .
/UEL&/QPSP( )<Vol(dysp) dvy, o (ZE) pur | vy
X
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For any &k € N and p € N* big enough, consider now the approximately balanced metric
hi(p) € Met™ (L)X of Proposition 6.2, let s(p) € Z(H°(X,LP))T be orthonormal with
respect to L?(h}(p)), and let {¢, € /—1LieT},en+ be the sequence of Corollary 3.4.
By Proposition 4.10, the relative moment map e, : Z(H°(X, L?))" — Herm(C™»)” of
Definition 4.8 satisfies the basic assumptions of Proposition 6.7, so that it suffices to show
that si(p) € Z(H'(X,LP))T satisfies the assumptions (1) and (2) of Proposition 6.7,
for some appropriate A, § > 0. Using Proposition 6.2 and Lemma 6.3 and the fact that

|0 Le, /20 (A)|zo < ||Aller by Cauchy-Schwartz inequality, we get from formula (6.51)

sk(p)
a constant C' > 0 such that for all p € N* and all A € Herm(C™ )X we have

Tr[ele/P]

Vol(dv ) < ClAlg, " 6.52
Vol(dl/sk(p))<  He, (31(0))e, < CllAllg, P77, (6.52)

Le/p
orle S e sk (p))|le, < Cp™* for all p € N*. Taking ko > n + 3, we
(dvs, (p))

can then choose k > ky +n + 1, and Corollary 6.6 together with Proposition 3.2 shows
that s (p) € B(H°(X, LP))T satisfies the assumptions (1) and (2) of Proposition 6.7 for
p € N* big enough, with

which implies

Trlelen /P
= 1—77[6 ) and 9§ := gp”“_k.
9 Vol(dl/sk(p)) 9

(6.53)
This gives Hermitian endomorphisms B, € Herm(C"™ )% with ||B,|¢, < ep~* such
that ue(eBrsg(p)) = 0 for all p € N* big enough. By Proposition 4.9, the Hermitian

metrics h, := h” € Mett(LP)X are then anticanonically balanced relative

eBrel /P, (p)
to &, for all p € N* big enough. If we also chose kg > n+ 1 +m/2 for some m € N,
Lemma 6.3 shows the €™-convergence (1.6) to the Kahler-Ricci soliton wy, . Together

with Proposition 3.6, this concludes the proof of Theorem 1.1. 0O
6.3. Energy functional and uniqueness

In this Section, we will establish the uniqueness statement in Theorem 1.1 as a quan-
tization of the analogous argument of Tian and Zhu in [44, Th. 3.2], using our study
in Section 3.2 of quantized Futaki invariants as obstructions for relative anticanonically
balanced metrics, and convexity results due to Berndtsson [4,5] applied to the energy
functional associated with the relative moment map of Definition 4.8.

Recall the setting of Section 4.1. Via the natural action of GL(C™ )T on the space
B(H°(X,LP))T, the quotient map

0 p\\T 0 YT U (np) "
BH"(X,LP))" — B(H" (X, L))" JU(ny) (6.54)
S — [S]a
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identifies Z(H°(X, LP))" /U (n,)T with the space of T-invariant Hermitian inner prod-
ucts on H°(X, L?). The twisted trace product (4.28) makes this space into a complete
Riemannian manifold, whose geodesics are of the form

t—s [e's] € B(H (X, LP))T )U(n,)T, t €R, (6.55)

for all A € Herm(C™»)T. Fixing a base point sg € Z(H°(X, L?))T, the free and transitive
action of GL(C™)T on 2(H°(X, L)) induces an identification

B(H(X,LP)" ~ GL(C™)T | (6.56)
and this induces a determinant map
dets, : B(H(X, LP))T JU(n,)T — 10, +o0f. (6.57)
The following energy functional has been introduced in [3, §4.2.2].

Definition 6.8. The energy functional V¢ : B(H°(X,L?))" /U(n,)T — R relative to
¢ € /—1LieT is defined for all H € Prod(H°(X, L?)) by

_ 2logdet, [ehs/Ps]

U ([s]) = — log Vol(dvs) p Tr[elelr]

(6.58)

For any ¢ € /—1Lie T, recall the induced scalar product (4.28) on Herm(C™»)T. The
role of the energy functional of Definition 6.8 comes from the following identity.

Lemma 6.9. For all s € Z(H°(X,LP))T and A € Herm(C™)T, we have

d

‘ 2
dt lt=0

Ve ([e"s]) = o Vol(dr)

(pe(s), A)e - (6.59)
Proof. Using Proposition 4.2 and formula (2.3), from Definition 6.8 we compute

2 2 Tr[ele/P A]

A Sy OV © . B
dt ‘t:O ([e™s]) p Vol(dvg) os(4) d p Trlele/?] (6.60)
X
On the other hand, using formula (4.30), Definition 4.8 gives
Vol(dvs)
Tr[e"s/Ppug(s) A] = / O tesapg(A) AV L)y — m Tr[e"e/P 4] (6.61)

X

From formula (2.5) and Proposition 4.5, a change of variable with respect to ¢¢ /2, € Tc
gives the result. O
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By Proposition 4.9, this implies in particular that [s] € Z(H°(X, L?))T/U(n,)"
a critical point of ¢ : B(H®(X, LP))T /U(n,)" — R if and only if there exists h? €
Met+(LP)T anticanonically balanced relative to & with s orthonormal with respect to
L2(hP).

The following result is a consequence of the results of [4,5] on positivity of direct
images.

Proposition 6.10. For any ¢ € /—1LieT, the energy functional of Definition 6.8 is
convex along geodesics of B(H°(X,LP))T/U(n,)T, and strictly conver except along
geodesics of the form t s [e!Ente)g with ¢ € R and n € Lie Aut(X) such that
L, € Z(HO(X, LP), Hy)T .

Proof. By definition (6.55) of the geodesics in Z(H®(X, LP))T /U (n,)T, the second term
of formula (6.58) for W is clearly affine along geodesics, so that it suffices to establish
the convexity of the first term.

Now as explained in the proof of [2, Lem. 7.2], via formula (2.7) the results of [5]
imply that the first term of formula (6.58) is convex along geodesics, and strictly convex
along geodesics except those generated by A € Herm(C™»)7 such that there exists ¢ > 0
and n € Lie Aut(X) with

0

| heeas = O n) + ) s (6.62)

By Proposition 2.2, the fact that 65, (n) € €°°(X,R) implies that Lj,hs = 0, so that
L, € Z(H°(X,LP), Hy)T. By Proposition 2.12 and formula (6.32), we then have o5(A) =
0s(Ly+c). On the other hand, the image of the Kodaira map (2.28) is not contained in any
proper projective subspace of P(H?(X, LP)*) by definition, hence following for instance
[22, Prop. 4.8], we know that the Berezin symbol oy : Z(H®(X, L?), Hy)T — €>(X,R)
is injective (see also [19, §3]). This concludes the proof. O

Proof of uniqueness in Theorem 1.1. First note that, if h, € Met™(L?)7 is anticanon-
ically balanced relative to &, € Lie Aut(X), then for any ¢ € Auty(X), the pullback
metric ¢* hy, is anticanonically balanced relative to ¢*£,. On the other hand, following
the argument of Tian-Zhu in the proof of [44, Th. 3.2], if &, € € Lie Aut( ) are such that
JE, JE are in the Lie algebra of maximal compact subgroups K, K C Auto(X), then
there exists ¢ € Auto(X) such that ¢* J{ € K. Using Proposition 4.7, we are then re-
duced to show uniqueness up to Autg(X) of anticanonically balanced metrics relative to
the vector field &, € v/—1Lie K of Corollary 3.4, for a fixed maximal compact subgroup
K C Autg(X).

Let now hy, Ep € Met"(LP) be anticanonically balanced metrics relative to &, €
v—1LieK, let T C K be the closure of the subgroup generated by J¢, and let
s,,8, € B(H°(X,L))T be orthonormal with respect to L2(h?), L*(h?). Proposi-
tion 4.9 and Definition 6.8 imply that [s,], [s,] € Z(H°(X,LP))T/U(n,)T are both
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critical points of W¢ , so that We, cannot be strictly convex along the geodesic joining
them. Proposition 6.10 then implies that there exists ¢ > 0 and n € Lie Aut(X) with
n € Z(HX,LP),H,,)" such that [s,] = [ce"rs,]. Then ¢} &, = &, and using the
characterization (4.20), Proposition 4.5 implies

_ _ _ * _ *
Wi, = Wole, oy = Wy Lep/ang, = o W ley o = by Wh,, - (6.63)
This concludes the proof. O
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