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Quantization and Isotropic Submanifolds
Louis Ioos

ABSTRACT. We introduce the notion of an isotropic quantum state as-
sociated with a Bohr—Sommerfeld manifold in the context of Berezin—
Toeplitz quantization of general prequantized symplectic manifolds,
and we study its semiclassical properties using the off-diagonal ex-
pansion of the Bergman kernel. We then show how these results ex-
tend to the case of noncompact orbifolds and give an application to
relative Poincaré series in the theory of automorphic forms.

1. Introduction

Let (X, ) be a compact symplectic manifold of dimension 27, and let (L, h%) be
a Hermitian line bundle over X, endowed with a Hermitian connection V£ such
that its curvature R” satisfies the following prequantization condition:

V=1

w=7RL. (1.1

Let J be an almost complex structure on T X compatible with w, and let g7 X be
the Riemannian metric on 7 X induced by w and J. For any p € N*, we denote by
L? the pth tensor power of L, we write AL” for the associated Bochner Laplacian
acting on €*°(X, L?), and consider the renormalized Bochner Laplacian given
for any p € N* by the formula

ALY —2mnp. (1.2)

Following [18. (1.7)], it admits a discrete spectrum in R, and there exist constants
C, C, it > 0 such that for all p € N*, it has a finite number of eigenvalues con-
tained in the interval [—E ,C ], whereas all the others are greater than up — C.
Then for all p € N*, we define the finite-dimensional space /%, C €°°(X, L?) of
almost holomorphic sections of L? as the direct sum of the eigenspaces associ-
ated with the eigenvalues of the renormalized Bochner Laplacian inside [—C,C].
As explained in Section 2.1, these spaces satisfy the Riemann—Roch—Hirzebruch
formula for p € N* big enough and are a natural generalization of the spaces of
holomorphic sections of L”.

In fact, consider the particular case of integrable J, making (X, J, ®) into a
Kdihler manifold, together with a holomorphic Hermitian line bundle (L, hL) such
that its Chern connection V' (its unique Hermitian connection compatible with
the holomorphic structure) satisfies (1.1). For any p € N*, writing 8 p for the holo-

morphic d-operator on forms with values in L and 5; for its formal adjoint with
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respect to the L2-Hermitian product, the Bochner—Kodaira formula tells us that
the operator (1.2) is equal to 25;5,,. Then by a result of [6, Thm. 1.1], this opera-
tor shows a spectral gap, so that the eigenvalues inside [—5 ,C ] are all equal to 0
for p € N* big enough. The space %, of almost holomorphic sections considered
above then reduces to the space of holomorphic sections of LP. As explained, for
instance, in [34, Section 9.2], these spaces can be thought as the spaces of quan-
tum states of the holomorphic quantization of the symplectic manifold (X, w),
seen as a dynamical phase space of classical mechanics. In this context, the in-
teger p € N* represents a quantum number, usually inversely proportional to the
Planck constant, and asymptotic results as p tends to infinity describe the so-
called semiclassical limit, when the scale gets so large that we recover the laws of
classical mechanics as an approximation of the laws of quantum mechanics.

On the other hand, in the framework of geometric quantization associated with
a regular Lagrangian fibration on X, the quantum states of X are represented by
immersed Lagrangian submanifolds ¢ : A < X satisfying the property called the
Bohr—Sommerfeld condition, which asks for the existence of a nonvanishing sec-
tion £ € €°°(A, *L) parallel with respect to VL and satisfying |¢ (x)|+L = 1 for
all x € A (see, e.g., [30]). We call the data of (A, t, ¢) a Bohr—Sommerfeld La-
grangian. The existence of a regular Lagrangian fibration on X being too restric-
tive, we consider in general singular Lagrangian fibrations, in which we allow the
dimension of the fibers to drop on a finite union of submanifolds of positive codi-
mension in X. Removing the condition dim A = n, we call the data of (A, ¢, ¢) a
Bohr—Sommerfeld submanifold. The typical case of a singular Lagrangian fibra-
tion is the case of foric manifolds, where X is endowed with an effective Hamil-
tonian action of T = (S!)”, and the fibers are given by the orbits of this action.
For a comparison of holomorphic and real quantizations in this context, see, for
example, [4].

In this paper, we use the theory of the generalized Bergman kernel of Ma and
Marinescu [26] to study semiclassical properties of Bohr—Sommerfeld subman-
ifolds in the context of the almost holomorphic quantization described before.
Here the quantization of a Bohr—Sommerfeld submanifold is represented by a se-
quence {s, € J,}pen~, called an isotropic state, defined for any p € N* by the
formula

5p= /A Pyt () dva (v, (13)

where dv, is the Riemannian volume form of (A, *g7X), 7 € € (A, *LP) is
the pth tensor power of ¢, and P, (-, -) is the generalized Bergman kernel, that
is, the Schwartz kernel with respect to dvy of the orthogonal projection P, from
€¢>°(X, LP) to J, with respect to the natural L?-Hermitian product. The ex-
pected behavior of a quantum state in the semiclassical limit is to rapidly localize
around the corresponding classical object, and we show in Proposition that
isotropic states indeed concentrate around the associated Bohr—Sommerfeld sub-
manifold as p — +oo. Furthermore, we establish in Theorem the following
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estimate on the L2-norm || - || p of these sections as p — +o00, which is the first
main result of this paper, and which we state here in its simplest form.

THEOREM 1.1. Let (A, ¢, t) be a Bohr—Sommerfeld submanifold of X . Then there
exist ar € R, r € N, such that for any k € N and as p — +o00,
k
Ispl2 = pr=OmA " =g, 4 o (pr-dmA/2= (et D) (1.4)
r=0
Furthermore, we have ay = 2dimA/2 Vol(A), where Vol(A) > 0 is the Riemannian
volume of (A, 1*gTX).

The proof of this theorem uses the off-diagonal expansion expansion of the gen-
eralized Bergman kernel as p — 400 given in [ Thm. 1.19], which in fact
implies an analogous expansion for the isotropic state s, around A depending on
the position of the tangent spaces of A with respect to the Riemannian metric
gTX, similar to the asymptotic expansion of the G-invariant Bergman kernel of
Ma and Zhang [28, Thm. 0.2]. Although we do not state it explicitly, this fact
is implicitly used in Section 4, where we study the L?-Hermitian product (-, -) p
of two such sections as p — +00. We show that this product tends rapidly to 0
whenever the two associated submanifolds do not intersect, and we establish The-
orem 4.4, which is the second main result of this paper, and which we state here
in its simplest form, using the notion of clean intersection of Definition

THEOREM 1.2. Let (A1, t1, &1) and (A2, 12, §2) be two Bohr—-Sommerfeld subman-
ifolds with clean and connected intersection, and let {s; p}pen+, j = 1,2, denote
the associated isotropic states. Set | =dim A1 N A and dj =dim A, j=1,2.
Then there exist b, € C,r € N, such that for any k € N and as p — 400,

k
(51.p. 52.p) p = pI=CDHA/2H1/2p ZP_’br
r=0
+ O(p" IR, (15)

where A € C is the value of the constant function on A1 N Ay defined for any
x € AN Ay by AMx) = (¢1(x), &2(x)) 1. Furthermore, if dim A1 = n, then

by =2"/? /
ANAy
dr—1

n—I
det—”z{«/—lzh”@k,w)w(ek,vj)} |dviana,,  (16)
k=1 i,j=1
where (e,-)f':_ll, (v j)‘j&;ll are local orthonormal frames of the normal bundle of
A1 N Ay in Ay, Ay respectively, and |dv|a,na, is the Riemannian density on
A1 N Ay induced by g7¥.

The proof of this theorem also gives a formula for the first coefficient (1.6) in the
case Ay and Aj are both not Lagrangian, but its geometric meaning is unclear,
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which is why we do not give it explicitly. Note on the other hand that although
the integrand of (1.6) is nowhere vanishing, nothing prevents the whole integral
to vanish in general. In any case, this shows that in the semiclassical limit the
Hermitian product of two isotropic states is closely related to the geometry of
the intersection of the corresponding submanifolds. The left-hand side of (1.5) is
called the intersection product of s1 , and sz p, and can be thought as the cup
product of some Lagrangian intersection theory (see [32] for a discussion on this
idea).

To give the most general formulation of Theorems and 1.2, we use the
theory of Berezin—Toeplitz operators for the generalized Bergman kernel on sym-
plectic manifolds of [19] and consider any J-invariant Riemannian metric g7 %
on T X and isotropic states taking values in an auxiliary Hermitian vector bundle
(E, h®) with Hermitian connection VZ. In the case of nonconnected intersec-
tion the expansion (1.5) takes the form of a sum over the connected components.
We describe this in Theorems and 4.4 in the case of smooth and compact X.
When (E, hE ) is the so-called metaplectic correction, we recover the setting of
metaplectic quantization and Lagrangian submanifolds endowed with half-forms,
as explained in Remark 4.5. On the other hand, the case of higher-dimensional
(E, h%) is relevant for the applications to relative Poincaré series in the theory
of vector-valued automorphic forms, as explained further. In the same context,
note that the metric g7 X used in Section 6 is not the metric induced by  and
J, although the difference is rather trivial, as noted in the proof of Theorem
However, the case of a general Hermitian metric g7 ¥ may be useful in the study
of relative Poincaré series on more general symmetric spaces.

In Section 5, we explain how the results of Section 3 extend to the case of com-
plete noncompact orbifold (X, g7 %) when the immersed isotropic submanifold A
is compact and (X, J, w, gTX ) is Kéhler. As an application to the case where X
is the quotient of the Poincaré upper half-plane H by a discrete subgroup I' of
SL,(R), we derive in Section 6 asymptotic results on relative Poincaré series in
the theory of automorphic forms.

In the case of compact Kihler manifold (X, J, w, g7%) with even ¢ (T X),
E =C, and dim A| = dim Ay = n, Theorem is the main result of Borthwick,
Paul, and Uribe [8, Thm. 3.2] with an expansion in half-integer powers of p in
[8, (85)] instead of integer powers as in (1.5). This is explained in Remark 4.5,
where we translate their use of the formalism of half-forms by taking for E a
square root of the canonical bundle of X. In the case where I" acts freely on H
and where X = H/T" is compact, the application to relative Poincaré series in
Section 6 is the result of [, Section 4]. In the case where (X, J, w, g7 %) is ad-
ditionally equipped with an Hamiltonian action of a compact Lie group lifting to
(L, kY, VL), an equivariant version of the results of [8] has been obtained by De-
bernardi and Paoletti [13]. Semiclassical asymptotics on Lagrangian states have
also been obtained by Charles [ ! 1] in the case of discrete intersections and in the
same particular context as in [8].

The theory of Berezin—Toeplitz operators was first developed by Bordemann,
Meinreken, and Schlichenmaier [7] and Schlichenmaier [29] for the Kihler case,
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E =C, and g"X(-,-) = w(-, J-). The approach of [7; &; 11], and [13] is based
on the work of Boutet de Monvel and Sjostrand [10] on the Szeg6 kernel and on
the theory of Toeplitz structures developed by Boutet de Monvel and Guillemin
[9]. Note that the definitions of Section extend in a straightforward way to
the case of spin® quantization considered, for example, in [27], and the results
of Section 3 and Section 4 certainly hold in this case. If (X, J, w, gTX) is fur-
ther endowed with a Hamiltonian action of a compact Lie group G lifting to
(L,hE, VL), (E, hE, VE) such that 0 € Lie(G)* is a regular point of the associ-
ated moment map u : X — Lie(G)*, and if ¢ : A — X intersects ,u_l(O) cleanly
in the sense of Definition 4.1, then we can use the full off-diagonal expansion of
the G-invariant Bergman kernel of Ma and Zhang [28. Thm. 0.2, Rem. 0.3] to
prove a result analogous to Theorem 3.6 for the G-invariant part of the associated
isotropic state.

In the context of relative Poincaré series, Barron (previously Foth) studied in
[14] the case of Bohr—Sommerfeld tori in higher-dimensional symmetric spaces.
The results of Section 5 can then be used to generalize [ |4, Section 1.3] to the case
of noncompact or orbifold symmetric spaces. In another direction, the results of
Sections and can be applied to study relative Poincaré series associated
with isotropic submanifolds in higher-dimensional symmetric spaces. The case
of geodesics on some specific compact quotients of the ball has been studied by
Barron [5]. On the other hand, Alluhaibi and Barron [1] studied the case of rela-
tive Poincaré series associated with some submanifolds of the ball, which are not
necessarily isotropic. Note that they consider more generally the case of vector-
valued automorphic forms, which corresponds for us to the case of flat Hermitian
vector bundle (E, h¥) of arbitrary dimension. Our results can thus also be applied
to this case where the underlying submanifold is isotropic.

A final motivation for this work is toward the program initiated by Witten [33]
in holomorphic quantization of Chern—Simons theory, showing an asymptotic ex-
pansion for Lagrangian states associated with some special Bohr—-Sommerfeld
Lagrangians inside the moduli space of flat connections on a Riemann surface
defined in [20, Prop. 7.2] and [15, Prop. 3.27]. Bohr—Sommerfeld Lagrangians in
this context have also been studied by Tyurin [32] and in a more general context of
the Abelian Lagrangian Algebraic Geometry program of Gorodentsev and Tyurin
[17]. In both cases, it is of particular importance to be able to consider orbifolds.

2. Generalized Bergman Kernels on Symplectic Manifolds

In this section, we set the context and notations, and recall the results of [24; 26],
and [19] we will need throughout the paper. We refer to the book [25, Chapters 4—
8] as a basic reference for the theory.
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2.1. Setting

Let (X, ) be a compact symplectic manifold of dimension 2n with tangent bun-
dle T X, and let (L, hL) be a Hermitian line bundle over X, together with a Her-
mitian connection V% satisfying (1.1). Let J be an almost complex structure
compatible with w, and take g% to be any J-invariant Riemannian metric on
T X. We write VIX for the associated Levi-Civita connection and d% (-, -) for the
Riemannian distance of (X, g7 X)

For any Euclidean vector bundle (&, g@@), we write &¢ for its complexification
and still write géa for the induced C-bilinear product on &¢. Let us write

TXc=T"Wxpr0®Vx 2.1)

for the splitting of T X¢ into the eigenspaces of J corresponding to the eigen-
values /—1 and —+/—1. Then for any x € X and v, w € T,C(I’O)X, we define the
positive Hermitian endomorphism R)I; € End(Tx(l’(»X ) by the formula

g (REv, w) = RE (v, W). (2.2)

We denote by Ky = det(T*1-9 X) the canonical line bundle of (X, J), endowed
with the Hermitian structure and connection #Xx , VKX induced by gTX, vTX via
(2.1). We will also consider the Riemannian metric gZ* on T X defined by the
formula

8o () =w(,J) (23)
and the Hermitian metric hgx on (T X, J) defined by
hIX = ¢IX _/w. (2.4)

Note that if g7X = ggx, then RL = 27 ldya,0 x. For any submanifold ¥ C X,
we write g7Y, g£ Y for the Riemannian metrics on Y induced by g7, gaT)X and
dvy, dvy, for the induced Riemannian volume forms. In particular, we have

dvy., = det(RY /27) dvx. (2.5)

For any Hermitian vector bundle (E, hE ) over X, we write (-,-)g and | - |g for
the Hermitian product and norm induced by h%.

Let (E, h*) be an auxiliary Hermitian vector bundle over X with Hermitian
connection VZ, and write RE for the curvature of VE. For any p € N*, we write

E,=L’QE, (2.6)

endowed with the Hermitian metric 2£» and connectionV%» induced by hl, hf
and VL VE,

DEFINITION 2.1. The Bochner Laplacian AFr is the second-order differential
operator acting on 6*°(X, E ) by the formula

VL,T]_Xej

2n
I ) (A /70 L Ay} 2.7)
j=1

where {e; }?”: | is any local orthonormal frame of 7 X with respect to gTX.
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For any p € N* and any Hermitian smooth section ® € °°(X, End(E)), the
renormalized Bochner Laplacian A ¢ is the second-order differential operator
acting on €°*°(X, Ep) by the formula

Ap.o=AEr — pTH{RE] + . (2.8)

From now on, we fix ® € ¥°*°(X, End(E)) and simply write A, for the associ-
ated renormalized Bochner Laplacian. In the Kihler case, if g7¥ = ggx and if
® is equal to —/—IRE contracted with w, then we recover twice the Kodaira
Laplacian of E . On the other hand, if g7* = g7 X and E = C, then we recover
(1.2).

The L2-Hermitian product (-, )p on €°(X, E,) is given for any 51,5 €
(X, E,) by the formula

(S1,sz>p=fx<S1(X),sz(x))E,,dvx(X). (2.9)

Let || - ||, be the associated L2-norm, and let L*(X, E p) be the completion of
¢>°(X, Ep) with respect to || - || ,. Then A, is a self-adjoint second-order differ-
ential operator on L2(X , E;) and has a discrete spectrum contained in R. Further-
more, we have the following refinement of [18, Thm. 2a)].

THEOREM 2.2 ([24. Cor. 1.2]). There exist 5 C > 0 such that for all p € N*,
Spec(A ) C [~C, C1U 2pop — C, +o0l, (2.10)

where g = inf reXwer M0y R (v, v)/gT (v, V).
For any p € N*, the space of almost holomorphic sections 7, C L*(X,E p) of
E , is defined as the direct sum of the eigenspaces of A, associated with the eigen-
values in [—C, C]. Then by standard elliptic theory we have J%, C ¢*°(X, E))
and dim J%, < 4o00. By [24. Cor.1.2], for any p € N* big enough, the dimension
of /¢, is computed by the Riemann—Roch—Hirzebruch formula and is in particu-
lar a polynomlal of degree n in p. Note that by [26, Cor. 3.3] the eigenvalues in
[—C, C]are not all equal to 0 in general, and for p € N* big enough, this happens
if and only if (X, w, J) is in fact Kéhler.

Letw;: X x X — X, j =1, 2, denote the first and second projections. For any
p € N*, we define a vector bundle over X x X by the formula

E,,&E;’;:nf‘Ep(X)n;E;‘,. (2.11)

The orthogonal projection P, : €°°(X, E,) — ¢, with respect to (2.9) has
smooth Schwartz kernel Py,(-,-) € €°(X x X, E, X E;",) with respect to dvy,
defined for any s € ¥°°(X, E,) and x € X by

(Pps)(x) = /X Pp(x, y)s(y)dvx (y). (2.12)
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For any F € €°°(X, End(E)), we define the Berezin—Toeplitz quantization of F
as the family {TFr ,},en+ of operators acting on €°°(X, E) for any p € N* by

Tr,=P,FPp, (2.13)

where F denotes the operator of pointwise application of the endomorphism F'.
Then TF,, has a smooth Schwartz kernel Tr ,(-,-) €e (X x X, E, X E;‘,) with
respect to dvy, given for any x, y € X by

Tp,p(x,y)zfxPp(x,w)F(w)Pp(u),y)de(w). (2.14)

For any o > 0, we use the notation O(p~—?) as p — 400 in the usual sense
with respect to | - |g, uniformly in x € X. The notation O(p~°°) means O (p~%)
for any o > 0. Unless otherwise stated, we also use the convention to sum on free
indices appearing twice in a single term.

2.2. Local Model

Let (u,v) == (uy,...,uy, v1,...,0,) € R2" be the canonical symplectic coordi-
nates associated with the standard symplectic form 2 on R?" given by

n
Q:Zduj Adv;. (2.15)
j=1

We write R” x {0} = {(«, 0) € R¥"|u € R"} and {0} x R" = {(0, v) € R¥"|v € R"}
for the two canonical oriented Lagrangian subspaces of (R%", ©2) and write (-, -)
and | - | for the canonical scalar product and norm of R2". To match with the
notations of [26], we write Z := (u, v) € R?" and use the same notation for the
radial vector field of R?". For any ¢ > 0, we denote by BRzn (0, &) the ball with
center 0 and radius ¢ in R?", and for any linear subspace ¥ C R, we write
BZ(0,) := BE"(0,e) N =.

For any m € N, we write | - |¢» for the local € -norm on local sections of
E, X E% over X x X induced by ht RE VL VE,

ProposiTION 2.3 ([26, Section 1.1]). For any m,k € N,¢ > 0, and 6 € 10, 1[,
there exists Cpyr.0.e > 0 such that for all p € N* and x,x' € X satisfying
dX(x,x") > ep~?/2,

|Pp(x, x)gm < Coko.ep " (2.16)

Let us now take xg € X, &9 > 0, an open neighborhood V C X of x¢, and a dif-
feomorphism

vy BE(0,80) CR? — V 2.17)

sending O to xop, such that its differential at O identifies €2 and (-, -) on R2" with
w and gI* on Ty, X. Let us make such a choice of diffeomorphisms (2.17) for
any xo in a small open set, smoothly in xo. We cover X with such open sets and

choose gp > 0 that does not depend on xp € X. As two Riemannian metrics induce
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equivalent distances in a continuous way with respect to parameters, there exist
2
0 < a < b such that for any xo € X and Z, Z’ € BR n(O, £0),

alZ = Z'| < d¥(¢x,(2). ¢x,(Z)) < b|Z = Z'|. (2.18)
Then by ( ) we get the following corollary of Proposition

COROLLARY 2.4. Forany e > 0,m,k e N,and 6 €0, 1[, there exists Cp k0. >0

such that for all xo € X, for all p e N* and for all Z, 7’ € BR” (0, g0) satisfying
1Z—2'|>ep™2,

1Py (20 (2), b0 (ZNlgn < Con e p ™" (2.19)

We use the following explicit local model on R?* for the Bergman kernel, as
found in [27, (3.25)] for any Z, Z' € R*":

P (2,7 = exp(—%|Z —Z'F—av=1Q(2z, z’)). (2.20)

Note that the difference of ( ) with [ (3.25)] comes from the fact that
we work with symplectic coordinates Z € R?* adapted to w via ( ) instead
of metric coordinates adapted to g7 X via the exponential map as in [27. Sec-
tion 3.2].

Let dZ be the canonical Lebesgue measure of R?" and define the smooth
function ky, € ‘KOO(BRZH (0, &9), R) such that for any Z € BR” (0, &9) in the chart
(2.17),

dvx(Z) =k (2)dZ, with k) (0) = det(R}; /2m)~". (2.21)

In the chart ( ), we identify E, L over BR” (0, &9) with Ey, Ly, through par-
allel transport with respect to V£, V£ along radial lines of BR” (0, &9). For any
xp in a small open set, we identify L., with C using any unit local frame of
L.

For any f € €°°(X, E), we write fy, € %OO(BRZ" (0, £9), Ex,) for the restric-
tion of f to BR” (0, g0) in this trivialization. Similarly, for any smooth kernel
Tp(-,) € (X x X, E,EY), we denote by T), ) (Z, Z') € End(Ey,) its image
evaluated at Z, Z' BR” (0, go) in this trivialization. If Q(Z, Z') is a polynomial
in Z, Z' € R?", then we write Q 2, (Z,Z) := Q(Z, Z") P (Z, Z").

Recall that we chose a family of charts {¢y,}r,ew as in ( ) smoothly in
xo € W, where W is a small open set of X. Then Pp v (Z, Z') can be seen as a
smooth section of 7*End(E) over W x BR” 0, g9) x BR” (0, g9) evaluated in
xo € W, Z,Z" € BR"(0, &), where 7 : W x BE(0, ¢9) x BR" (0, g0) — W is
the first projection. Let us write | - [ x) for the local € -norm on local sections
of 7*End(E) induced by h% and derivation by V7 End(E) in the direction of
xo € W. We are now ready to state the following result, which was first proved in
[12, Thm. 4.18] in the case of the spin® Dirac operator, and which in the following
form comes essentially from [22, Thm. 2.1].
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LEMMA 2.5. For any m,k € N, ¢ > 0, and § € 10, 1[, there exist 6 € 10, 1[ and
C > 0 such that for all xo € X, p € N*, and | Z|,|Z'| < ep~?/2,

P Pp o (950 (2), $x0(Z))

k
_ —-1/2 —1/2
=Y TP P (VPZ S PZ Yy P 2k (2
=0 Em(X)

< Cp~ kD2t (2.22)

where {Jy.x,(Z, Z')}reN is a family of polynomials in Z,Z' € R2" of the same
parity as r and with values in End(E,,), depending smoothly on xo € X. Further-
more, we have

Joxy(Z.Z") =1dg, . (2.23)

Parallel to Proposition and Lemma 2.5, we have the following result on the
asymptotic expansion as p — +o0 of the Berezin—Toeplitz operator ( ). It was
first proved in [27, Lemma 4.6] in the spin® case and in this form comes essentially
from [19, Lemma 3.3].

LEMMA 2.6. Let F € €°°(X,End(E)). Then for any 0 < & < ¢gg,m,k € N, and
0 €10, 1[, there is Cyy .0, > O such that forall xo € X, p e N*, and Z, Z' € R2"
such that |Z — Z'| > ep~9/2,

ITF, p (20 (Z), Pro (ZN)gm < Conko.ep " (2.24)

Furthermore, foranym,k € N, e > 0,and § €]0, 1[, there are C > 0and 6 €]0, 1[
such that for all xo € X, p e N*, | Z|,1Z'| < ep~?/2,

'p—n TF,p,xo (¢xo (Z)’ ¢x0 (Z/))

k
07 P (VPZ P iry P (2 P (2

=0 %m(x)
< Cpf(k+1)/2+5, (225)

where {Q, 1, (Z, Z")}ren is a family of polynomials in Z,Z' € R*" of the same
parity as r and with values in End(E ), depending smoothly on xo € X. Further-
more, we have

Qo,x(Z,Z') = Fy,. (2.26)

2.3. Gaussian Integrals

We now recall some well-known facts about Gaussian integrals, which we will
use for local computations in the next sections. For any k£ € N*, let (-, -) denote
the canonical scalar product of R¥. For any positive symmetric matrix C acting
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on R¥, we recall the following classical formula for the Gaussian integral:
/ exp(—7(Z,CZ))dZ =det~'/?C. (2.27)
Rk

By analytic continuation this formula is still valid when C is a symmetric ma-
trix with complex coefficients, providing the integral is well defined along a path
in the space of symmetric matrices joining C with a real positive symmetric ma-
trix. Specifically, for a positive symmetric matrix A and a real symmetric matrix
B, we will consider the path

y :[0,1] = GL;(C)
t—~ A+t+v/—1B.

Then (2.27) holds for C = A + +/—1B with the determination of the square
root given by continuation along the image of ( ) by det™! : GL,(C) — C.
Henceforth we will always use this determination of the square root of the deter-
minant for C = A + +/—1B as before.

(2.28)

3. Isotropic States

In this section, we use the context and notations of Section 2. In particular, re-
call that (X, w) is a compact symplectic manifold of dimension 2n and that the
curvature of VL on (L, hl) over X satisfies (1.1).

3.1. Bohr-Sommerfeld Submanifolds

An immersed submanifold ¢ : A — X is said to be isotropic if *w = 0. If in
addition dim A = n, it is said to be Lagrangian. Let V*'L' | "L be the connection
and Hermitian metric induced by VL hL onthe pullback line bundle t*L over A.
Note that by (1.1) the condition t*@ = 0 implies that V*" is flaz. This observation
motivates the following definition.

DEFINITION 3.1. A properly immersed oriented isotropic submanifold ¢ : A — X
is said to satisfy the Bohr—Sommerfeld condition if there exists a nonvanishing
smooth section ¢ € € (A, (*L) satisfying

vl =o. (3.1

Taking ¢ satisfying further |¢(x)|,+; = 1 for any x € A, the data of (A,¢(, ) is
called a Bohr—Sommerfeld submanifold of X, or a Bohr—Sommerfeld Lagrangian
if in addition dim A = n.

Note that the properness hypothesis on ¢ implies that A is compact. Furthermore,
this definition depends only on the symplectic structure on (X, @) and the pre-
quantization condition (1.1) on (L, h%, V). As VL is Hermitian, up to renor-
malization, we can always assume that { € €°°(A, (*L) satisfying (3.1) is such
that |¢ (x)|+r = 1 for any x € A. Finally, by the compactness of X the properness
hypothesis on ¢ is equivalent to the compactness of A.
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REMARK 3.2. As noted before, if ¢t : A — X is isotropic, then VYL is flat over A
and hence determined by its holonomy hol+y : w1 (A) — S I c C. We can then
reformulate (3.1) by saying that ¢ : A — X satisfies the Bohr—Sommerfeld con-
dition if and only if hol,x; = {1}. Now if the order of hol,«;, is finite, then there
exists a finite covering j : A — A such that holj++y = {1}, sothatio j: A—>X
satisfies the Bohr—Sommerfeld condition. In particular, if there is k € N such that
1 A — X satisfies the Bohr—Sommerfeld condition for L¥ instead of L, then the
order of hol,x; divides k and thus is finite. Such ¢ : A — X is called a Bohr—
Sommerfeld submanifold of order k, and up to finite covering, Definition also
accounts for these. In the same line of thought, if ¢ : A — X is not orientable, then
we can always work on the orientation double cover of A.

Let us now set some notations. We write (£, (£, and ¢ p for the natural maps cov-
ering ¢ : A — X on the respective total spaces of L, E, and E, for any p € N*.
If ¢ is any section of ¢* L, then we write ¢” for the pth power of ¢ defined as a
section of (*LP. If additionally f is a section of (*E, then we write {? f for the
induced tensor product in (*E,.

From now on we fix an almost complex structure J on 7' X compatible with
w, an auxiliary Hermitian vector bundle (E, hE ) with Hermitian connection VE,
and a J-invariant Riemannian metric g7 on TX. We write g7% := *g"X for
the induced Riemannian metric on T A and dv, for the Riemannian volume form
of (A, g7™). Recall that A is compact by hypothesis.

DEFINITION 3.3. The isotropic state associated with a Bohr-Sommerfeld manifold
(A, 1, ¢) and f € €°°(A, " E) is the family of sections {s¢,, € 7} pen+ defined
for any x € X by the formula

Sf,p(x):/APp(xat(y))L[r;pf(y)dvA(y)- (3.2)

As ¢ is locally an embedding, when working locally, we will often omit the men-
tion of ¢, considering locally A as a submanifold of X. With this convention,
equation (3.2) becomes

Sf,p(X)=/APp(x,y)épf(y)dvA(y)- (3.3)

We list the basic properties of isotropic states in the following proposition, which
holds for any p € N*.

PROPOSITION 3.4. For any f1, f» € € (A, (*E), we have the following additivity
property:

Sh+fap =5Sfi.p T Sfap- 34
For any s € J,, we have the following reproducing property:

(s,5r.p)p :/;\<S(L(x))7[p-€-pf(x)>Ep dvp (x). (3.5)
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Forany f € €°°(A,*E) and F € € (X, End(E)), the action of Tr , on sy, is
given for any x € X by the formula

Trpspp = fA Tr.p (6o L))ip £ () dun (). (3.6)

Proof. First, the additivity property (3.4) is obvious from (3.2). Next, recall that
P, is self-adjoint with respect to (-, ) , for any p € N* and restricts to the identity
of J¢,. Then using ( ), (3.3), and the Fubini theorem, for any s € J7,, we
compute

<s,Sf,p>p=/X<S(y),/APp(y,t(x))tp-é“pf(x)dvA(X)> dvx (y)

Ep

N /A<./x Pp(ux), )s () dvx (), ‘p-Cpf(x)> dvp (x)

EP
=fA(S(t(X)),Lp-§pf(X))Ep dup (x). (3.7

The reproducing property (3.5) follows from (3.7). Finally, from ( ) we
getforany f € €°°(A,"E) and F € ¢*°(X,End(E)) that Tr 57, = P, Fsf,p.
Then by ( ), (3.2), and the Fubini theorem, for any x € X, we get

(TF,psf,p)(x)z/;(/;\Pp(xsw)F(w)Pp(w»L()’))Lp-;pf(y)dvA(y)dUX(w)

- /A Tr.p(w, ()i &P £ () dva(y). (3.8)

From (3.8) we get (3.6). U

3.2. Asymptotic Expansion of Isotropic States

In this section, we establish the first semiclassical properties of isotropic states. In
particular, we show that the L2-norm of an isotropic state admits an asymptotic
expansion as p — 400, and we compute the highest order term.

For any p € N*, we write | - |, for the norm on E, induced by 2% and h.
In the following proposition, we show how an isotropic state concentrates around
the image of the associated isotropic submanifold as p — +o0.

PROPOSITION 3.5. Let f € €°°(A, *E). For any closed subset K C X such that
K Nu(A) =0 and for any k € N, there exists Cy > 0 such that for all x € K and
p € N*,

Is7.p()E, < Cep~™. (3.9)
Proof. This is a direct consequence of Proposition and formula (3.2). U
Recall that for any p € N*, we write || - ||, for the norm on ¢*°(X, E ) induced

by (-, ), and we write | - |+ for the norm on «*E over A induced by hE. The
rest of the section is devoted to the proof of the following theorem.
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THEOREM 3.6. Let f € €°°(A,"E). Then there exist a, € R, r € N, such that for
any k e Nand as p — 400,

k
”sf,p”?; — pn—dlmA/2 Zp—rar + O(pn—dlmA/Z—(k—H)) (3.10)
r=0

with the first coefficient ag € R given by

dUA

aozzdimA/zf | 13 g det(RE /2m) dvy. (3.11)
A

dUA’w

Additionally, for any F € €*°(X,End(E)), the product (TF psy,p, S¢,p) p satisfies
the expansion of ( Ywitha, € C,r € N, and

dUA

a0 =282 [ (Ff prepdetcily2m S dvs. Ga2)
A

dvA,w

Proof. Note first that the reproducing property (3.5) gives

IISf,pIIf,=/A<Sf,p(L(X)),C”f(X))E,,dvA(X)- (3.13)

Using (3.13), we are reduced to evaluate sy, on the image of ¢t : A — X. Then
let xp € X be in the image of . As ¢: A — X is an immersion, there is an integer
m € N such that for any small enough connected neighborhood V of x in X, there

are m disjoint connected open sets Uy, ..., U,, C A such that (=1 (V) = U'}Ll U;.
Using Proposition 2.3, we can localize the problem as p — +o00 in the following
way:

$.p(x0) = fA Py (x0, L())E” £ (x) dvp (x)
=y fU Pp(r0. L)L f () doa(0) + O(p~™).  (3.14)
j=1"Ui

In view of ( ), ( ), and ( ), we can assume that f has compact support
around U';l:1 U;. Using (3.4) and ( ), we are further reduced to the case where
f has compact support around one of the U; forsome j. As U := U; is embedded
in X through ¢, we can consider U as a submanifold of X, and ( ) translates to

575 (x0) = /U Py (x0. )¢ f (x) dua (x) + O(p~™). (3.15)

By the definition of U as a submanifold of X, we can take ¢y, : BRZH 0,8) >V
withe >0and V C X asin ( ) such that ¢y, identifies U C V with BZ(0, ¢),
where X is a vector subspace of R?*. Then ¥ is an isotropic subspace of (R*", ).
We identify E and L over BR” (0, &) with Ey; and Ly, as in Section 2.2. In par-
ticular, we use the unitary vector £ (xo) to identify L,, with C, where the section
£ € €°(A,*L) is associated with (A, ¢, ¢) as in Definition 3.1. As ¢ is par-
allel with respect to V'L along A, it is identified with 1 € C over BZ(0, ¢) in
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this trivialization. Let du be the Lebesgue measure of X, and define the function
h e €>®(B*(0,¢),R) forall u € B*(0, ¢) by

dvp() =h(u)du, with h(0) = (dvp/dva,e)(x0). (3.16)

Using Corollary 2.4, Lemma 2.5, and ( ), for any & € ]0, 1[, we get 6 € 10, 1]
such that as p — +o0,

(s£,p(x0), ¢” f(x0))E
=/ (Pp(x0, by 0)EP f (o)), ¢ f (x0)) £, dva(u) + O(p™)
BE(O 8[,—9/2)

k

= p" —r/2
= p \/BZ(O 8p—9/2) ; p <Jr,x0 :@X() (0, \/;I/l)f‘xo(l,{)7 .f(_xO)>E
x kg iy (0) dva (1)

+p" /B I LNO R U
ep~

=p" det(RE /2m)1/2
BE(0,ep=012) 0

k
X Zpir/z(‘lr,xo'gzxo (0’ \/Eu)fxo @), f(XO))E
r=0
x g 2 h () du + p" p IMA2 O (pmEED/ZE), (3.17)

Let us write gy, = h/cl/2fxo € €*(B*(0,¢), Ey,). Then from ( ) and
( ) we get the following Taylor expansion in u € R” up to order k£ € N:

ale| gxo

8o () = (e i) O+ > +0<| 1)

I1<|a|<k
= f(x0)(dva/dva ) (x0) det(RY, /27)' /2

+ Y 7(1/28' ngo Wpuw*

o!
1<|a|<k

+ p~® D20 (| pul . (3.18)

On the other hand, recall from Lemma that J;. »,(0, /pu) € End(Ey,) is a
polynomial in ,/pu of the same parity as r € N. Let M be the supremum of the
degree of J.y, for 1 <r <k, and write 8 =8 + (Mx +k+ 1+ d)(1 — 0)/2.
From ( ) and ( ) we deduce the existence of a sequence {G,},cn of poly-
nomials in one variable of R" of the same parity as r, with values in C and
with

Go=|f(x0)l% A1) det(RY, /27) (3.19)
dvA,w
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such that, as p — 400,

(s£,p(x0), &7 f(x0))E,

z (0,81)79/2)

k
Y s fB G, (/) Py (0. /) dus
r=0

+ 0(pnf(d1m A+k+1)/2+8,)

k
_ pn—dImA/zz pr? Gr(u) Py, (0,u)du
s B(0,ep(1-0/2)

4 O(p"—imA+k+D /248"y (3.20)
Recall from ( ) that

P, (0, u) :exp<—%|u|2>, (3.21)

so thatas 1 — 6 > 0, the integral of &, (0, u) over R”\BE(O, 8p(1’9)/2) with re-
spect to u decreases exponentially as p — 400, and then we deduce from ( )
that

{s£.p(x0), £ f (x0))E,
k
=p"Y p? /E G () Py (0, u) du
r=0

% +0(pn—(dim A+k+1)/2+8’)_ (3.22)

As G, is of the same parity as r, we immediately deduce from (3.2 1) that for any
meN,

f Gom+1 () Py (0, u) du = 0. (3.23)
=

Finally, from (3.19) and (3.21) we get the following formula for the highest order
term of ( ):

/ Go(u) P, (0, u) du
)

= | £ (x0)|E (dva /dva o) (x0) det(RE /2) fz exp(—%W) du

= 29mAL2) £ (x0) % (dva /dva o) (x0) det(RE /27). (3.24)

Then recalling that all the estimates above are uniform in xg € t(A), by ( ),
( ), and (2.5) it suffices to integrate ( ) and ( ) over xo € t(A) with
respect to dvp to get ( ) and ( ).

Using property (3.0), the proof of the asymptotic expansion as p — 400 of
(TF,pSf,p,Sfp)p is completely analogous to the proof of the asymptotic expan-
sion of ||s, | », simply replacing the polynomials J; x, of Lemma 2.5 by the poly-
nomials Q. y, of Lemma in the previous computations. This achieves the
proof of Theorem 3.6. O
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4. Isotropic Intersections

Let us consider two Bohr—Sommerfeld submanifolds (A, ¢;, ¢;) together with
fiee>®W,, L}k» E)for j =1,2,and setd; = dim A ;. In this section, we establish
the existence of an asymptotic expansion as p — +o00 of the Hermitian product
(8f1,p»Sf,,p) p Of the two associated isotropic states, and we compute the highest
order term, which depends only on the geometry of the intersection. Note that the
case {57, p}pent = {8p, p} penr is precisely the result of Theorem

We need the following regularity assumption, which we will use throughout
the section.

DEFINITION 4.1. We say that two proper immersions ¢; : A; — X, j =1,2,
are intersecting cleanly if for any x € (1(A1) N12(A2) and y; € A; such that
t1(y1) = 12(y2) = x, there exist neighborhoods U; C A ; of y; such that the inter-
section t1(U1) N 12(U>) is a submanifold of X satisfying

Tet1(Uy) NTrip(U2) =Ty (11 (Ur) Nip(U2)) .

The intersection of two immersions ¢; : Ay — X and 1 : Ap — X over X is de-
fined as their fibered product, which we write A1 N A, and which comes with two
immersions j; : A1 N Ay — A;,i =1,2, such that ¢; o ji = o j» and universal
for this property. Under the assumption of Definition 4.1, this fibered product has
a natural smooth structure. In fact, consider smooth atlases %, %> of Ay, As,
respectively, such that for any U; € %;, j = 1,2, the immersion ¢; restricted to
U; is an embedding satisfying the assumption of Definition as soon as the
intersection is nonempty. Then we can define an atlas of A1 N A as the set of all
intersections Uy N U for all Uy € % and U, € %5, with transition maps induced
by those of % and %,.

Note that this definition of intersection is local and reduces to the usual one
in the case of embeddings. For that reason, we can readily reduce to the usual
definition of a clean intersection when working locally. A typical situation where
this general definition is needed is in the natural case where ¢; : A; — X and
12 : Ao = X are Bohr—Sommerfeld submanifolds of respective orders k| € N*
and kp € N* in the sense Remark 3.2, with k| and k, prime with each other.

4.1. Asymptotic Expansion of Discrete Intersections

In this section, we deal with the case of discrete intersections. We first consider
the easy case where the intersection is empty.

PROPOSITION 4.2. Suppose that Ay N Ay =@, and let F € €°°(X,End(E)). Then
for any k € N, there exists Cy, > 0 such that for all p € N*,

{TE.pSf.psShrpdpl < Cep~F. (4.1)

Proof. Using the reproducing property (3.5), for any p € N*, we get

(TP, pSfi.psSpplp = /[;(TF,psfl,p([Z(x))v 3 f2(X))E, dva, (x). 4.2)
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In particular, as A, is compact by hypothesis, we can choose K = 13(A>2) in
Proposition 3.5, and we deduce (4.1) from (4.2). O

In view of Proposition 4.2, from now on we assume that Aj N Aj is not empty. In
the statement of the following theorem, the immersions j; : A1 N Ay — A; and
i Aj — X,i=1,2, are implicit, and we omit to mention them for simplicity.

THEOREM 4.3. Suppose that (A1, t1,¢1) and (A2, 12, $2) intersect cleanly and
that their intersection A1 N Ay in the sense above is discrete. Set m =#A1 N Ay
and write A\N Ay ={x1,...,xy}. Thenfor any F € €°° (X, End(E)), there exist
by €C,r eN,1<gq <m, such that for any k € N and as p — o0,

(TF.pSfi.psSfop)p

m k
— ph—(di+d)/2 Zkfi prrbq , + O(p~ ) /2= (A 1)y 4.3)
q:l r=0

where Ay = ($1(xg), $2(xg)) L. Furthermore, if dim Ay = n, then we have

dUAl dvA2

by.o =2""(Fy, fi(xg), fr(xg))x, det(R}, /27) (xg)

dvAl,w dvAz,a)
n d»
x detl/z{«/—l > hIX (e v (ex. v,)} , (4.4)

k=1 i,j=1

where (e;)7_,, (v j);&:l are oriented orthonormal bases for gaT)X of the tangent
spaces of A1, Ay in X at x4, and the square root of the determinant is determined

by (2.28).

Proof. We will prove Theorem 4.3 for F =Idg (so that T ;, = P)), the proof of
the general case being totally analogous by Lemma 2.6 and property (3.6). First,
using the reproducing property (3.5), for any p € N*, we get

(Sfi.psSfp)p =/ (851.p(t2(x)), &) f200))E, dva, (x). (4.5

A
Then we can reproduce the argument in the proof of Proposition 4.2, using
Proposition to reduce the proof to the case of f» with compact support in

a given neighborhood of Lz_l(q (A1) Nta(A2)), which is a finite set by assump-
tion. Symmetrically, using the reproducing property of sz, , instead of sy, ,,
we can assume further that f; has compact support in a given neighborhood of
Ll_l(Ll(Al) N 12(A2)). By the additivity property (3.4) and (4.3), we are further
reduced to the case of f; with compact support in a neighborhood of a single
point y; € A; for i =1, 2. Using Proposition 3.5, we are finally reduced to the
case ¢1(y1) = t2(y2). Set xo :=t1(y1) = 2(y2) € X.

Let U; C A be as in Definition 4.1, intersecting cleanly at xo € X only. In
particular, using Definition of an isotropic state, equation (4.5) becomes, as
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p — +00,

(S1.ps52,p)p = /U (51,00, E8 o), doa, () + O(p™™)
2

:/;J/;}(Pp(x,Y)§][)f1(Y),§2pf2(x))EpdvAl(y)dvA2(x)
2 J U

+O0(p™™). (4.6)

By definition of U; as a submanifold of X, we can consider a chart as in ( )
in which U is identified with B! (0, &) for some ¢ > 0, where X is an isotropic
space of (R?", Q). In this chart, we consider a projection 7} 5 : R? — %, pre-
serving X1, where ¥ it the tangent space to U, at xq in this chart, and use it to
identify U, with B*2(0, ¢). In that way, we can construct ¢y, : BR” 0,e) >V,
withe >0and V C X asin ( )such that VU A ; = U}, such that ¢,, identifies
U; with BZ%j (0, ¢) forany j = 1,2, where £; and X, are isotropic subspaces of
(Rz”, ). As Up and Uj intersect cleanly at xo only, we have X1 N ¥, = {0}. We
identify E and L over BR” (0, &) with Ey; and Ly, as in Section and use the
unitary vector ¢1(xo) to identify L,, with C. Then ¢; is identified with 1 € C over
B*1(0, ¢) in this trivialization. As ¢, is parallel with respect to Vel over Uy, itis
identified with A € C over B*2(0, ¢), where A = (£1(x0), £2(x0)) L.
Then, as p — 400, equation (4.6) becomes

($1.ps $2.p)p = AP / / (Po (a0 (2): b0 (ZD) fixo(Z)). frne(Z))E
B¥2(0,¢) J B1(0,¢)

x dvp,(Z") dva,(Z) + O(p~). 4.7

Let du and dw be the Lebesgue measures of ¥; and X, respectively. For any
J =1,2, define the functions 4 € F>°(B¥i(0,¢),R) in the chart ( ) for any
u e B¥(0,¢) and w € B¥2(0, ) by

dvpa,(w)=h1(u)du and dvp,(w)="hy(w)dw 4.8)

with 1;(0) = (dvA/./dvA_/.,w)(xo) for j =1, 2. Recalling ( ) and the fact that
[AP| =1 for all p € N*, we can use Corollary 2.4 and Lemma 2.5 to get 6 € 10, 1[
for any k € N and § € ]0, 1[ such that, as p — +00, equation (4.7) becomes

(81,ps52,p)p

322(0,8[779/2) 321(0,6[779/2)

(Pp (930 (Z), ¢x(Z) f1,x0(Z), f,20(Z))E dVa (Z') dVn,(Z)
+0(p™™)

k
— Appil Zp—r/Z/ /
s BEZ (0,8[?79/2) BZ] (0,8[)79/2)

(20 P20 (VPZAPZ') f1.50(Z));s frno(D)
x kxy 22y (Z) dva, (Z') dva, (2)
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+p"/ / O (p~* D248y qup (Z)) dvn, (Z)
B¥2(0,ep~9/2) J B¥2(0,ep~0/2)

+0(p™™)

k
:)Lppnzp—r/Z/ /
s BEZ (O,é‘p_gﬂ) BZ] (0,6[7_9/2)

(Jr,xﬂ (Vpw. V/pu) fi@w), f(w)),
kg 2 )iy 2 ()hy ()hy (w) du dw
+pnpf(d1+d2)0/20(p*(k+])/2+5). (49)
Consider now the Taylor expansion up to order k e Nof g; =h j/cg)l/ 2 Sixo for
j=1,2asin ( ). By Lemma and formula ( ), following the proof
of Theorem 3.6, we get 8 > 0 and a sequence {G,},en of polynomials in two
variables of R?" with values in C of the same parity as r with

vAl dUA2

Go = (f1(x0), f2(x0))E ——2(xo) det(RY, /27) (4.10)

|wd Ay,

such that, as p — 400, equation (4.9) becomes

k
($1,p>82,p)p = )‘pl’”_(dlﬂb)/z Zp—r/zf /
s ’ = 322(0,817(1_9)/2) BZ1 (0,£p<]_9>/2)

Gy Py (w, u)dudw + O(p"~DHdthtD/248y 4.11)
As X1 N Xy = {0}, from ( ) we get that
| Py (w, u)| < exp(C(|lul + [w])) (4.12)

for some C > 0 and all w € ¥1 and u € ¥,. In particular, as 1 — 6 > 0, its integral
inueX\BZ(0,ep1=9/2) and w € £\ B>2(0, ep1=?/2) decreases exponen-
tially and uniformly as p — +4-00. Equation (4.1 1) then becomes

(sl,p»SZ,p>p
k
:)J’Zp_r/z/ / G, Py (w,u)dudw + O(p~*+D/2Hy - (4.13)
)

Let us now evaluate the integrals in ( ). Up to linear symplectic transformation,
the canonical symplectic basis {e;, f ,'};'.:1 of (R?", ) can be chosen such that
X1 ={e1,...,eq;) as an oriented isotropic subspace. Let vy, ..., vz € o form
an oriented orthonormal basis of ¥, for the metric induced by (-, -). Consider the
matrices A and B given by

. i _
= (af )1§z§n,lsjfdz with al.. = Q(ei, vj), “414)
(b )1<1<n,1<]<d2 Withb{:(ei,vj>.
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As Q(e;,vj) =(fi,vj) forall 1 <i <n,1 < j < dp, we know that for any
1<j<d,

n n
vj=Y blei+) alfi. (4.15)
i=1 i=1

Let us write dt := dt;...dty, for the Lebesgue measure of ]Rdz, and let ¢ be
any measurable function with compact support on R?". Setting w = #;v; for any
w € X, integration of ¢ along X, for its Lebesgue measure dw becomes

dp
fzzw(w)dw = /Rdz go(;zjv,-) dt. (4.16)

Let us use the convention of Section 2.1, summing i from 1 to d; and k, j from
1 to d» whenever they appear as free indices. From the explicit expression (2.20),
taking Fourier transform and performing a change of variables, we compute

//Gr(w,u)gzxo(w,u)dudw
Yo J X

:/ / Gr(tjv]-,uiei)ﬂm(tjv]-,uiei)dudt
R%2 JR%

n
- . .
= G, (@tivi,uje;)exp| —— t:ib)H)? + (t;a’ 2)
L, [, Grammenenn( 7 2 (r el
x exp<—5 > (i =16 + (tja] ) —I—Z«/—luitjai])) dudt

i=1

n
. T . .
:/ / G,(thj,(ui+tjbl.j)e,~)exp<—— Z ((t,-b{)2+(t,a{)2))
R%2 JRU 2 i=dy+1
.7T dl . . .
X exp(—i Z(uiz—i—(tjaij)z—l-Z\/—luitjaij +2v—1tkbfai]tj)> dudt

i=1

~ T n . .
=207 / Gr(t)exp<—— > (@b) + a >2>)
R4 2.
i=d;+1
di
x exp(—n > (tja))* + V=1ubfa) t,-)) dt, 4.17)

i=1

where G, (1) are polynomials in € R% of the same parity as r. Using the fact
that X1 N X = {0}, we get the convergence of the integral in ( ), and as the
integrand is of the same parity as r, the integral vanishes if r is odd. Together with
( ), this proves (4.3).



22 Louis Ioos

Let us now compute the first coefficient of ( ) in the case dim A = n. From
( ) we get

//ﬁxo(u,w)dudw
YhJX

n

- 2"/2/d exp(—ﬂ > (@a) + «/—ltkbf-‘aijfj)> dt. (4.18)
R%2

i=1

As (v1, ..., vg,) is the basis of an isotropic submanifold, we get w(v;, vi) =0 for
all 1 < j, k <dj, which is equivalent by ( ) to the fact that BT Ais symmetric.
Summing i from 1 to n, the matrix (al{‘aij + \/—_lbfaij.)z?jzl =ATA+./=1BTA
is symmetric, and its real part AT A is strictly positive as A has maximal rank.
Thus from ( ), using ( ), we get

//@Xo(u,w)dudw=2"/2det—1/2(J—_1(B—J—_1A)TA). (4.19)
Yo J X

Then formula (4.4) for the first coefficient follows from (2.4), (2.5), ( ), ( )
and ( ). U

4.2. Asymptotic Expansion of Clean Intersections

In this section, we deal with the case of general clean intersection in the sense
of Definition 4.1. The main difference with Theorem is that the coefficients
of the expansion are now given as integrals over the fixed point set. The main
additional difficulty is to show that we can in fact split the integral between an
integral over the fixed point set and an integral over transversal slices and then
integrate the expansion of Lemma over the transversal slices following the
proof of Theorem

Asin Section 4.1, the immersions ¢; : A; — X and j; : A\NAy —> A;,i=1,2,
are implicit in the statement of the following theorem, and we omit to mention
them for simplicity.

THEOREM 4.4. Suppose that (A1,t1,81) and (A2, 12, &) intersect cleanly. Let
AL N Ay = UZ;I Y be the decomposition into connected components of
their intersection in the sense above, and set l;, = dimY,. Then for any
F € €*°(X,End(E)), there exist by, € C,r e N, 1 < g <m, such that for any
keNandas p— +oo,

(TF,pSfi.p»Sfrplp

k
pn*(d1+d2)/2+lq/2)LfI’ Zpirbq,r
1 r=0
0(pn*(d1+d2)/2+lq/2*(k+1))’ (4.20)

Il
M=

T
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where A, € C is the value of the constant function on Y, defined for any x € Y,
by hg(x) = (51(x), {2(x)) L. If dim Ay = n, then we have

dvAz

byo = 2" / (FA(0), 200 det V2(RE j2m) 2282 ()

Y, dva,,w
n—ly

dr—lg
x det_l/z{«/—l > hEX (er v (e, u,-)} ()] dvly, (), (4.21)

k=1 i,j=1

— dr—1
where (e; )7:1" L Avj) /.2:1 * are local orthonormal frames of the normal bundle of Y,

inside A1, Ao with respect to gaT)Al, gﬂAZ, and |dv|yq,w is the Riemannian density

of Yy, gaT) yq). The square root of the determinant is determined by ( ).

Proof. Let us set F =1Idg, the proof of the general case being totally analogous
by Lemma and (3.6). Using Proposition 3.5, (3.4), and ( ), We can assume
that A1 N A has a unique connected component Y and that f;, j = 1,2, have
compact supports in a given open set. Then the following computations are local
on Y, and we may assume that Y is oriented and embedded in A, by jo : Y — As.
We further omit the mention of j,. We set/ =dimY.

Let N be the normal bundle of Y inside A», identified with the orthogonal
complement of TY in (T A, ggAz), and let ga’}' be the induced metric on N.
Let & > 0 be such that the exponential map exp? of (A, gb™?) restricted to
BN(0,¢) :={we Nllw|gn < €} is a diffeomorphism on its image. With ¥ em-
bedded in N as its zero section, the differential d expﬁ?x T, Y ® Ny — Ty Ay is
the identity map for any x € Y, and expgz(BN (0, €)) is a tubular neighborhood
of Y in Aj.

Let dw be an Euclidean volume form on the fibers of (N, gg;’ ) such that the
volume form dwdvy ,, on the total space of N is compatible with the orientation
of X. Let hy € €°(BN(0,¢),R) be defined for any x € ¥ and w € N, with
lwlegy <& via the exponential map by

dvp, (x, w) =ha(x, w)dwdvy ,(x). 4.22)
Then Ay (x,0) = (dva,/dva,,0)(x). Let I(f1, f>) € €>*(BN(0,s),C)atxeY

and w € N, with |w| gy, <€ be defined by the formula

I(fl,fz)(x,w)=/A (P ((x, w), 1Y), p-Lf F1(0), &3 fr(x0, w))E,
1
x hy(xg, w)dvy, (¥). (4.23)

Using (3.2), (3.4), (3.5), and Proposition 3.5, from ( ) and ( ) we get

(Sl,paSZ,p>p=//.\ /A (Py(2(x), i)t p-t] f1(0) 12,85 f2(O)E,
2 1

x dvp,(y)dva,(x)
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= / Ay / (Pp(x, L1(y))£1,p.§1pf1(y), gzpr(x))E,,
expy,” (BN (0,8)) J Ay
X dUAl ()’) dUAz ()C) + 0(p700)

2/ / 1(f1, f2)(x, w)dwdvy,,(x) + O(p~>). (4.24)
xeY JBNx(0,¢)

Fix now xo € Y. Take & > 0,U C Ay, and let ¢! : BE(0,6) > U be a
diffeomorphism sending O to xo and such that its differential at O identifies
{-,-) with ggAl. As expé}z(BN*‘O (0,¢)) and A intersect cleanly at xo only,
following the proof of Theorem 4.3, for ¢ > 0 small enough, we can extend
the union map expg2 U@%l : BM0(0,e) U BX'(0,6) - X to a diffeomorphism
bxp - BR” (0,e) - V asin ( ), identifying U with B¥(0, ¢), where ¥ is an
isotropic subspace of (R?", ), and where the fiber (N, gu]Y’ xo) is seen as an
Euclidean subspace of (RZ" (-, ).

Let us identify E and L over B®"(0, &) with E xo and Ly, as in Section 2.2 and
use ¢1(xp) to identify L,, with C. Then ¢, & are identified with 1, 2 € C over

BR” (0, &), where A = (£1(x0), $2(x0)) L. Let du be the Lebesgue measure of X,
and let by € €°(B*(0, €), R) be such that for u € B*(0, ¢),

dvp,(u) =hi1(u)du with hp(0) = (dvp,/dva,,e)(x0). (4.25)

By Corollary and Lemma 2.5, for any k € N and § € ]0, 1[, we get 6 € 10, 1]
such that, as p — 400,

f I )0, w)dw
B0 (0,¢)

= [ Baw 0] 106 fa)) a0 doy ) du
B0 (0,6) JBZ(0.¢)

_ P p
-/ N / i P08 10,68 o0,
x ha (xg, wYh1(w) dudw + O (p~°)

k
— )\ppn p—r/Z/ /
; B0 (0,ep~0/2) JBZ(0,ep=0/2)

X (Jr,xw@xo (\/]_71,0, x/ﬁu)fl,xo (u), f2,x0(w)>E

—-1/2 —-1/2
X Ky, / (W)kx, " (uyhy (xo, wyh (u) du dw
+ pn—(d1+d2)/2+l/20(p—(k+l)/2+5). (4.26)
Consider now the Taylor expansions up to order k € N of & ij_Ol/ 2 fixo for
Jj=1,2as in (3.18). As in the proof of Theorem 4.3, we get 8 > 0 and a se-

quence {Fy, r}ren of polynomials in two variables of R2" with values in C of the
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same parity as r and with

UA] dvA2

Fxy0(Z, Z') = ( fi(x0), f2(x0))E ——2(xo) det(RY, /27)  (4.27)

1a)d Ao,

such that, as p — 400, equation ( ) becomes

/N I(f1, f2)(x0, w)dw
*0(0,¢)

pn (d1+d2)/2+l/2kp prr/Z‘/ / o. ~(w, M)gzxo (w, u) du dw

r=0
i pn—(dl+d2)/2+l/20(p—k+1/2+6 ). (4.28)
Thus writing
by (x0) = / / Fag.r (0, 1) Py (0, 1) dut duw (4.29)
Ny /3

and recalling that the estimates are uniform in xo € Y, from ( ), ( ), and
( ) we get

(S1.p-52.p)p=P"~ <”’1+d2>/2+1/2v2p‘*/2 / by (x) dvy (x)
Y
r=0
+ pnf(d1+d2)/2+l/20(p*(k+1)/2)' (4.30)

Now we can use ( ) to compute ( ) in general, and the argument of parity
holds in the same way, so that the coefficients b, defined in ( ) for r € N vanish
identically for odd r. By ( ) this gives ( ).

Assume now that dim A| = n, and let us compute

dUA dv VA
bo(xo) = L —22 (xo) det(RE /27)( f1(x0). f2(x0)) E
dv VA0 dv VAy,0
X / / Prow,u)dudw. 4.31)
Ny, J =
In the same way as in the proof of Theorem 4.3, we can take the canonical
symplectic basis {e;, f j}?zl of (R?", Q) such that & = R” x {0} and such that
(€n—i+1, .., ey) is an oriented orthonormal basis of (T, Y, gg ¥ in the identifica-
tion of R?" with Ty, X via d¢y,. Let vy, ..., vg,—; € Ny, be such that
(V1o s Vao—ls €neigl, - -5 €n)

is an oriented orthonormal basis of the isotropic subspace Xj := Ny, ® Ty, Y.
Thenfor 1 <i <dr—1I, n—1+1=<j<n,wehave (v;, fj) = —w(v;,e;) =0
Thus setting

A= (al)i<i<n—1,1<j<dr—1 Witha! =w(e;,v)), “32)
= (b)) 1<izn—t,1=j=dr—1  Withb] = (e, v}),
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wegetforalll <j<d)—1I,
n—I ] n—I )
vi=Y blei+Y alfi. (4.33)
i=1 i=1

Write dt :=dt, ...dt4,—; for the Lebesgue measure on R4~ Using the summa-
tion convention of Section with i from 1 ton —1[ and j, k from 1 to dp — [
whenever they appear as free indices, we get

/ / Pro(w, u)dudw
N )

X0

2/ / @xo(tjvj,u,-ei)dudt
R JRA

koo (5 2 )

i=n—I+1
I

n—
X exp(—
i=1

1

n—l
T .
o2 TN 2 4 hal)?
Rdz—/ Rr—! exp 2 ; ul + (t] al )

X +2x/—1u,~tjaij + 24/ —1tkbf-‘aijtj> duy...du,_;dt

oS

((ui —1;6))* + (tja))? +2\/—1u,¢ja{')> dudt

n—I
—n/2 / exp<—z > (2al)* +2v~1nbfal z,)) dt. (4.34)
Rz 2 4 ]
j=
As w(vj, ) =0forall 1 < j, k <dr— I, we know from ( ) that the matrix
BT A is symmetric. Then as in (4.19), we get

/ /ﬂxo(w,u)dudw=2"/2det—1/2(J71A(B—JTlA)). (4.35)
Ney /T

Using the explicit definition of A and B above, from ( ), (2.4), and (2.5) we
get ( ). O

REMARK 4.5. Suppose that the first Chern class ¢1(T X) of (T'X, J) is even in
H?*(X,7). Then there exists a complex line bundle K )1(/ 2 over X such that its
second tensor power is equal to the canonical line bundle Ky of X. The choice
of K )1(/ 2 does not depend on J compatible with @ and is called a metaplectic
structure on (X, w). Note that such a choice is not unique in general. Now if
t: A — X is an immersed Lagrangian submanifold, then (*Ky is canonically

isomorphic to det(T*Ac) over A, and we call (*K }1(/ 2 the half-form bundle of A.

We endow K )1(/ % with the Hermitian structure induced by hEX as in Section
Consider now the setting of Theorem with dimA; = dimA; = n and

gT* = gI'X. Via the isomorphism above, we define the angle of ¢; : A; — X
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for j =1, 2, as a function on any connected component Y of their intersection by
the formula

det{A1, Ay} = hEX(dvy,, dvy,) ™! —det{hTX(e,,vj)}lj .-

On the other hand, following [8, Lemma 3.1], we can construct a sesquilinear
pairing # : LTK)I(/2|Y X LﬁK)l(/2|y — det(T*Yc) over Y, depending only on the
metaplectic structure of (X, @), which at any x € Y takes two square roots d vll\/] 2 N
of dup; x for j=1,2t0

dvy? #dv)/*? 172

Al X Ao,x = det

{w(e;, vj)} dvy x (4.36)

1]1

for an Euclidean volume form dvy , of (TyY, gTY) and some coherent choice of
1/2 1/2 1/2

square root induced by dv Apxe dv) = ., and dvy . Then taking E = K ~, Theo-
rem gives the following formula for bponY asin ( ):
bo = 2<"*1>/2e*¢*_1”("*’>/2/ det{A1, A2}~ it fo. (4.37)
Y

In the particular case of Kéhler (X, J, w), this formula can be compared with that
appearing in [8. Prop. 3.16]. In particular, they get det{A, A>}~'/? instead of
det{A, A2}~ as in (4.37). This discrepancy is due to the fact that even though
they use half-forms, their Lagrangian states do not take values in L” ® Ky / 2

but in LP. Note that without metaplectic structure on (X, w), only the product of
the square root of ( ) with ( ) makes sense in general (see [3 1] for related

results).

Finally, note that the assumption dim A; = n for formula ( ) of the first co-
efficient of the expansion was used in the proof of Theorem to compute the
elegant formula (4.35). Without this assumption, we still get an integral of the
form (4.34) by following the method of the proof, and the classical formulas of
Section 2.3 for the Gaussian integral can be used to compute it explicitly. We also
get a formula in terms of the symplectic form, the Riemannian metric, and lo-
cal frames via definition (4.32) of the coefficients appearing inside the Gaussian
function.

5. Extensions to Noncompact Manifolds and Orbifolds

In this section, we show how we can adapt the results of the previous sections in
the case of noncompact manifolds and orbifolds. We will work for simplicity in
the case of Kihler (X, J, w) and g7* = gTX . Then as underlined in ,
the renormalized Bochner Laplacian (2.8) reduces to the Kodaira Laplacian on
sections.

Note further that the existence of an expansion of the form (2.25) is a straight-
forward consequence of the existence of an expansion as in [27, (4.9)].
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5.1. Noncompact Case

Let (X, J,w, g"X) be a complete Kihler manifold with w(-,-) = g7 X(J-, ), let
(L,h%) be a holomorphic line Hermitian bundle over X with Chern connection
V1L satisfying (1.1), and let (E, k%) be an auxiliary holomorphic Hermitian bun-
dle with Chern connection VE. For any p € N*, let H(Oz) (X, Ep) denote the space
of holomorphic sections of E, = L? ® E that are square integrable with respect
to the L2-Hermitian product defined as in (2.9). Let P, denote the orthogonal
projection from the space of L2-sections of E p onto H(Oz) (X, Ep) with respect to
this product. Then as noticed in [25, Rem.1.4.3], P, has a smooth Schwartz ker-
nel P,(-,) e (X x X, E, X E;",) with respect to the Riemannian volume form
dvy of (X, gT¥), and Py (-, ) is square integrable and holomorphic with respect
to its first variable.

Let us write R% for the curvature of the Chern connection of K %- Then we
have the following result.

THEOREM 5.1 ([27, Thm. 5.2, 5.3]). Suppose that there exists C > 0 such that for
all x € X and v € T X, the following inequality holds in the sense of endomor-
phisms of E:

V=1(R®1dg + RE)(v, Jv) > —Cow (v, Jv)ldE. (5.1

Then for any compact set K C X, Proposition holds uniformly for any
x,x" € K, and Lemma holds uniformly for any xo € X.

If F € €°°(X,End(E)) has a compact support, then Lemma holds uni-
formly for any xo € X.

From now on we suppose that (5.1) is verified for X. Then Definition still
makes sense in this context, provided that A is compact. Precisely, for a Bohr—
Sommerfeld manifold (A, ¢, ¢) as in Definition with compact A and for
f € €°°(A, " E), we define the associated isotropic state {sy,,}yeN in the same
way as in (3.2) for any p € N* and x € X by the formula

$7.p(6) = /A Py (0))ip” £ () dva (). (5.2)

Then as A is compact, we get that s, , € H(Oz) (X, Ep). Furthermore, we have
the following analogue of Proposition

LEmMMA 5.2. Suppose that (X, J, w, gTX) is a complete Kdhler manifold satis-
fying (5.1), and let (A, t,¢) be a compact Bohr—Sommerfeld submanifold of X.
Then for any s € H&) (X, Ep), we have the following reproducing property:

(5,57p)p = /A (50O, p L7 F () 5, dva (). 5.3)

Furthermore, for any F € €°°(X,End(E)) with compact support, property
(3.6) holds.
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Proof. As A is compact, we can repeat the computations of (3.7), so that (5.3)
holds. As F € €°°(X, End(E)) has a compact support, we can repeat in the same
way the computations of (3.8), and (3.6) also holds in this context. U

With these preliminaries, we can state the following generalization of the results
of Section 3.2, Section 4.1, and Section

THEOREM 5.3. Suppose that (X, J, w, gTX) is a complete Kdihler manifold sat-
isfying (5.1). If (A, 1, &) is a compact Bohr—Sommerfeld submanifold of (X, w),
then Theorem holds.

Furthermore, if (Aj,1j,¢;), j = 1,2, are two compact Bohr—Sommerfeld sub-
manifolds of (X, w) intersecting cleanly, then Theorem 4.4 holds.

Proof. Let (Aj,tj,¢;),j = 1,2, be two compact Bohr—Sommerfeld submani-
folds of X, and consider f; € €>°(X, L;‘. E), j=1,2. By Theorem we know
that Proposition is still true uniformly in any compact set K C X. Further-
more, using (5.2) and (5.3) and omitting the immersions, for any p € N*, we get

(Sfi.psShplp

= fA (5£1.p(x), &3 f2(0) £, dva, (x)
2

- /A /A (Pp, L [L), & F2(0)) B, doa, () dva,(x).  (5.4)
2 1

Then we can choose a compact set K in Theorem containing t(A1) U t(A2),
and the proof of Theorem goes along the lines of the proofs of Theorem 3.6,

Theorem 4.3, and Theorem 4.4. By the second part of Lemma the case of
(TF,pSfi,p>St,p)p such that F € €°°(X, End(E)) has compact support is strictly
analogous. (]

5.2. Orbifold Case

In this section, we consider a complete Kéhler orbifold (X, J, , gTX ) satisfying
(5.1), a proper holomorphic Hermitian orbifold line (L, kL) bundle over X with
Chern connection V% satisfying (1.1), and a proper holomorphic Hermitian orb-
ifold vector bundle (E, hE) over X endowed with its Chern connection VE. To
give a precise meaning to these notions, we first state some notations and defini-
tions from [25, Section 5.4].

DEFINITION 5.4. Let . be the category whose objects are the pairs (M, G) with

M a smooth connected manifold and G a finite group acting effectively on M

and whose morphisms ® : (M, G) — (M’, G’) are families of open embeddings

¢ : M — M’ satisfying:

e For each ¢ € @, there is an injective group homomorphism A, : G — G’ such
that ¢ is Ay-equivariant.

e For g € G’ and ¢ € @, define g : M — M’ by the formula (gp)(x) = ge(x)
for any x € M. If (gp)(M) Np(M) # 0, then g € L, (G).
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e For ¢ € ®, we have ® = {gyp|g € G'}.

DEFINITION 5.5. Let X be a paracompact Hausdorff space, and let %x be a cov-
ering of X consisting of connected open subsets satisfying the condition

Forany U,U € %x andx e UNU’,

5.5
thereis U” € %x suchthatx e U cUNU’. (5:5)

An orbifold structure ¥x on X consists of the following data:

e Forany U € %y, an object (G, [7) of ./ and a ramified covering 7y : U—>U
that is Gy -invariant and induces a homeomorphism U =~ U /Gy.

e Forany U,V € %x such that U C V, a morphism &y : (Gy, ﬁ) — (Gy, \7)
of ./ that covers the inclusion U C V and satisfies ®yy = Owy o ®yy for
any U, V., W e %x withU CV C W.

If %y is arefinement of %x satisfying condition (5.5), then there is an orbifold
structure ¥y associated with %y such that #x U ¥ is again an orbifold structure.
We then say that #x and ¥y are equivalent. An equivalence class is called an
orbifold structure on X. In particular, we can suppose that %y is arbitrarily fine.
We further always consider the unique maximal representative in the equivalence
class.

In the above definitions, we can replace the objects of .# by manifolds with spec-
ified structures together with a group and morphisms preserving these structures.
In the case in hand, by structure we mean an orientation, a Riemannian metric,
a symplectic structure, and an almost-complex structure or a complex structure.
Furthermore, we can realize Cartesian products of orbifolds in an obvious way.

Let (X, #x) be an orbifold. For each x € X, up to refinement of ¥, there
exists Uy € x containing x and X € U, 1y (%) = x, such that X is a fixed point
of Gy . Then by the second axiom of Definition such a group is unique up to
isomorphism, and we denote it by G ff f |Gf | = 1, then X has a smooth structure
in a neighborhood of x, and we call such x a smooth point of X. If |fo| > 1, then
we call such x a singular point of X. We denote Xgjng = {x € X||G§| > 1} the
singular set of X, and Xieg = {x € X]| |fo| = 1} the regular set of X. We further
denote by ¥ € U alift of x € U € %x.

The next definitions are adaptations of the notions of orbifold embedding and
submersion from [23, Defs. 1.6 and 1.7].

DEFINITION 5.6. An orbifold immersion I : (Y, Vy) — (X, ¥x) is a continuous
map ¢ : ¥ — X such that for any V € %x and any connected component U € %y
of . =1(V), there is a family Iyy of immersions (yy : U—V covering ¢ together
with surjective group homomorphisms Ayy : Gy — Gy such that (yy is Ayy-
equivariant. Furthermore, the families Iyy satisfy Iyy = {gwwv|g € Gy} and
are compatible with the orbifold structures in the obvious sense. In that case,
we define the stabilizer of V in U by Kyy = KerAyy. Then my y := |Kyy| is
locally constant on Y and is called the relative multiplicity on Y.
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A singular immersion [ from a smooth manifold Y to an orbifold (X, 7x) is
a continuous map ¢ : ¥ — X together with immersions Ty : U — v covering ¢
for any V € %x such that g..(U) intersects ¢(U) cleanly in the sense of Defini-
tion for all g € Gy. In that case, we define the stabilizer of U in V by the
subgroup Kyy C Gy fixing each point of Ty (U), and the relative multiplicity
myx,y = |Kyv| is again locally constant on Y.

An orbifold submersion P : (M, Vy) — (X, ¥x) is the data of a continu-
ous map 7w : M — X such that w(U) € %x for any U € %y, together with
submersions 7y : U — n(U ) covering 7 and surjective group homomorphisms
Ay Gy — G for any U € %x making my be Ay-equivariant. Furthermore,
we assume compatibility with the orbifold structures in the obvious sense.

Note that any x € X can be seen as an immersed orbifold with my , = |G|
In both definitions of an immersion above, if L_l(X sing) has a strictly positive
measure for the density induced by any Riemannian metric, then Gy fixes ((U),
and my y is strictly positive. The intersection of two orbifold immersions is still
defined as in Definition 4.1 to be their fibered product over X, which gets a natural
orbifold structure making all maps into orbifold immersions.

Finally, note that we can easily combine the definitions above to get the notion
of a singular orbifold immersion, and the results of this section hold in this case
as well. For simplicity and clarity, we will keep both notions separated from each
other.

DEFINITION 5.7. An orbifold vector bundle E over X is an orbifold submersion
P :(E,Vg) — (X, ¥x) such that for any U € %y, the open set Eyy 1=~ (U)
belongs to % and 7g,, : EU SUisa G g, -equivariant vector bundle. Further-
more, we suppose that the inclusions ® g, g,, covering @y are equivariant vector
bundle maps for any U, V € %x such that U C V.

If Gg, acts effectively on U for all U € %y, that is, the group morphisms
Agy 1 GEy, — Gy associated with P as in Definition are isomorphisms, then
we say that E is proper.

Then we can define the proper tangent orbifold bundle 7 X and the proper cotan-
gent orbifold bundle T*X over any orbifold (X, ¥x) in the obvious way. We can
as well form tensor products of vector bundles by taking the tensor products lo-
cally over each orbifold chart, and we easily check that this operation preserves
properness. If E is a proper orbifold bundle over X and if ¥ : (X, ¥x) — (Y, ¥y)
is any of the orbifold maps of Definition 5.6, then we can pullback E to Y by W
in the obvious way, and we write W*E for the pullback orbifold vector bundle,
which is still proper.
We define a distance on X for any x, y € X by

. i+ 9 _
d(x,y) = llylf{zj:/z,-l 'E)/j(t)

such that there exist (o =0 < 11 <--- <t =1,y ([tj-1,¢;]) C Uj,

dily :[0, 1] = X,y (0) =x,y (1) =y,




32 Louis loos
Uj € %x, and a smooth map y; : [tj_1, ;] > 17]-
that covers )/|[tj1,z_,~]}- 5.6)

Let E — X be an orbifold vector bundle. An orbifold section s : X — E is
called smooth if for each U € %y, the restriction of s to U is covered by a Gg—
equivariant smooth section sy : U— EU. In the same way, if X is a complex
orbifold and E is a holomorphic orbifold vector bundle, then we say that s is
holomorphic if it is locally covered by holomorphic sections. The space of smooth
(resp., holomorphic) sections of E is denoted by €*°(X, E) (resp., H (X, E)).

If X is oriented and « is a smooth section of the exterior product orbifold
bundle A(7*X) with supportin U € %, then we define

1
=— | @y, 5.7
fx“ |GU|fa“U 67

where @y is an invariant section covering o over U. We extend this definition for
general « using a partition of unity. In particular, if X is oriented and Riemannian,
then there is an induced Riemannian volume form dvy on X, so that we can
integrate functions.

Let now (X, J, w) be a Kihler orbifold. As we can verify locally, for any Her-
mitian holomorphic proper orbifold bundle over X, its Chern connection is well-
defined and unique. Let (L, h%) be a proper holomorphic Hermitian orbifold line
bundle over X such that its Chern connection satisfies (1.1). We write g7 X for the
Riemannian metric on X satisfying (2.3) and dvy for the associated Riemannian
volume form. Let (E, hf) be an auxiliary proper holomorphic Hermitian orbifold
vector bundle over X.

We define the L2-Hermitian product associated with all the previous data on
¢ (X, Ep) by formula (2.9), and the Bergman kernel is the Schwartz kernel
Py(-,) e (X x X, E, X E*) with respect to dvy of the orthogonal pro-
jection P, from €"*°(X, E,,) to H(z)(X, Ep) asin ( ). For any V € %x and

p € N*, et Pp( ) eC(V XV, E % &E:,V) be the Gy x Gy -invariant lift of
Pp(', )eCE*(V xV,E,X E;‘,). More generally, for any object on V € %y, we
add a superscript™to denote the corresponding object on V.

For any m € N, let | - |m denote the local " -norm induced by ht, hE and
VL, VE on local sections of E » X E; over X x X. The following result is the
version of Lemma for orbifolds. It uses the fact, noticed in [23], that the finite
propagation speed of the wave equation holds on orbifolds.

ProposITION 5.8 ([27, Section 6.2], [25, Rem. 5.4.12b)]). Proposition holds
in the case of complete Kiihler orbifold (X, J, , g™ satisfying (5.1). Moreover,
for any V € Uy, there exists a section F(D,,)( )€ %OO(V xV, E,, v RE* V)
satisfying the following properties:

ForanyX,5 €V andg € Gy,

(& DF(D) (™%, 5) =1, g HYF(D,)(, ¢7). (5.8)
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For any m,l € N, there is Cy,; > 0 such that for all X,y € V and p € N¥,

<Cuyip. (5.9)

P, - Y (1.g7HF(Dp) &, g¥)
8€Gy e

F (5 ») (-, *) satisfies the expansion of Lemma at any xp € V.

With all these prerequisites in hand, Definition 3.1 still makes sense in this context
replacing the immersion ¢ by an orbifold immersion or singular immersion / as
in Definition 5.6. In the second case, we talk about a singular Bohr—-Sommerfeld
submanifold. In any case, if A is compact, then the associated isotropic state as
in (3.2) is well defined, and Proposition still holds. We will use the additivity
property (3.4) to assume that the section f of Definition 3.3 has a compact support
in some given open set U € %, .

THEOREM 5.9. Let (X, J, w, gTX) be a complete Kiihler orbifold satisfying (2.3),
let (L, h') be a holomorphic Hermitian proper orbifold line bundle such that the
curvature of its Chern connection satisfies (1.1), and let (E, hEybea holomorphic
Hermitian proper orbifold vector bundle. Suppose that (X, J, w, g'X) satisfies

(..
If (A, I, ¢) is a compact Bohr—Sommerfeld submanifold of X and if the endo-
morphism F € €°°(X,End(E)) has a compact support, then Theorem holds
with the following formula for the first coefficient of ( ):

bo=2"my f (Ff. f)erdon. (5.10)
A

If (Aj, 1,¢)),j=1,2, are two compact Bohr-Sommerfeld submanifolds of
X intersecting cleanly and if F € €*°(X,End(E)) has a compact support, then
the expansion of Theorem 4.4 holds. If dim A1 = n, then the first coefficients by o
of ( ) satisfy formula (4.4) multiplied by

mx A,/ MA,.Y,- (5.11)

Finally, the above holds for compact singular Bohr—Sommerfeld submanifolds
of X, provided that their intersection locus is away from the singular set.

Proof. Let (A, I,¢) be a compact Bohr—Sommerfeld submanifold, let U € %
be a connected component of (~!(V) for V € %y sufficiently small and take
f € €°(A, I*E) to have compact support in U. Then using (5.7) and (5.9), for
any X € V, we have, as p — 400,

~ 1 5 24
Sﬁp(i)z_/NPp(xa[UV(yN))[p,UV~f§p(;)dvl7(;)
IGul Jg

1
IGul

+0(p™™)

/ﬁ > (g THF(Dy)E, guvMp.uv-FLPG) dvg ()

geGy
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1 D e e T i~
N |GU|/[7 3 FBp)E wvGDpuv-8. 7T (7)) dvy ()
geGy

+0(p™)

G L —
_ Gyl _FDp)E, vy Mepuv-f£7 () dvg ()
IGul Jg

+0(p~™). (5.12)

Here tyy : U — V is any member of the family of maps in Iyyy. Now by Defi-
nition we have |Gy |/|Gy| = mx, . By Proposition F(5p)(-, -) satisfies
the expansion of Lemma at any xp € V, so that we can follow the proof of
Theorem to deduce from ( ) an asymptotic expansion as p — +oo of the
form (3.10) for the norm of sy, with highest coefficient given by (5.10) in the
case F =1dg.

Forany j =1,2,let (A}, I}, ;) be compact Bohr—Sommerfeld submanifolds,
and let f; € €°°(A, I*E) have compact supports in a sufficiently small open
set U; € %y, a connected component of ~1(V) for some V € %x. Then as the
reproducing property (3.5) still holds, analogously to (4.6) and (5.12), using (5.7)
and (5.9) and omitting the immersion maps, we have, as p — 400,

(Sl,vaZ,p>p
1 S p N
= 3 s d 7
Gl /ﬁz(;f.,p(X) ¢ [2(0))E, dvg, (X)
L1 / / (Py X 9¢F 1), 8F 2@ g, dvg, () dvg, (®)
= X, , X V57 V7. (X
Gurl Gyl Jg, S0 7ot T o2 JEE S0 AR
G e P e ~p - ~
=¥/~ /~ (F(D)E, 0] i), &3 L @) e, dvg, (§) dvg, (X)
|GU|||GU2| U, JU,
+O0(p™™). (5.13)
By Definition we have mx p, = |Gvl|/|Gy,l|, thus my, y = |G§,\1| =Gyl

for Uy small enough. For discrete intersection, take y € ¢, l(Ll(Al) N (A3))
and a small enough neighborhood V € % of 11(y) € X to get ( ) in the case
F = 1dg and discrete intersections.

Recall Definition 4. 1. Let now W be the lift of some open set W € %y, where
Y is the connected component of A; N A» such that its image by j; intersects
the support of fi, and set /[ = dimY. In the case of clean intersection, we can
follow the proof of Theorem until ( ) to get an asymptotic expansion of
the form ( ) and get from ( ) a sequence b, € €°°(Y, C), r € N, such that,
as p —> +00,

(81,ps52,p)p
|G|

k

_ /24 p —r/2 e~ (Y 1/2—(k+1)/2

= = p'PAP ) " p /Ja(x)dv ®+0(p )
1Gu,l1Gu,| gt oY
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k

Gyl |Gwl _ _

— ——pl/zﬂ’ 2 :p r/2 by (x) dvy (x) + 0(p1/2 (k+1)/2)
1Gu,| 1Gy, | gt W

k

m

:ﬂpz/zkpzp_r/zf by (x) dvy (x) + O (p/2=®HD/2y (5 14)
mA,Y =0 w

Then we can follow the proof of Theorem 4.4 to get (5.1 1) in the case F = Idg.
Now for the general case, if F € €°°(X,End(E)) has a compact support, then
we can define its Berezin—Toeplitz quantization by ( ), and it is shown in [
Lemma 6.10] that it satisfies Lemma as well. Furthermore, formula (3.6) holds
in the same way.

Finally, let us consider the case of singular Bohr—Sommerfeld submanifolds.
Following ( )—~( ), it suffices to prove the case mx y = 1, and as we as-
sumed the intersection locus away from the singular set, we need only to prove
the analogue of (3.10) and suppose that f has a compact support in some U € %x.

First, recall that the reproducing property gives

”Sf,p”%;: /A(Sf,p(t(x)),Lp-ﬁpf(x»EpdvA(x)

= /U/U(ﬁva(x),Tv(y))Tp.El’f(y)jp_zpf(x»Ep dva () dva (x)

> fU fU (F(Dp) @y (x), g1y ()8 TpLP F(1).Tp.0P (),

geGy
x dvp(y)dvp(x) + O(p~). (5.15)

Now, as Gy acts on % preserving all the structures, by Definition 5.6 the immer-
sion gly is an isotropic immersion intersecting 7y cleanly for any g € Gy. As
F(D »)(-, ) satisfies the expansion of Lemma 2.5, we can apply Theorem to
compute each term of the last line of (5.15). Then we have an asymptotic expan-
sion of the form ( ).

To compute the first-order term, note that if gy and 7y do not coincide, then
the highest order of the corresponding expansion ( ) is strictly smaller than
n/2. Thus we need only to consider the subgroup of Gy fixing the image of ¢,
which contains at least the identity element of Gy . Summing the contributions of
all the elements of this subgroup, by (4.21) we get a function by € €*° (U, C),
depending on f only locally, such that the highest order term of ( ) is given
by integration of by along U. Now, as L_l(Xsing) is of measure 0, we can pick
a sequence U, C U,n € N, of open sets in %, containing L_I(Xsing) and whose
measure tends to 0. Then we can repeat (5.15) replacing U by U,, and use (5.10)
on the regular part of V to get the following formula for the highest order term
for all n € N;

b = 24/2 / (FF(), () dva () + / by doa).  (5.16)
AUy Uy



36 Louis Ioos

As the second term can be made arbitrarily small, we can take the limit of ( )
as n tends to infinity, so that formula ( ) holds for singular Bohr—Sommerfeld
submanifolds. U

6. Application to Relative Poincaré Series

In this section, we apply the results of the previous section in the case of quotients
of the hyperbolic plane H by a discrete subgroup I"' of SL,(RR). In that case the
Bergman kernel admits an explicit global formula given in Proposition as a
sum over I, realizing it as a Poincaré series. In Proposition , we show that
then the isotropic states associated with remarkable curves over H/ I can be ex-
pressed as relative Poincaré series, where the sum is over a quotient of I instead.
The main result of this section is Theorem , which is an explicit version of
Theorem 1.1 in this setting, and which shows that such relative Poincaré series do
not vanish as soon as their weight as holomorphic cusp forms is large enough.
Recall that the special linear group

SL2(R)={g=<i 3) |a,b,c,deR,ad—bc=l} 6.1)

acts on the Poincaré upper half-plane H = {z = x + +/—1y € C|y > 0} by the

formula
_az+ b

S cz+d’
The induced action of g on the canonical holomorphic vector field 9/9z over H is
given by g.9/dz = (cz + d)~28/dz, so that the dual action on the canonical line
bundle Ky = T*(OH over H is given on the canonical section dz by

gdz= (cz—l—d)zdz =: j(g,z)zdz. (6.3)
Let g7H be the hyperbolic metric on H defined by the formula

9.2 6.2)

dx? + dy?
gt == (6.4)
y
so that it is invariant by the action of SL,(R). The associated Kihler metric wp
satisfies
~=ldzANdz
o= Y- 22202 (6.5)
2 y2
Let us write | - |k for the SL; (R)-invariant Hermitian norm on Ky given by
2 _ .2
ldz|g, =" (6.6)

Note that it differs from the norm induced by g”™ from a constant factor
V2. Then the curvature RXE of the Chern connection of (Kwu, hX®) satisfies
~—1RXE = wy, so that RXH satisfies condition (1.1) for the renormalized Kih-
ler form wy /2. As R%t = — RKH is proportional to v/—lwp, we easily see that
Ky satisfies (5.1).

Now if T is a discrete subgroup of SL;(R), then the quotient X :=H/TI" has
an induced structure of a Kihler orbifold, and its canonical line bundle K x is the
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quotient of Ky by the induced action (6.3). We denote by g7 % and wy the quo-
tient metric and quotient Kéhler form on X, respectively, and we endow Ky with
the Hermitian metric #X* induced by (6.6). Then (1.1) holds for Ky up to a factor
27 as before, and it satisfies (5.1) as well. Therefore, taking L = Ky and E = C,
we are precisely in the context of the previous sections for the renormalized Kéh-
ler form w = wy /27 with gIX = g% /27

Recall that a smooth path y : [0,]] — X,[ > 0, is said to be a closed loop if it
induces a (singular) immersion 7 : S! — X by identification of 0 with /. The fol-
lowing lemma describes the class of (singular) Bohr—Sommerfeld submanifolds
we will be interested in.

LEmMMA 6.1. Forl >0, let y : [0,l] — X be a closed loop in X parameterized
by arclength with respect to gT X, and suppose that the holonomy of Kx along
y with respect to VKU is trivial. Then the immersion ¥ : S' — X, obtained from
y by identification of 0 and 1, satisfies the Bohr—Sommerfeld condition of Defini-
tion

Proof. As wy is a 2-form, any smooth map f : S! — X satisfies f*w = 0. Thus
as dim X = 2, any immersion ¢ : §' — X is Lagrangian. By Remark it sat-
isfies the Bohr—Sommerfeld condition if and only if the holonomy of the pull-
back connection is trivial, which is exactly the hypothesis of Lemma by Re-
mark 3.2. (]

In any case, such a path y : [0,]] = X, [ > 0, is called a Bohr—Sommerfeld curve.
The orientation on ¥ : ' — X is determined by the canonical vector field d; on
[0, 1]. Following Remark 3.2, if y : [0,I] — X, [ > 0, is a smooth closed loop such
that its holonomy is a kth root of unity for some k € N, then we can take a cover
of degree k of this loop to get a Bohr—Sommerfeld curve y; : [0, kl] — X.

Note that as X is a complex orbifold with dim¢ X = 1 and as I" acts on H holo-
morphically, the singular set Xjne is necessarily a discrete set. By Definition 5.6,
as S! is a manifold, the stabilizer of ¥ is necessarily trivial in any case.

COROLLARY 6.2. A closed geodesic loop y : [0,1] — X, > 0 parameterized by
arclength is a Bohr—Sommerfeld curve.

Proof. Recall that Ky = T*1-9 X is equipped with Hermitian metric and connec-
tion hXx, VKX induced by g7X, VX via (2.1). Forany ¢ € [0, ], let y;, € T, (n X
denote the vector tangent to the curve y : [0,!] — X, inducing )},(0’1) erTObx
via (2.1). We write )},(0’1)‘* € Kx () for its metric dual. As y : [0,/] — X is geo-
desic, we know that V),TX)} =0, so that Vf" y©@D-* = 0 which precisely means
that ¥ : S! — X satisfies the Bohr—Sommerfeld condition with associated section
)/(0’1)’* e (gOO(Sl’ 7*KX)

Now if X is an orbifold and if z € X is a singular point of X, then its associ-
ated group Gg( preserves the Riemannian structure and sends a geodesic through
z to another geodesic through z, which intersect transversally by unicity of the
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geodesics. Thus y : [0,]] — X satisfies the definition of a singular immersion as
in Definition 5.6. (]

Lety :[0,1] — X, [ > 0, be a Bohr—Sommerfeld curve together with a unitary flat
section ¢ € €°°([0, 1], y*Kx), inducing a (possibly singular) Bohr—Sommerfeld
submanifold (Sl, ¥, ) as before. For any p € N*, we define Sy.p € H(02)(X, K)’;)
by

1
Sy p(x) = /0 PX(x,y(0))yp.LP (1) dt 6.7)

for any x € X, where P;( (-, -) is the Bergman kernel with respect to dvy of the
orthogonal projection on H(OZ) (X, K f;). Then s, , is precisely the Lagrangian state
associated with (', %, ¢) and f = I in the sense of Definition

Then we can apply Theorems 5.3 and 5.9 to get the following specialization of
( ) and (4.4), where we adopt the convention that v/—a = «/—14/a if a > 0.

THEOREM 6.3. Let y : [0,1] — X,l > 0, be a Bohr—Sommerfeld curve, and let
{8y, p}pen+ be as in (6.7). Then

1/2
sy pll3> = (f) [+0(p~'. (6.8)

Furthermore, if y| and y» are two Bohr—-Sommerfeld curves intersecting
cleanly away from the singular set, then we get

V16 /2-7/4)

(Sy1.p Sya.p) = V2 Z Z )\ﬁ,zzW +0(p™h, 6.9

€Ny t1,12>0,
yi(t)=y2(n)=z
where 0, € 10,2mn|[ is the oriented angle from y) to y» at z, and where for all
t1, ta > 0 such that y|(t) = y2(t2), we define Ay, 1, = ($1(t1), £2(2)) Ky -

Proof. In the case of smooth and compact X, (6.8) and (6.9) are standard compu-
tations from ( ) and (4.4). We will indicate how to modify directly the argu-
ment to get the case g7 X =27 g X from the case g7 X = gZ X in all generality.

For any p € N*, let us write P, , for the orthogonal projection to H(Oz) (X, K )’;)
dvx,, = dvy /2w, so that the associated Bergman kercrulel with respect to dvy
satisfies Pp (-, ) =2m Plf (-, ). On the other hand, the Riemannian volume form
dt,, on [0, L[ induced by g7 X satisfies dt,, = dt/~/27. Thus, writing {se. ., p} per+
for the Lagrangian state obtained replacing g7 % by g7X from (3.2) we get that
Sw.y.p = ~/2msy, , for any p € N*.

Consider now two Bohr—Sommerfeld curves y; and y». Following the above
notations, for any p € N*, we get

1
(Sy1,ps Sya,p)p = b /X(sw,yn,pv sw,yzm>1(§ dvx = (Sw,y1,p> Sw,y2,p)w,p, (6.10)

with respect to the L?-Hermitian product induced by gZ*. Then P, ,, = P, but
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where (-, ), , denotes the L2-Hermitian product with respect to g7 *. Noticing
finally that Vol,(y) = l/\/ﬂ for any y : [0,/] — X,l > 0, parameterized by
arclength with respect to g7 X, we recover (6.8) and (6.9) as in the case of smooth
and compact X. U

In the case where X is a compact Riemann surface, so that in particular I" acts
freely on H, Theorem is a result of [8. Thm. 4.4], where (6.8) and (6.9) are
shown with a weaker error term. As shown in Proposition 6.6, formulas (6.8) and
(6.9) are especially interesting in the case of curves y : R — H such that there
exist [ > 0 and gg € I satisfying go.y (¢) = y (¢ + /) for any ¢ € R. We say that y
is associated with gg.

In particular, if y is a closed geodesic, then y is associated with a hyperbolic
element go € I', that is, satisfying Tr(gop) > 2, unique up to conjugation. Closed
geodesics belong to a larger class of hyperbolic curves called hypercycles.

If go € T is parabolic, that is, satisfying Tr(go) = 2, then its action has no
fixed points in H, and it occurs in I" only in the case of X noncompact. The most
interesting associated curves in that case are the so-called horocycles, which are
isometric to a horizontal line in H.

If go € T is elliptic, that is, satisfying Tr(go) < 2, then g¢ fixes a unique point
z € HI, which descends to a singular point of X. The most interesting associated
curves in that case are circles with center at the fixed point of gg in H. Note that
I' acts freely on H if and only if it contains no elliptic elements.

Our next goal is to explicitly identify the Lagrangian states associated with
such curves. Let .% be a measurable fundamental domain of " in H. Through the
natural identification €*° (X, Kx) ~ €*°(H, Kx)" and trivializing Ky using its
canonical section dz, from (6.3) we have the following natural identification for
any p € N*:

HY, (X, KD) =~ { feEeH) ’ £ holomorphic,

f(g.2) = f(2)jg 2", /y |f(2)*y*P 2 dxdy < oo}. (6.11)

We will implicitly use this identification throughout the rest of this section.

REMARK 6.4. Assume that Vol(X) < 400, that is, I is a Fuchsian group of the
first kind. As explained in [2; 3, Section 6], then the space H(OZ) (X, K )’;) is identi-
fied through the identification ( ) with the space S3,(I') of holomorphic cusp
forms of weight 2 p with the space of holomorphic functions on H satisfying the
equivariance property of ( ) and vanishing at infinity. Such spaces are of par-
ticular interest in arithmetic.

The following result is classical and follows, for instance, from [16, Prop. 1.5.3,
1I.1].
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PROPOSITION 6.5. Under the identifications above, for any p € N*, the Bergman
kernel of H(02) (H, KH’;I) satisfies the formula

:2p—1<2J—_1

P , W
p (@) dr \z—w

2p
) dz? dw? (6.12)

for any z,w € H, where dw € EH,W ~ Ky, denotes the dual of dw € K,y
with respect to the metric. Furthermore, for any w € H descending to w € X in
the quotient, we have

PXzw) =) j(g.2) " P(g.2. ) (6.13)
gel

through identification ( ) in z € H, where the convergence of the right-hand
side is absolute and uniform for z, W in any compact set of H.

Series (0.13) is an example of Poincaré series and is a standard method to con-
struct functions in S, (I') as in Remark 6.4. A fundamental problem of the theory
of cusp forms is deciding whether a given series vanishes identically or not.

If 'o C T is a subgroup of I', then we write I'g\I" for the set of equivalence
classes [g] :={gog € I'|go € T'o} for all g € I'. Recall that if gg is hyperbolic or
parabolic, then it generates a free group I'g C I', whereas if gp is elliptic, then it
generates a cyclic subgroup I'o C I.

Using Proposition 6.5 and a classical unfolding technique, we get explicit for-
mulas for the Lagrangian states associated with remarkable curves. This is de-
scribed in the next result.

PROPOSITION 6.6. Let go € T, and let y : R — H be a smooth curve on H pa-
rameterized by arclength, together with a unitary flat section { € y* Ky such that
there is | > 0 satisfying go.y (t) =y (t +1) and go.(t) = ¢(t + 1) for all t € R.
Write T'g C T for the subgroup generated by gg.

If go is hyperbolic or parabolic, then the Lagrangian state {s, p}pen+ associ-
ated with y is given through ( ) and for any p € N* by

2p—1 L
Sy,p(Z) = 47 Z .](g9 Z) 2
[glelo\I"

+o00 2J—1 2p
xf (L_) (C@®),dy @)k, dt. (6.14)
—co \g.z—y()

If go is elliptic, then letting n € N be the order of 'y, the Lagrangian state
{8y, p}penr is given through ( ) and for any p € N* by

2p—1 . -
Sspp@="— D @™
[g]eTo\T

nOo2y=1 N\
x /0 (L) (£ (). dy (1)) ky dt. (6.15)

gz—y()
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The convergences of the series in ( ) and ( ) are absolute and uniform for
z in any compact set of H.

Proof. Recall that SL,(R) acts on H by holomorphic isometries and that the in-
duced action on Kx preserves 75X This implies in particular that the Bergman
kernel of H(Oz)(X, Kx) is invariant by SL,(R). Using (6.3), we have for any
weH, g e SLa(R), and ¢ € K 4,

J(@ PPz w)it =Pl g wgT g (6.16)

through identification ( ) in z € H. On the other hand, for any g, 4 € SLo(R)
and w € H, the cocycle formula j(gh, w) = j(g, h.w)j(h, w) holds by defini-
tion. Consider hyperbolic or parabolic gg € I', and let / > 0 be the smallest pos-
itive number satisfying go.y (t) = y (¢t + 1) and go.¢(¢t) = ¢(t + 1) for all r € R.
Then from (6.7) and from the uniform convergence of ( ) we get

syp@= [ Y j(g.2) P PI(g.z. y(1)¢(t)dt

yge[‘

1
= ¥ Yithe o [ Pieeayoxma
[glelo\l neZ 0

l
= Y j@a Yy / Pl(g.z. 85" v (t)gy" ¢ () dt
[glelo\T nez”0

—(n+1)
= Y ey [ Pz oo
[¢]eTo\T nez’

400

= ¥ o [ pieayoxodr 6.17)
[glelo\I" B

and we conclude by ( ). Note that the sums in ( ) do not depend on the
choice of the representatives g € I' of any [g] € ['g\I". The elliptic case ( ) is
strictly analogous. U

The series ( ) and ( ) are called relative Poincaré series. We can now state
our main theorem, which is a consequence of Theorem

THEOREM 6.7. If y : R — H satisfying the hypotheses of Proposition 6.6 descends
to a Bohr—Sommerfeld curve, then there is po € N such that the associated series
( ) or ( ) do not vanish identically for p > po. This holds in particular if
y : R — H is a closed geodesic.

Proof. By (6.8) we know that there is pg € N such that s, , is nonvanishing for
P > po, so that we can conclude by Corollary and Proposition 6.6. O

In general, there are simple numerical criterions for horocycles, circles, and hy-
percycles to satisfy the Bohr—Sommerfeld condition, and the integral in sums
(6.14) and (6.15) can be computed explicitly using Proposition 6.5 and elementary
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complex analysis. In particular, as computed in [8, Thm. 4.11],if go= (¢ %) isa
hyperbolic element of I", then the series (6.14) for a closed geodesic y associated
with go takes the form

sy p@=Cp Y (@ (@) +d—a)g)—b"  (6.18)
[glelo\I"

with explicit nonvanishing constant C,, € C for all p € N*, and we recover up
to normalization the relative Poincaré series associated with closed hyperbolic
geodesics by Katok [21, Section 1]. Furthermore, from Theorem we get a
formula for the highest order term as p — 400 of the intersection product of two
closed geodesics, recovering a result of [21, Thm. 3]. As shown in [2], Thm. 1], if
I' is a Fuchsian group of the first kind, then the series associated with the primitive
hyperbolic elements of I' as before generate the whole space Sy, (I').

Finally, note that there are many discrete subgroups I' C SL,(R) of interest
containing elliptic points and leading to noncompact quotients X = H/I", even in
the case where I" is Fuchsian of the first kind. The most famous examples are the
classical modular curves.
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