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Abstract

We use the theory of Berezin—Toeplitz operators of Ma and Marinescu to study the
quantum Hamiltonian dynamics associated with classical Hamiltonian flows over
closed prequantized symplectic manifolds in the context of geometric quantization of
Kostant and Souriau. We express the associated evolution operators via parallel trans-
port in the quantum spaces over the induced path of almost complex structures, and
we establish various semi-classical estimates. In particular, we establish a Gutzwiller
trace formula for the Kostant—Souriau operator and compute explicitly the leading
term. We then describe a potential application to contact topology.
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1 Introduction

Given a classical phase space X, the goal of quantization is to produce a Hilbert space
¢ of quantum states, such that the classical dynamics over X, described as flows of
diffeomorphisms, are mapped in a natural way to the associated quantum dynamics of
7, described as 1-parameter families of unitary operators. In the context of geometric
quantization, introduced independently by Kostant [23] and Souriau [34], the classical
phase space is represented by a 2n-dimensional symplectic manifold (X, w) without
boundary, endowed with a Hermitian line bundle (L, hl) together with a Hermitian
connection VX with curvature R’ satisfying the following prequantization condition,
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w= ERL. (1.1)
21

The construction of an associated Hilbert space of quantum states depends on the
extra data of a polarization, and the best choice of such a polarization usually
depends on the physical situation at hand. In particular, the classical dynamics of
a symplectic manifold (X, w) is entirely determined by a time-dependent Hamilto-
nian F € € (R x X, R), and the corresponding quantum dynamics are sometimes
much easier to infer for one specific choice of polarization. For the general theory
as well as numerous examples, we refer to the classical book of Woodhouse [35,
Chap. 5, Chap.9].

In this paper, we focus our attention on compact symplectic manifolds, and consider
the polarization induced by an almost complex structure J € End(7 X) compatible
with w, which always exists. The associated Hilbert space ¢, of quantum states will
depend of an integer p € N, representing a quantum number, and the goal of this
paper is to study the behavior of the quantum dynamics associated with the classical
Hamiltonian flow of F € €°(R x X, R) as p tends to infinity. This limit is called
the semi-classical limit, when the scale gets so large that we recover the laws of
classical mechanics as an approximation of the laws of quantum mechanics. We show,
in particular, that the quantum dynamics approximate the corresponding classical
dynamics as p — +o00.

The construction we present in this paper holds for any compact prequantized
symplectic manifold and coincides with the holomorphic quantization of Kostant and
Souriau in the particular case when the almost complex structure J € End(7 X) is
integrable, making (X, J, w) into a Kdhler manifold. Then (L, hL) admits a natural
holomorphic structure for which V% is its Chern connection, and the space 7, of
quantum states coincides with the associated space of holomorphic sections of the
pth tensor power L? := L®P, for all p € N big enough. The natural L>-Hermitian
product (2.3) on the space ¢"°°(X, L?) of smooth sections of L? then gives %), the
structure of a Hilbert space. In the very restrictive case when the Hamiltonian flow
acts by biholomorphisms on (X, L), the quantum dynamics is simply given by the
induced action on the space of holomorphic sections 77, for all p € N. In contrast,
our results apply to the holomorphic quantization of general Hamiltonian flows.

In Sect. 2, we consider a general almost complex structure J € End(7 X) compat-
ible with w, and for all p € N, we define in (2.17) the space %), of quantum states as
the direct sum of eigenspaces associated with the small eigenvalues of the following
renormalized Bochner Laplacian

Ay = AL — 2mwnp , (1.2)

acting on the smooth sections ¢°*°(X, L?) of L?, where AL" is the usual Bochner
Laplacian of (L?, th) associated with the Riemannian metric gTX = w(-, J-). This
follows an idea of Guillemin and Uribe [17], and we consider here a more general
construction due to Ma and Marinescu [27], where L? is replaced by £ ® L? for
all p € N, for any Hermitian vector bundle with connection (£, hE, VE). Note that
both constructions admit an extension to the case of a general J-invariant metric
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gTX, and the general construction of [27] also deals with the case when one adds

a potential term to A,. In Theorems 2.5 and 2.6, we describe the results of [21]
on the dependence of the quantization to the choice of an almost complex structure
J € End(T X) at the semi-classical limit p — +o0. Specifically, we introduce the
parallel transport operator 7, ; between different quantum spaces .7¢}, along a path
{J; € End(T X)};cr of almost complex structures with respect to the L2-connection
(2.17), and we describe in Theorem 2.5 how 7, ; behaves like a Toeplitz operator as
p — +o00, giving an explicit formula for the highest order coefficient. This is based
on the theory of Berezin—Toeplitz operators for symplectic manifolds developed by
Ma and Marinescu in [28], and extended to this context in [22].

In Sect. 3, we show how one can use this parallel transport to construct the quan-
tum Hamiltonian dynamics associated with any F € €°°(R x X, R). In fact, the
corresponding Hamiltonian flow ¢; : X — X defined by (3.2) for all # € R does not
preserves any almost complex structure in general, and thus does not induce an action
on %, for any p € N. Instead, fix an almost complex structure Jy € End(7 X) com-
patible with w, and consider the almost complex structure J; := de; Jody, 1, as well
as the spaces .}, ; of quantum states associated with J;, forall+ € R and p € N. This
flow, together with its lift to L defined by (3.4), induces a unitary isomorphism ¢/ X
Fty — Hp0 by pullback on €°°(X, L), and considering the parallel transport
Ty A0 — H;, along the path s = Jg fors € [0, ¢], the associated quantum evo-
lution operator at time 1 € R is given by the unitary operator ¢;' , 7, ; € End(.7),.0).

In the rest of the Introduction, we assume that the Hamiltonian FF =: f €
¢°°(X,R) does not depend on time, and write £y € €*°(X, T X) for the Hamil-
tonian vector field of f, as defined in (3.1). In that case, we show in Lemma 3.1 that

0F ) Tp.i = exp(=27v/=1tpQ (1)), (1.3)

forall € R and p € N, where Q,(f) is the Kostant—Souriau operator associated
with f, defined as an operator acting on °°(X, L?) by the formula

V=T _;»
v“) P,

=2 1.4
2y Ve (1.4)

Qp(f)::Pp(f_

where f is the operator of pointwise multiplication by f and P, : €°°(X, L?) —
p,0is the L?-orthogonal projection. This is the holomorphic version of the Blattner—
Kostant—Sternberg kernel, as described for example in [35, § 9.7]. Under this form, it
was first noticed by Foth and Uribe in [16, § 3.2], who interpreted the trace of Q,(f)
as a moment map for the group of Hamiltonian diffeomorphisms acting on the space
of almost complex structures compatible with w. Using the results described in Sect. 2,
we establish the following semi-classical estimate on its Schwartz kernel (2.26), where
7;,p denotes the parallel transport in L? along s + ¢, (x) for s € [0, ¢]. Here and in
all the paper, we use the notation O (p~*) in the sense of the corresponding Hermitian
norm as p — +oo, and O(p~>) means O (p~¥) for all k € N.

Proposition 1.1 For any t € R and x, y € X such that ¢;:(y) # x, we have the
following estimate as p — +00,
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exp (an/—_lthp(f)) (x,y) = 0(p™™). (1.5)

Furthermore, there exists a,(t,x) € C (r € N) smoothinx € X andt € R, such that
for any k € N*, as p — 400 we have

exp (27v/=T1pQ, () (01 ). )

k—1
— pne2anltpf(x) (Z p_rar(t,x) + 0(p—k)> Tt,pa (16)

r=0
with ap(t, x) # O forallt € Rand x € X.

This follows from the more precise Proposition 3.3, which gives, in particular, a
formula for the first coefficient ag (¢, x). As explained there, this result shows that the
quantum dynamics approximates the classical dynamics at the semi-classical limit
p — oo in a precise sense. In Theorem 3.4, we also use the results described in
Sect. 2 to give an associated semi-classical trace formula. Note that the estimate (1.5)
is not uniform in (t € R, x, y € X), and the estimate (1.6) shows that there is in fact
a jump when ¢, (y) tends to x.

In Sect. 4, we consider a time-independent Hamiltonian f € €°°(X, R), and we
use the setting of Sect. 2 to study the operators g(pQ ,(f — ¢)) € End(J%,) defined
for all p € N by the formula

§pQy(f — o) = /R O (R A (17)

where g : R — R is smooth with compact support, where ¢ € R is a regular value of
f and where ¢/ pr,, € End(J7, ) is the quantum evolution operator associated with
f. Via the interpretation (1.3) in terms of quantum evolution operators, the Gutzwiller
trace formula predicts a semi-classical estimate for the trace Tr[g(pQ,(f — ¢))] as
p — 400, in terms of the periodic orbits of the Hamiltonian flow of f included in
the level set f ~1(¢). This formula was first worked out by Gutzwiller in [19, (36)] for
usual Schrodinger operators over R” as the Planck constant i tends to 0, using path
integral methods. As explained in his book [20], this formula plays a fundamental role
in the theory of quantum chaos, which studies the quantization of chaotic classical
systems.

Specifically, let Supp g C R be the support of g, and suppose that for all z € Supp g,
the fixed point set X% C X of ¢; : X — X is non-degenerate over a neighborhood
of f ~1(¢) in the sense of Definition 2.7 and intersects f ) transversally such that
X% N £~1(c) is non-empty only for a finite subset 7 C Supp g. Let {Yjhi<jgm be
the set of connected components of

[[x?nr . (1.8)

teT

and for any 1 < j < m, write t; € T for the time such that ¥Y; C X% N f’l(c).
In particular, these hypotheses are automatically satisfied if Suppg C R is a small
enough neighborhood of 0, so that 7 = {0} and X% = X.
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Let); € Rbetheactionof f overY; asinDefinition 3.5, and let Vol,, ( f L) >0
be the volume of f~!(c) with respect to the natural Liouville measure (4.20) induced
by w and f on f~(c).

Theorem 1.2 Under the above assumptions, there exists b; , € C (r € N), depending
only on geometric data around Y; for all 1 < j < m, such that for any k € N* and
as p — +0o, we have

m k—1
Tr[8(pQy(f —en] = plmVimD/2g(;)e=2mV=1rk; (Z P bjs+ 0<p—">> :

j=1 r=0

(1.9)

Furthermore, there is an explicit geometric formula for the first coefficients b; o for
all 1 < j <m, and as p — +00 we have

Tr[8(pQ,p(f — )] = p" 'g(0) Vol,(f () + O(p" ). (1.10)

Note that formula (1.9) does not follow from (1.3) and Proposition 1.1 by integrating
over ¢t € R, due to the jump in the estimates (3.25) and (1.6) when ¢;(y) tends to x.
This is illustrated by Proposition 4.1, where it is shown how g(p Q p(f —¢)) localizes
around f~!(c) after integrating in ¢ € R via stationary phase estimates, with a precise
control on the constant around £~ (c).

The general formula for the first coefficients b; o of the expansion (1.9) is given
in Theorem 4.3, and reduces to the so-called Weyl term (1.10) of the trace formula
in the case 0 € Supp g. However, the relevance of this formula for quantum chaos
mainly lies in the terms associated with isolated periodic orbits, and one would like
to consider general situations where this formula exhibits natural geometric quantities
associated with such orbits.

To describe such situations, let us first consider the general case of a Hermitian
vector bundle with connection (E, hE, VE) over R x X. Writing E; for its restriction
to X over t € R, we take more generally the quantum spaces 7}, ; to be the almost
holomorphic sections of E; ® L? withrespectto J;,forall p € N, together with the L?-
Hermitian product induced by 2% and h™". Following Definition 2.4, we can again
consider the parallel transport 7, ; : 9,0 — £}, ; with respect to the associated
L?-connection, and if ¢, : X — X is a Hamiltonian flow lifting to a bundle map
(ptE : Eo — E; over X for all t € R, we again have a unitary evolution operator
7 pr,, € End(47), o). Then the right-hand side of formula (1.7) still makes sense,
and Theorem 4.3 gives the general version of Theorem 1.2 in this context.

Consider now the canonical line bundle (K x, X%, VKX) over R x X associated
with {J; € End(T X)};cr defined in Sect. 2 by the formula (2.14), and assume that
(X, w) admits a metaplectic structure, so that this canonical line bundle admits a square

root K)l(/ 2 over R x X with induced metric and connection, called the metaplectic
correction. Then ¢; admits a natural lift for all # € R, and we call the associated
unitary operator ¢;° p’Z;, + as above the metaplectic quantum evolution operator.
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1590 L.loos

Theorem 1.3 Assume that (X, ) admits a metaplectic structure, and consider the
assumptions of Theorem 1.2. Let 1 < j < m be such that dimY; = 1 and such that
[J&r,&r] = 0 over Y;. Then the first coefficients of the analogous expansion (1.9)
as p — oo for the metaplectic quantum evolution operator satisfy the following
formula,

1(Y))
|dety, (Idy — der; [n)1/2

bio=(—1)"T (1.11)

for a natural choice of square root and for any x € Y;, where N is the normal bundle
of Y inside T~ (c) and where t(Y;) > 0 is the primitive period of Y ; as a periodic
orbit of the flow t — ¢, inside f~'(c).

For (X, J;, ) Kéhler for all € R and endowed with a metaplectic structure, one
can show using [21, (5.2)] that the generator of the metaplectic quantum evolution
operator considered above coincides with the metaplectic Kostant—Souriau operator
considered by Charles in [12, Th. 1.5].

Theorem 1.3 follows from Theorem 4.4, which gives also a formula for general
(E,hE, VE) as an integral along the associated periodic orbit. In the case of usual
Schrddinger operators over a compact Riemannian manifold the Gutzwiller trace for-
mula has been established by Guillemin and Uribe [18, Th.2.8], Paul and Uribe [32,
Th.5.3] and Meinrenken [30, Th. 3], while in the case of Toeplitz operators over the
smooth boundary of a compact strictly pseudoconvex domain, it has been established
by Boutet de Monvel and Guillemin [9, Th,9, Th. 10]. In the case of Berezin—Toeplitz
operators over a compact prequantized Kéhler manifold with metaplectic structure,
instead of Kostant—Souriau operators over a general compact prequantized symplectic
manifold as in Theorem 1.2, it has been established by Borthwick, Paul and Uribe [8,
Th.4.2] using the theory of Boutet de Monvel and Guillemin [9].

In all the works cited above, the corresponding formulas for the first coefficients
involve an undetermined subprincipal symbol term with no obvious geometric inter-
pretation. In contrast, the general formula for the first coefficient given in (4.22) is
completely explicit in terms of local geometric data. Furthermore, the formula for iso-
lated periodic orbits given in Theorem 1.3 is the same as the corresponding formulas
in all the cases mentioned above, but without the undetermined subprincipal symbol
term. This makes it much simpler to use in practical applications.

In fact, let the Hamiltonian f € %°°(X,R) and the almost complex structure
J € End(T X) be such that

dijg;0 =w over f(I), (1.12)

for some interval I C R of regular values of f containing ¢ € R. As explained at
the end of Sect. 4, this induces a contact form o € QY=Z,R)on T := f_l(c), and
& r generates the Reeb flow of (X2, ). Then Proposition 4.5 shows how Theorem 1.2
can be used to detect the periods of the non-degenerate isolated periodic orbits of this
flow, and Theorem 1.3 allows in principle to compute the associated action. This is
of particular interest in contact topology, where the study of non-degenerate isolated
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periodic orbits of the Reeb flow is a major topic, usually tackled via methods of Floer
homology. Note that to recover the action from the expansion (1.9) in practice, one
needs a completely explicit formula for the first coefficient, and formula (1.11) is the
best that one can hope for.

In Theorem 4.2, we also establish semi-classical estimates on the Schwartz kernel
of the operator §(pQ,(f — ¢)) as p — +o0, analogous to the corresponding esti-
mates in [8, Th. 1.1] for Berezin—Toeplitz operators over compact prequantized Kéhler
manifolds admitting a metaplectic structure. Once again, our formula for the first order
term is completely explicit in terms of geometric data, without the undetermined sub-
principal symbol term appearing in the corresponding formula in [8, Th.2.7].

In the case of compact prequantized Kéhler manifolds and when the Hamiltonian
flow ¢; : X — X acts by biholomorphisms, so that one can define the quantization of
¢; simply by its induced action on holomorphic sections, the pointwise semi-classical
estimates of Theorem 4.2 for E = C have been obtained by Paoletti in [31, Th. 1.2]. In
this case, the general version of Theorem 1.2 is a direct consequence of the following
Kirillov formula,

* — p
Tr [go,jﬂ,p] _/ij Tdyot e (TX)ehy o1 e (LP), (1.13)

as described in [6, (2.38)] for any fixed 1 < j < m and |¢| > O small enough, using
the stationary phase lemma as p — -+o0. Paoletti recovers this special case in [31,
Th. 1.3] without using formula (1.13).

The theory of Berezin—Toeplitz operators over compact prequantized Kéhler mani-
folds with E = C was first developed by Bordemann, Meinreken and Schlichenmaier
[7] and Schlichenmaier [33]. Their approach is based on the work of Boutet de Monvel
and Sjostrand on the Szeg6 kernel in [10], and the theory of Toeplitz structures devel-
oped by Boutet de Monvel and Guillemin in [9]. The present paper is based instead on
the approach of Ma and Marinescu using Bergman kernels, and we refer to the book
[26] for a detailed presentation of this method.

The quantization of symplectic maps over compact prequantized Kihler manifolds
has first been considered by Zelditch in [36], using a unitary version of the theory of
Toeplitz structures of [9], and Zelditch and Zhou use it in [37, Th. 0.9] to establish the
pointwise semi-classical estimates of Theorem 4.2 in the Kihler case for E = C. Note
that Theorem 1.2 is not a consequence of these pointwise semi-classical estimates, as
they are not uniform in x € X. The applications of parallel transport to the quantum
dynamics associated with Hamiltonian flows have also been explored by Charles
[13, Th.5.3] in the case of compact prequantized Kéhler manifolds with metaplectic
structure, where he establishes an analogue of Proposition 1.1 in the language of
Fourier integral operators.

2 Setting
Let (X, w) be a compact symplectic manifold without boundary of dimension 27, and
let (L, hL) be a Hermitian line bundle over X, endowed with a Hermitian connection

VI satisfying the prequantization condition (1.1). Let J be an almost complex structure
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on T X compatible with w, and let g7* be the Riemmanian metric on X defined by
g ) = ol ). @1

We write VIX for the associated Levi—Civita connection on TX, and dvy for the
Riemannian volume form of (X, g7 X). It satisfies the Liouville formula dvy = " /n!.

For any Hermitian vector bundle with connection (E, hf, VE) over X, we write
(-,)e and | - | for the Hermitian product and norm induced by hE and write RE
for the curvature of V£. We denote by C the trivial line bundle with trivial Hermitian
metric and connection. For any p € N, we write L? for the pth tensor power of L,
and for any Hermitian vector bundle with connection (E, hE, VE), we set

E, =L'QE, 2.2)

equipped with the Hermitian metric #£» and connection V7 induced by h%, hf and
VL, VE. The L2-Hermitian product (-, -), on € (X, E ) is given for any sy, 52 €
¢ (X, E,) by the formula

(51 52)p = /X (5100), 52(0)) , Ao (x). 2.3)

Let L2(X, E ) be the completion of °°(X, E ) with respect to (-, -) .

Definition 2.1 For any p € N, the Bochner Laplacian AEr of (E,, hfr, VEr) is the
second-order differential operator acting on ¢*°(X, E ) by the formula

2n
E E
AFr = =31 (V) = Vi, | 2.4
Z [( ei) ngxej] (24)

where {e j}in: | is any local orthonormal frame of (T X, g7 %).

This defines an unbounded self-adjoint elliptic operator on L*(X, E p), and by
standard elliptic theory, its spectrum Spec(A£r) is discrete and contained in R.

Definition 2.2 Forany p € N, the renormalized Bochner Laplacian A, is the second-
order differential operator acting on °°(X, E ) by the formula

n
A, = AFp _2nnp_ZRE(wj,u7j), (2.5)
j=1

where {w j}’;zl is an orthonormal basis of 79 X for the Hermitian metric induced
by gTX.

As above, A is an unbounded self-adjoint elliptic operator on L2(X , Ep), and
has discrete spectrum Spec(A ) contained in R. Furthermore, we have the following
refinement of [17, Th.2.a].
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Theorem 2.3 [25, Cor. 1.2] There exist constants 5, C > 0 such that for all p € N,
Spec(A,) C [~C,C1U l4mnp — C, +ool, (2.6)

and the constants C, C > 0 are uniform in the choice of J € End(T X) varying
smoothly in a compact set of parameters. Furthermore, the direct sum

Hy= P Ker(h—Ap) 2.7)
re[-C.,C

is naturally included in €*° (X, E ), and there is py € N such that for any p = po,
we have

dim 77, = / Td(T O X) ch(E) exp(pw), (2.8)
X

where Td(T -9 X) represents the Todd class of TLOX and ch(E) represents the
Chern character of E. The integer po € N is uniform in the choice of J € End(T X)
varying smoothly in a compact set of parameters.

For any p € N, the Hilbert space /7, C LZ(X, Ep) defined by (2.7) is called
the space of almost holomorphic sections of E . In the special case when J is inte-
grable, so that (X, J, w, gTX ) is a Kihler manifold and the Hermitian bundles (L, hL)
and (E, hf) admit natural holomorphic structures such that VL and VE are their
Chern connections, then the subspace .74, C ¢°°(X, L?) coincides with the space
of holomorphic sections of E,, for all p > po. In fact, as explained for example in
[26, §1.4.3,§ 1.5], by the Bochner—Kodaira formula, the forpula (2.5) is twice the
Kodaira Laplacian of E, and there is a spectral gap, so that C = 0in (2.6). It is then
a basic fact of Hodge theory that the kernel of the Kodaira Laplacian in (X, E )
is precisely the space of holomorphic sections of E, for all p € N.

The goal of this section is to describe the results of [21] about the dependence of
this quantization scheme on the choice of an almost complex structure J € End(T X).
To this end, we consider a smooth path

t —> J; € End(TX), forall t e R, 2.9)

of almost complex structures over X compatible with w. We will see {J; €
End(T X)};cr as the endomorphism of the vertical tangent bundle 7' X over R x X of
the tautological fibration

7:Rx X —R
(t,x) —>t, (2.10)
restricting to J; € End(7 X) overt € R. We then have an induced vertical Riemannian
metric on T X over R x X, defined by its restriction on the fiber X over any ¢ € R via

the formula
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g X ) = ). Q.11

Following Bismut in [3, Def. 1.6] and in [4, (1.2)], we consider the induced vertical
Levi—Civita connection VTX on the subbundle 7 X of the tangent bundle of R x X,
defined by the formula

VTX — HTXVREBTXHTX’ (212)

where VE®TX is the Levi-Civita connection on the total space of R x X for the
Riemannian metric defined on T(R x X) = R @ T X as the orthogonal sum of the
canonical metric of (R) and the metric (gtT Xyover (r e R), with[T"X : R TX —
T X the canonical projection. Note that by the Liouville formula dvy = «"/n!, the
Riemannian volume form dvy of (X, g/ %) does not depend on ¢ € R.

Let TX¢ := T X ®g C be the complexification of the vertical tangent bundle 7' X
over R x X. The family of complex structures {J; € End(7 X)};cR induces a splitting

TXc=T"9xpr10®b)x (2.13)

into the eigenspaces of J; corresponding to the eigenvalues /—1 and —+/—1 over
{t} x X for all t € R. We endow T X¢ with the Hermitian product 27X given by
gtT X(.,7) over {t} x X for all t € R. The canonical line bundle associated with
{J; € End(T X)};er is the line bundle

Ky := det(T10*X) (2.14)

over R x X equipped with the Hermitian metric #%* and connection VX induced by
the vertical Hermitian metric /7% and the vertical Levi—Civita connection (2.12) via
the splitting (2.13).

For any Hermitian vector bundle with connection (E, hE VE) over R x X, we
write (E;, h®", VEr) for the Hermitian vector bundle with connection induced on X
by restriction to the fiber over t € R. For all r € R, we write

tf By — E, (2.15)

for the bundle isomorphism over X induced by parallel transport in E with respect
to VE along horizontal directions of 7 : R x X — R. We still write (L, ht, Vi)
for the Hermitian line bundle with connection over R x X defined by pullback of
(L, ht, VL) over X via the second projection, and write (E ,, hEr, VEr) for the tensor
product £, = E® L? over R x X for any p € N, with induced Hermitian metric and
connection. For any p € Nand ¢ € R, we write A, ; for the renormalized Bochner
Laplacian acting on (X, E ;) associated with the metric g/ as in Definition 2.2,
and write %ﬂp,t C (X, E p.t) for the associated space of almost holomorphic
sections defined in Theorem 2.3.

Let us assume that there exists pp € N such that the two intervals in (2.6) are
disjoint and such that 7, ; satisfies the Riemann—Roch—Hirzebruch formula (2.8) for
all p > po and t € R. By Theorem 2.3, such a pg € N always exists if we ask J; and
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(E;, hEr, VE') to be independent of ¢+ € R outside a compact set of R. On the other
hand, this assumption will be automatically satisfied for all # € R in the main case of
interest considered in Sect. 3. In the sequel, we fix such a pg € N.

Following for instance [2, §9.2], forall € Rand p > po, we define the orthogonal
projection operator P ; : L*(X,E p.t) — J,; with respect to the associated L*-
Hermitian product (2.3) by the following contour integral in the complex plane,

P, ;:/ (A= Ap0) " dr, (2.16)
r

where I' C C is a circle of center 0 and radius a > 0 satisfying C <a<drm p—C.
This shows that the projection operators P, ; depend smoothly on ¢ € R, and as the
dimension of Im(P, ;) = J,; is constant in t € R by assumption, this defines a
finite dimensional bundle over IR, which can be seen as a subbundle of the infinite
dimensional vector bundle with fiber €°°(X, E, ;) over t € R.

Definition 2.4 For any p > po, the quantum bundle (77, h%P, V%) is the bundle
of almost holomorphic sections over R =~ {J; € End(7T X)};cr defined via (2.16) as
above, endowed with the L2-Hermitian structure h7% induced by the L2-Hermitian
product of LZ(X, Ep,) for all t € R, and with the L2-Hermitian connection V'%Ap,
defined on the canonical vector field 9; of R via its action on the total space (R x
X, Ep) by the formula

V" = PV Py, (2.17)

for all r € R. By convention, we set 7, = {0} for all p < po.

By an argument of [5, Th.1.14], the L?-connection v preserves the L2-
Hermitian product 27?7, For any p € Nand ¢ € R, let . (5,0, 7,,1) be the space
of linear operators from J7), o to ., ;, and write || - || ,,0,; for the operator norm of
L(H, 0, ,p,+) induced by h?». We consider the parallel transport

Ty € L( A0, Hps) (2.18)

in the quantum bundle .77}, over R with respect to V7> Recall that TtE :Ey —> E;
has been defined by (2.15). The following Theorem shows that the parallel transport
has the semi-classical behavior of a Toeplitz operator as p — +o0.

Theorem 2.5 [21, Th.3.16] There exists a sequence {j;; € €*°(X, E,; ® E;O)}leN,
smooth int € R, such that for all k € N*, there exists Cy > 0 such that

k—1

[ Toe =2 07 Ppasiabpo| <G, (2.19)
=0 o

forall p € Nandt € R. Furthermore, there is a natural function pu, € €°°(X, C)
such that the first coefficient |1o,; satisfies

1o = et (2.20)
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To describe the function u;, € €°°(X, C) of (2.20), let us describe the local setting
involved in the proof of the above theorem in [21]. For any # € R, using the fact that
the almost complex structures Jo € End(7 X) and J; € End(T X) are both compatible
with the same symplectic form w, we get a splitting

TXc=T"Ox @ T7OVX, (2.21)

into the holomorphic subspace T ¥, of T X associated to Jy € End(TX) and
the anti-holomorphic subspace TODX, of TX ¢ associated with J; € End(7T X) as in
(2.13). We write

1'[6 € End(T X¢) (2.22)

for the projection operator onto 719 X with kernel TV X,. In a dual way, we

write ﬁ? € End(T X¢) for the projection operator onto 70D x, with kernel 749 X,,.
Considering its restriction to 71 X and via the isomorphism 7D X, ~ 7(1.0*x,
induced by g/ X for all € R, it induces an isomorphism

det(T) : Kx.0 —> Kx.s (2.23)

of the respective canonical line bundles over X. Recall the connection VXX on the
canonical line bundle Kx over R x X of (2.14), inducing r,KX : Kxo— Kx:by
(2.15). Then by [21, (5.4)], the function u, € €°°(X, C) of (2.20) satisfies

2 (x) = det(TT) 1%, (2.24)

for all + € R, via the canonical identification Ky ¢ ® K ;‘(’0 ~ C.

The main tool of the proof of Theorem 2.5 in [21] is the local study of the Schwartz
kernel with respect to dvy of the parallel transport operator. For any linear operator
Kpi € L(Hpo, Hp), write Kp (-, ) € € (X x X, E, ;K E;,O) for the Schwartz
kernel with respect to dvy of the bounded operator

Kpii=PpiKpiPpo: LX(X, Epo) — L*(X, Ep,), (2.25)

defined for any s € €*°(X, E,0) and x € X by the formula

K s (x) = /X K pa (e, )5 () dux (3). (2.26)

The existence of a smooth Schwartz kernel is an immediate consequence of the fact that
the image of (2.25) is finite dimensional. In the case r = 0, so that K, o € End(%}, )
andCp o(x, x) € End(E, o). forallx € X, we have the following basic trace formula,

Tr[Kp0l = /XTr [Kp.o(x, x)] dux (x). (2.27)
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Fix ¢ > 0 and consider a collection of diffeomorphisms
BT0X(0,8) — Vv, C X, (2.28)

varying smoothly with xo € X, sending O to x9 € X and with differential at 0
inducing the identity of Ty, X. For any xo € X and ¢t € R, we pullback (L, nt,vh)
and (E;, hEr, VE)) over Vi, in this chart, and identify them with their central fiber
Ly, and E; x, by parallel transport along radial lines of BT0X(0, £). We then identify
L, with C by the choice of a unit vector. For any K, ; € £ (5,0, 5¢,,1), we write
K p.t,x0(» ) for the image in this trivialization of its Schwartz kernel over V,, x Vy,.
Then KC 1 x, (-, -) can be seen as the evaluation at xo € X of the pullback of E; ® E(’)“
over the fibered product BTX(0, &) xx BTX(0, &) over X, and for any m € N, let
| - lgmx) be alocal €™ -norm on this bundle induced by derivation with respect to
xo € X.
Forany Z, Z' € Ty, X and t € R, we use the following local model

Trxo(Z.Z') = exp (—n [(ng(z —7),(Z - Z)) +V=1o(Z, z’)]) . (229

where (-, -) is the scalar product on 7, X induced by the metric gg X defined by (2.11).
For any F; +(Z,Z') € E; ® E§ polynomial in Z, Z' € Ty, X, we write

FZx(Z,Z") := Fix(Z, 2T xy(Z, Z') € E; ® Ejj. (2.30)
For any function 4 € €°°(X, R), we will use repeatedly in the sequel the following

form of Taylor expansion around any xo € X up toorder k — 1 € N, as [Z] — 0 in
the chart (2.28) above,

h(Z) = h(xo) + Z Z Sz o +00219

r= 1\a| r

a"h (JpZ
—h(xo)—i-z Ry (C!) +prodypzl. 3D

l|=r

Write dX (-, -) for the Riemannian distance of (X, g/ *), and for any m € N, let | - [¢m
be the local 4™ -norm induced by derivation with respect to V£» over R x X. Then
Theorem 2.5 is based on the following result.

Theorem 2.6 [21, Th.3.17] Consider a collection of charts of the form (2.28), varying
smoothly with xo € X, sending 0 to xo and with differential at 0 inducing the identity
of Ty, X. Then for any m, k € N, 6 €0, 1[ and any compact subset K C R, there is
Cx > O such that for all p € Nandt € K, we have

B

‘IZ}),I(X’ )’)

on S Ckp_k as soon as a’X(x, y)>ep 2. (2.32)
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Furthermore, there is a family {G, ; x,(Z,Z') € E;x, ® Ef)k,xo}rEN of polynomials
in Z,Z' € TyX of the same parity as r, depending smoothly on xo € X, such
that for any m,m’, I, k € N, § €]0, 1[ and any compact subset K € R, there is
C > 0and 0 €]0, 1[ such that for any xo € X,p € Nand Z, Z' € Ty, X with
|Z|,1Z'| < ep~f2, we have

ol ae Y

—n 4
i 07 gz (P T2 20

k1
" 026, G (JPZ./PZ)) cpm L (233

r=0

<
e (X)

where Go; x,(Z, Z') is constant in Z, 7' € Ty, X, given by
Gouxo(Z. Z)) = ji; ' (x0) 7S, (2.34)

Let us now consider a diffeomorphism ¢ : X — X preserving the symplectic form
o, together with a lift ¢ : L — L to the total space of L preserving metric and
connection, and assume that for some 7y € R, we have

Jip =do Jodg™". (2.35)

Assume further that there is a lift £ : Eq — Ej, of ¢ preserving metric and connec-
tion, and write ¢, : E, 0 — Ep 4, for the induced lift on E, for all p € N. For any
s € €*(X, E, 1), we define the pullback <p;s € € (X, E, o) by the formula

(@59)(x) == @, s(p(x)). (2.36)

This induces by restriction a unitary isomorphism
O Hpsy —> Hyo. (2.37)

Then Theorem 2.8 gives a semi-classical estimate for the trace of the endomorphism
(p; 1o € End(J75,0) as p — 400, using the trace formula (2.27). To this end, we
need the following assumption.

Definition 2.7 The fixed point set X¥ C X of a diffeomorphism ¢ : X — X is said
to be non-degenerate over an open set U C X if X¥ N U is a proper submanifold of
U satisfying

T X¥ = Ker(ldr,x — dgy) forall x € X NU. (2.38)

As the lift p” preserves h’ and V', its value 8 € C via the canonical identification
L ® L* ~ C is locally constant over X?, and satisfies || = 1.

Let Y C X be a submanifold, and let N be a subbundle of 7 X over Y transverse to
TY. Write gV for the Euclidean metric on N induced by the metric gOT X defined by
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(2.11), and write |dv|7x and |dv|y for the Riemannian densities of (7'X, gJ*) and
(N, gN ). We denote by |dv|7x,n the density over ¥ defined by the formula

|dvlrx = |dvlrx/nIdv|N. (2.39)

We write P : TX — N for the orthogonal projection with respect to gOT X of vector
bundles over Y.

Theorem 2.8 [21, Th.4.3] Assume that the fixed point set X of ¢ : X — X is non-
degenerate over X, and write {X j}1<j<m for the set of its connected components.
Then there exist densities v, over X¥ for any r € N such that for any k € N* and as
p — +09o,

m k—1
Trlg, Tp,i] = Zpdlmxfﬂe_hﬁ”kf (Z P_r/ vy + O(P_k)> . (240)

=1 r=0 X;

where ¢*™~ ~1%i s the constant value of ™ over X j» for some A j € R. Furthermore,
for any x € X% we have

1
S —1E 1 -2

=T det(TT Ty (do.Z, Z)dZ
ldvlTx/Nn ) rEx[(p tfo]( et( m) Tto /I.VX 10, (d@ )

N\'—‘

= Trg [pF tto](det(l'[to) lrtf’f)x
det 2 [PN(H"’ d<p—1ﬁ2))(1dTX—d¢)PN], (2.41)

for some natural choices of square roots, where N is any subbundle of T X over X?
transverse to T X?.

The first coefficient (2.41) acquires a geometric interpretation in the special case
when the bundles 7 X% and N are both preserved by ¢ and Jp. In order to describe
it, let goKX : Kx,0 — Kx ;, be the natural action induced by ¢, and recall that
r,fX Kx.0 —> Kx.1, has been defined in (2.15). Then ¥x-~1X% ¢ ¢ (x, ©)
via the canonical identification Kx ¢ ® K} ¥.0 = C, and one can compute the following.

Proposition 2.9 [21, Lemma 5.1] Assume that the fixed point set X of ¢ : X — X is
non-degenerate over X, and that there exists a subbundle N of T X over X? transverse
to TXY such that TX? and N are both preserved by ¢ and Jo. Then we have the
following formula, for all x € X?,

_1
(det(l‘[m) 11,0 2 / T 1(d9.Z, Z)dZ
Ny

m

1
= (-1 |det N, (Idy —doln)I™2, (2.42)
for some natural choices of square roots.
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The previous result acquires an even cleaner formulation in the case when
(E, hE, VE) satisfies
E? = Ky, (2.43)

as a line bundle over R x X with induced metric and connection. Such a line bundle
exists if and only if the first Chern class ¢1 (T X) € H?(X,7) of TX is even, and the
choice of a complex line bundle E satisfying (2.43) is called a metaplectic structure
on X. We write £ =: K )l(/ 2, and call it the metaplectic correction. We then get the
following straightforward corollary of Proposition 2.9.

Corollary 2.10 Consider the assumptions of Proposition 2.9, and assume further that
X admits a metaplectic structure. Then if E = K )1(/ % is the associated metaplectic

correction over R x X, the first coefficient vy of (2.41) satisfies the formula
dim N -1
vo = (=1) 4 [det y(Idy —de[n)|"2 |dviTx/N, (2.44)

for some natural choices of square roots.

In the sequel, we will write | - |, for the norm induced on E, ® E}", by hE», for all
peN.

3 Quantum evolution operators

Let (X, w) be a compact symplectic manifold without boundary endowed with
(L, h™, VI) satisfying the prequantization condition (1.1), and consider a smooth
function f € €°°(X, R). The Hamiltonian vector field &y € €°°(X, T X) associated
with f is defined by the formula

lgpw = df. (3.1

The Hamiltonian flow of f is the flow of diffeomorphisms ¢; : X — X defined for
allt € R by
%‘Pt =&f,
(3.2)
wo = Idx.

By definition (3.1) of a Hamiltonian vector field and by Cartan formula, the Hamil-
tonian flow ¢; : X — X preserves w for all t € R. Let Ef € €>°(L,TL) be the
horizontal lift of & ; to the total space of L with respect to VL andlett € (L, TL)
be the canonical vector field on the total space of L defined by

g= 2| vl (3.3)
at 1r=0

for the action of 27V~ 11 by complex multiplication in the fibers. Then the flow (3.2)
lifts to a flow <ptL : L — L on the total space of L over X, defined for all # € R by the
formula
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%(P;L = gf + ft,
(3.4)
(pé‘ =1Idr.

Note that both ¢; and go,L define 1-parameter groups, as both vector fields defining
them do not depend on ¢ € R. From the definition (3.1) of the Hamiltonian vector
field of f, we see that ¢’ is the unique lift of ¢, to L preserving the connection V%,
for all + € R. More specifically, for any 7 € R, recall the pullback of s € €*°(X, L)
by ¢; defined by formula (2.36). Then for any vector field v € ¥°(X, T X), we get
from (3.1) and (3.4) that
xvwL . _ L *
\Z Vu § = Vd(pl.th S (3.5)

On the other hand, we also deduce from (3.4) the following Kostant formula, for all
t € R,

9
l's = (VSL/, - 2m/—1f) ors. (3.6)

Forany p € Nandt € R, letus write ¢, , for the flow induced by ol on the total space
of L?, and (p;“, » for the associated pullback as in (2.36). Then for any s € €°°(X, L?),
the Kostant formula (3.6) becomes

3
Oy = (véf” v pf> @r s (3.7)

This formula characterizes f € €°°(X, R) as the Kostant moment map for the action
of Ron (L?, k%", VL") induced by ¢, for all t € R.
Note that (3.1) implies that f(¢;(x)) = f(x) forallt € R and x € X, and (3.2)
implies that dg; .§f = & forall + € R. For all x € X, we write
T LY — Lgt(x) (3.8)

for the parallel transport along the path s +— ¢g(x) for s € [0, #]. We can then
reformulate the Kostant formula (3.7) as

Oty = e VI ¢ g2(X, ©), (3.9)

via the canonical identification L ® L* >~ C.
Letus now consider an almost complex structure Jo € End(7 X) over X compatible

with w. Then for any ¢ € R, the formula

Jii=de Jodg " € End(T X) (3.10)
defines a path {J; € End(T X)},cr of almost complex structures over X compatible
with w. For any ¢t € R, we write ., ; for the space of almost holomorphic sections
with respect to J; defined in Theorem 2.3. Then for any #p) € Rand p € N, the pullback

induces by restriction a bijective linear map

Dio.p * Hpatio —> Hp.ts (3.11)
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for all + € R. For any fixed p € N, this implies, in particular, that the dimension
dim 7, ; does not depend on ¢ € R, so that the quantum bundle (77, h%”, Vﬁ’ﬂl’) of
Definition 2.4 is well defined over R for all p € N. Recall the tautological fibration
7 : R x X — X considered in (2.10) together with all the data induced by {J; €
End(T X)};cr, and consider the flow over R x X defined for all 7y € R by

n RxX —RxX
(1, x) > (t + 10, 91y (x)). (3.12)

For any p € Nand 19 € R, the lift ¢;, , of ¢, to (L?, k%", VL") over X induces
tautologically a lift ®}  of ®;, to the pullback of (L7, k%", VL") over R x X via
the second projection. For any section s € 4°°(R x X, L?) over R x X and any
t € R, write s, € €°°(X, L?) for the section over X defined by s;(x) := s(¢, x) for
all x € X. Then for any #p € R and p € N, the pullback of s € ¥R x X, L?) by
®;, is given for any ¢ € R by the formula

(P p$)t = Py pSttio- (3.13)

By (3.11), the pullback ®; , preserves the smooth sections €' (R, .#,) of the quan-
tum bundle, seen as a subspace of #*°(R x X, LP?) as in Definition 2. 4

We still write & 7 for the pullback of the Hamiltonian vector field £ € €°°(X, T X)
to a vertical vector field over m : R x X — R via the second projection, and write
d; for the horizontal vector field over 7 : R x X — R induced by the canonical
vector field of R. By definition of the pullback of (L, KL, VL) to R x X, for any
s € (R x X,LP)andt € R, we have

(vg’s)t - %s,. (3.14)

Recall Definition 2.4 for the connection V77 7, and note that for all 7, 79 € R, we have

* _ *
@i pPpt = PpivigPry -

(3.15)
Using (3.11) to (3.15), for any smooth section s € €°(R, J7,) C €°(R x X, L?)
and seeing the orthogonal projection P, : €°(R x X, L?) — € (R, J£,) as a

global endomorphism, we get the following quantized version of the Kostant formula
3.7), forall tp € R,

) :
Gl s = (VE = 2mVpr) @ s+ VT s
— P, (vgfia | pf) ‘P

= (PyVE P+ Py(VE - zm/_pf)P ) 5
. ]
=<V§fp—2ﬁ\/—_1pPp (f F%/)P)@;)p . (3.16)

27 p
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Seeing the path {J; € End(T X)};cr as lying in the space _#, of almost complex
structures compatible with w and comparing with the usual Kostant formula (3.7), we
can interpret the quantized Kostant formula (3.16) by stating that the Kostant—Souriau
operator Q,(f) € End(J7,) given by formula (1.4) induces a moment map on the
quantum bundle J#, over ¢, for the natural action of the group of Hamiltonian
diffeomorphisms Ham(X, w) on _¢Z, defined by (3.10).

The relevance of the Kostant—Souriau operator in Kdhler geometry goes back to the
work of Cahen, Gutt and Rawnsley [11] relating it to Berezin’s quantization of Kahler
manifolds [1], and the moment map picture described above has been introduced by
Donaldson in [14]. As explained for example in [16, §1], we can consider the line
bundle det(.77},) over any compact submanifold of Z, for p € N big enough, and the
curvature of the connection V9% induced by the L2-connection (2.17) on det(7),)
defines a natural symplectic form via the prequantization formula (1.1). In the spin®
Dirac operator case, which implies the Kihler case, it follows from the asymptotics of
the curvature of V7 as p — +oc established by Ma and Zhang in [29, Th. 2.1]. Then
the quantized Kostant formula (3.16) shows that the Hamiltonian flow associated with
the function det(Q ,(f)) on ¢, is precisely the action of the Hamiltonian flow of f
on ¢, defined by (3.10).

On the other hand, as described for example in [35, §9.7], the quantum dynamics
is given by the l-parameter family of unitary operators generated by the quantum
Hamiltonian operator acting on a fixed space of quantum states. For any p € N, we
thus consider the quantum Hamiltonian operator O, (f) restricted to the space J7} o
of almost holomorphic sections with respect to our initial almost complex structure Jg.
This induces a one-parameter family exp (27+/—11pQ,(f)) € End(%%; ) of unitary
operators defined for all # € R by

exp (2nV/=TtpQ, () = 2nv/=1pQ,(f)exp (2nv/=11pQ,(f)) .
(3.17)

exp (2n/=1tpQ,(f)) }tzo =1d,,-

Writing 7, ; : ¢,,0 — 7, for the parallel transport with respect to V7 over R as
in Sect. 2, the following Lemma establishes formula (1.3).

Lemma 3.1 Forany p € Nand allt € R, we have the following equality
exp( 2/—1 th,,(f)) — ¢, Ty € End(H5,0). (3.18)

Proof By Definition 2.4 of the L>-connection v, using (3.14) and the fact that

CD;‘:) , commutes with P, when acting on €°°(R x X, L?) forany to € Rand p € N,
we have
* Hp e
o pV = V D5 - (3.19)

Furthermore, as ¢y , commutes with (VEL; =2/ —1pf ) when acting on
E>°(X, LP), by (1.4) and the pullback formula (3.13), we get

to pr(f) Qp(f)cpto p (320)
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This implies the following analogue of (3.9) for the quantized Kostant formula (3.16),

forallt € R,
0

0 Tpa = =200, (el Ty (3.21)
which follows from the quantized Kostant formula (3.16) in the same way as (3.9)
follows from the usual Kostant formula (3.7). This proves the lemma. O

Before giving the applications of the results described in Sect. 2 to the quantum
evolution operator defined above, let us illustrates its behavior via the following defi-
nition.

Definition 3.2 For any xo € X and any unit vector { € L,,, the associated coherent
state is the sequence {sy, , € 7, 0}pen defined for all x € X by

Sxo.p(X) = Ppo(x, x0)¢ 7, (3.22)

where P, o(-,-) € €°°(X x X, L X (L?)*) is the Schwartz kernel with respect to
dvy of the orthogonal projection operator P, o : €°°(X, L?) — J%, 0.

Coherent states represent the quantization of a classical particle located at xo € X
in phase space. As one can readily check from the definition, it is characterized by the
fact that its orthogonal in 7%, o consists of sections vanishing at xo € X. As shown
in [27, Th.0.1,§ 1.1], the sequence {sx,, p}pen decreases rapidly as p — +o0 outside
any open set containing xo, while [sy,, ,(x0)|z» is of order p”". Now using the following
tautological identity of operators acting on € *°(X, L?),

exp (2nv=11pQ, () = exp (21v/=TpQy (1)) Ppos  (323)

and by the classical formula for the Schwartz kernel of the composition of two oper-
ators, for any r € R and x € X, we get from Definition 3.2,

exp <2n«/—_1thp(f)) Sxo,p(X)
= /XeXp (2n\/__1thp(f)) (x, w) Py o(w, x0)¢” duyx (w)
— exp <2n«/—_1thp(f)) (x, x0)C. (3.24)

This shows that the last line of (3.24), seen as a section of L? with respect to the
variable x € X, can be interpreted as the quantum evolution at time ¢ € R of the
quantization of a classical particle at xop € X. In particular, we expect this section to
decrease rapidly as p — +oo outside any open set containing the classical evolution
¢ (xg) € X, while its value at ¢, (xg) should be of order p”. The following result
shows that this is indeed the case.
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Proposition 3.3 Foranye > 0, k,m € N, 0 €10, 1[ and any compact subset K C R,
there exists C; > 0 such that

‘exp (2n«/—1thp(f)) (x, y)’w < Cip* assoonas dX(x, 0(y)) > ep~?,
(3.25)
forallt € K. Furthermore, there exista,(t, x) € Cforanyr € N, depending smoothly
onx € X andt € R, such that for any k € N*,

k—1

exp (21V=11pQ,(f)) (g1 (x). x) = pe™/ =T/ (Z plar(, 0 + 0(p">> s

r=0
(3.26)
with first coefficient ay satisfying the formula

ao(t, x)? = (det(ﬁg,)_lrf{lx);] . (3.27)

In particular, it satisfies ayg(t, x) # 0 forallt € R and x € X.

Proof Recall that for any x, y € X and ¢ € R, we get from Lemma 3.1 and formula
(2.36) that

exp (—27V=TpQy(N) (1) = ¢ AT @), ). (328)
Then (3.25) is a consequence of the Kostant formula (3.6), together with the rapid

decrease in 7, ; (-, -) outside of the diagonal given by (2.32).
Using the exponentiation (3.9) of Kostant formula, rewrite (3.28) as

exp <2n\/—_1thp(f)> (@1(x), X) = @1 pTp. 1 (91 (@1 (X)), X)
_ ezﬁm”f(x)tt,pr,fz(X, x). (3.29)

We can thus apply Theorem 2.6 with xo = x for Z = Z’ = 0, and noting that
J24+1(0,0) = 0O for all ¢ € N for parity reasons, we then get the expansion (3.26),

with first coefficient satisfying ag(¢, x) = /1:,1 (x), forall x € X and t € R. This
implies formula (3.27) via the formula (2.24) for u € €*°(X, C). O

Recall the non-degeneracy assumption of Definition 2.7. We also have the following
semi-classical trace formula for the quantum evolution operator, where we use the
notations of Theorem 2.8.

Theorem 3.4 Let t € R be such that the fixed point set X9 of ¢, : X — X is non-
degenerate, and write { X j}1 < j<m for the set of its connected components. Then there
exist densities v, over X¥' for any r € N such that for any k € N* and as p — +00,

Tr [exp <—2n«/—_lthp(f)>]
q k—1
— Zpdim Xj/2,=2m/=1ph; <Z p*’/ v + O(pk)> . (330

Jj=1 r=0 Xj
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where e~ ~1%i is the constant value of p* over X j» for some A j € R. Furthermore,
we have

_1 1 R
—0. _ -5 _
o = (det(l'lt) lrtKX) ’ det )’ [PN(ng — de 'O (1d7ry — d(pt)PN] \dvi7x/N.
(3.3D)
for some natural choices of square roots.

Proof Using Lemma 3.1, this is a straightforward consequence of Theorem 2.8. O

The coefficient A; € R appearing in the expansion (3.30) has a natural geometric
interpretation, which fits in a more general context. In fact, note that the evolution
equations (3.2) and (3.4) generalize to time-dependent Hamiltonians F € €*° (R x
X, R), so that f € €°°(X, R) is replaced by f; € €°°(X, R) depending on ¢ € R,
with f;(x) := F(t, x) for all x € X. In that case, we also get a Hamiltonian flow
¢: © X — X together with a lift <plL to the total space of L preserving metric and

connection. The main difference here is that the term replacing (VELf —2n+/—1f ) in

the Kostant formula (3.6) will depend on time, and the corresponding exponentiation
asin (3.9) at x € X reads

(‘p;;Tt,p)x — efzﬂ\/jll) Jo fs(@s(0))ds (3.32)
Letnow x € X and ¢ € R be such that ¢;(x) = x, and via the canonical identification
L, ® L% >~ C, let us write

ok, = AV TITh), (3.33)
Note that the path s +— ¢ (x) defines a loop y inside X. Assuming that this loop
bounds an immersed disk D C X, by the prequantizaton condition (1.1) and via
(3.32) above, we get

t
h(x) = fD 0+ /0 Folgs(0))ds. (3.34)

This is a familiar quantity in symplectic topology, called the action of F around the
loop y. Recall that as ¢” preserves the connection VX, the quantity A,(x) € R is
constant when x € X varies continuously over a submanifold of fixed points of ¢;.
This discussion motivates the following definition.

Definition 3.5 Let F € ¥°°(Rx X, R) be atime-dependent Hamiltonian, and lett € R
be such that its Hamiltonian flow ¢; : X — X attime ¢ € R has non-degenerate fixed
point set X¥ C X in the sense of Definition 2.7. Then for any connected component
Y of X%, the associated real number 1o € R defined over Y by

oF =: 2V (3.35)

is called the action of F over Y.

In the general case of a time-dependent Hamiltonian F € (R x X, R), we get
a quantum Hamiltonian as before from the corresponding quantized Kostant formula
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(3.16), and we can define the associated evolution operator by equation (3.17). Then
the analogue of Lemma 3.1 holds in that case, and the analogues of Proposition 3.3
and Theorem 3.4 hold in the same way.

Finally, the situation described above also generalizes to the case when (L7, th,
VL) over R x X is replaced by E p = L? ® E with induced metric and connection,
where (E, hE, VE) is a Hermitian vector bundle with connection over R x X. In that
case, we make the further assumption that the Hamiltonian flow ¢; : X — X lifts to
a bundle map gptE : Eg — E; over X preserving metric and connection for all 7 € R,
and we still write ¢, , for the corresponding action on E, for any p € N. Then the
analogue of Lemma 3.1 for the quantum evolution operator defined by equation (3.17)
holds as before, and using the general setting of Sect. 2, we also get the corresponding

analogues of Proposition 3.3 and Theorem 3.4. The case of E = K )1(/ 2, with the lift

induced by (ptK ¥ Kx.o0— Kx,forallr € R, will be of particular interest in the next
section.

4 Gutzwiller trace formula

Consider the setting of the previous section, with Hamiltonian f € ¢°°(X, R) not
depending on time, and a Hermitian vector bundle with connection (E, h, V) over
R x X, so that L? is replaced by £, = L” ® E forall p e N.Letg : R — Rbea
smooth function with compact support, and for all ¢ € R, set

§(t) == [Rg(t)e_hﬁ[ dr. 4.1)

We define the family of operators {2(pQ,(f)) € End(7))} pen by the formula

§pO, (1) = /R 8 (¢ Tp.) dr. (42)

In the particular case of £ = C, so that Lemma 3.1 holds, we get

g(pQ,y(f) = fR g(t) exp(—27+/—1tpQ,(f))dt, (4.3)

recovering the usual definition via functional calculus from (4.1). Note that formula
(1.7) for g(p 0, (f —c)) with ¢ € R follows from (3.2), (3.4) and (2.36), as replacing
f € €°(X,R) by f — ¢ does not change the Hamiltonian flow ¢, : X — X
but multiplies its lift to L by e =" v=1i¢ 1n the context of semi-classical analysis, the
Gutzwiller trace formula predicts a semi-classical estimate for the trace Tr[g (p Q , (f —
c))]as p — +o00, where ¢ € Ris aregular value of f, showing that it localizes around
the periodic orbits of the Hamiltonian flow of f inside the level set f~!(c).

The following preliminary result shows that the Schwartz kernel of g(p @, (f —¢))
decreases rapidly outside f~!(c) as p — +o0.
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Proposition 4.1 Let ¢ € R be a regular value of f € €°°(X, R). Forany k € N, there
exists Cy > 0 such that forany y € X, x € X\ f~'(c) and p € N, we have

2P0y (f — Ny, < Ikp"*%. (4.4)

If()

Proof To simplify notations, we assume E = C, the case of general E being com-
pletely analogous. Recall the definition (3.8) of 7; ,, and p € N. For any x € X and
to € R, consider a chart around xo := ¢, (x) € X as in (2.28), such that the radial
line generated by & ¢ », in BT0X(0, ¢) is sent to the path s = @ (xp) in Vy,. Then L?
is identified with Lfo along this path by the parallel transport 7 ,, for all p € N and
|t| < e. Thus for any Z € BToX (0, &) sent to y € Vy, in the chart (2.28) and for any
¢t € R small enough, we have

> Tpiott @i 11(6), ¥) = Ty iy (€ f xg Z). 4.5)

Using Tio4r,p = T1,pTy,p for all fo € T and [t| < &, we can apply Theorem 2.6 in
such charts for all 7o € R, so that for any k € N we get Cr > 0 such that for any
x, ye X, teSuppgandall p eN, we have

ok k
A5 T T (@0, )| < Cep™*3 (4.6)
p

Recall from (3.1) that the Hamiltonian flow of f is the same as the Hamiltonian flow
of f —c,forall ¢ € R. Then exponentiating Kostant formula as in (3.9) and as Supp g
is compact, we can integrate by parts to get from the definition (4.2) of g(pQ ,(f))
that forany x, y € X and k € N,

8(pQp(f —eN(x,y)

= / 8T Ty (i (x), y)e VP =g
R

1
(=27~ Tp(f(x) — )

= Qrv/—1)"

/ 807 Ty (i (), y) =g

3
m/};ark (g(t)r,f,lTp,,(w,(x),y)) NI @=A g, (4.7)

This proves the result by (4.6). O

Let us now estimate the Schwartz kernel of g(pQ,(f — ¢)) as p — +oo.
Proposition 4.1 shows that it localizes around the level set f~!(c), in contrast with
Proposition 3.3. In the following theorems and their proofs, we will use freely the
notations of Sects. 1 and 2.

Theorem 4.2 Let ¢ € R be a regular value of f € €°(X,R). If x, y € X do not
satisfy ¢;(x) = y for some t € R or do not satisfy f(x) = f(y) = c, then for any
k € N, there exists Cy > 0 such that for all p € N,
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8(PQp(f =N W), < Cip~™. 4.8)

Letx, y € f~Y(c), and write T := {t € R | ¢;(x) = y}. Then there exist by €C
forallr € Nandty € T such that for any k € N* and as p — +00,

k—1
FpQp(f — N =" Y gl (Z P~ by + 0<p"‘)) (o5l ) 7

toeT r=0
4.9)
Furthermore, for any to € T, we have
1_Kx fo -1
b0 = (dee) o) " (M0 £ (4.10)

In particular, it satisfies by, .0 # 0, forall ty € T.

Proof Note first that the estimate (4.8) is a straightforward consequence of either
Theorem 2.6 or Proposition 4.1, respectively.

To establish the expansion (4.9), fix x, y € X such that f(x) = f(y) =c € Ris
a regular value of f. Then f(x) — ¢ = 0, and exponentiating the Kostant formula as
in (3.9), we can write the Schwartz kernel of g¢(pQ,(f — ¢)) as

§PO,(f — N, y) = /R SO T T ), . (@)

As ¢ € Ris aregular value of f, the Hamiltonian vector field & ; does not vanish over
£~ 1(c). By (2.32), this implies that for any 6 €10, 1[ and & > 0, we get the following
estimate as p — +00,

<t>

tot+ep 2 1 E—1 e
FPOp(f N =3 / g BT T3+ 07,

toeT

(4.12)

where all terms but a finite number vanish by compacity of Supp g.

Consider a chart around y as in (2.28), sending the radial line generated by &7, in
BTX(0, ) to the path s — ¢, (y) in Vy. Then L? is identified with Lg along this path
by the parallel transport 7; p, for all p € Nand |t| < €. Using T4+, p = T1, p Tz, p fOr
allto € T and 7| < &, we can then apply Theorem 2.6 to get a family {G, ; ,(Z, Z') €
E:y® E&y},eN of polynomials in Z, Z’ € T, X of the same parity as r and smooth in
t € R, suchthatforanyd €]0, 1[andk € N* thereis® € ]0, 1[ suchthatforall p € N,

2O, (f =N, y) =) p'T, / L glto+Nep,

[

toeT

k-1 , .

Y P 3G, Ty (PiEgy, O)di + p" 20 (p72 ).
r=0

(4.13)
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Consider the right-hand side of (4.13), and let us apply the Taylor expansionin¢ € R
described in (2.31) on all terms depending on ¢ € R, respectively, inside and outside
the exponential of the local model (2.29) for 7,1, y. We then get F;. 4 (t) € E;) @ E§,
polynomial in# € R and of the same parity as r for any r € N, such that forall g € T
and as || — O,

k—1

> pTiglt0 + Dy Gr Tty (VP1E .y 0)
r=0

k—1
= go)ely ™ Y P72 F (VD exp (—pr (NS 67,007
r=0

+p 2 0(ptM), (4.14)

for some M € N* depending on the degrees of the polynomials G, ;4. y for all
[t] <e,to € TNSuppgand 1 < r < k. Furthermore, from the formula (2.34) for the
first coefficient Go .y, we know that Fp 4 () = /1,;1 (y)zf , forallt € R. Note that
by the definition (2.22) of Hg), the real part of (HS)S 7. &) 1s strictly positive, so that
the right-hand side of (4.14) decreases exponentially in ¢ € R. Writing

My (1 —0)

Sp =06+ ——, 4.15
k + > (4.15)

and after a change of variable ¢ — 1/,/p, we then get

§P0,(f — N = g, el fe ) pr

toeT
k—1
Zp_f / Fy 1,(t) exp (‘”(Hf)o‘ff,y’ éEJ‘JVZ) dr
r=0 R
_I_pn—%O(p—%-‘rtSk). (4.16)

As Fog11,4(t) is odd as a function of r € R for all ¢ € N, we get

fRFQqHJO (1) exp (-nmg)gf,y, gf,ywz) dr = 0. 4.17)

As 8y — § when 6 — 1 by (4.15) and as § can be chosen arbitrary small, this gives
the expansion (4.9), and we get the formula (4.10) for the first coefficient via the
classical formula for Gaussian integrals, using the formula (2.24) and the fact that
Fo () = ﬂ,;l(y)rtgj for all r € R. O

Consider now the hypotheses and notations of Theorem 1.2. Recall that ¢ € R is
a regular value of f, sothat ¥ := f ~1(¢) is a smooth manifold. Then there exists
¢ > 0 and diffeomorphisms
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W flJe—g,c+e)) —le—e,c+e[x X (4.18)

for all ¢y € T, such that f(u,x) = u for all (4, x) €]c — ¢, ¢ + ¢[ x X under this
identification, and such that

v, (X% N 'Ge—ec +g[)) = U le—ectelxy; (4.19)

1<) <m
tj=to

where the connected components Y; of X “i N f~1(c) are seen as submanifolds of
Y, forall 1 < j < m. We endow ¥ with the Riemannian metric gTE induced by
ggx := w(Jo-, -) via the inclusion £ = f~!(¢) ¢ X. For any 1 < j < m,let |dv]y,
be the Riemannian density over Y; induced by ¢T* and let N be the normal bundle
of Y; inside X. We write PN . TS — N for the orthogonal projection with respect
to g7'* over Yjforalll < j<m.

Recall that the Liouville measure on the level set f ~1(¢) is induced by the volume

form
Ly "

po— ™ ' (f o), R, (4.20)

forany v € E°(f(c), TX) satisfying w(§ ¢, v) = 1, and does not depend on such
a choice. We write Vol,,(f ~!(c)) > 0 for the volume of f~!(c) with respect to (4.20).
Recalling Definition 3.5, the following theorem is a version of the Gurzwiller trace
formula in geometric quantization of compact prequantized symplectic manifolds, and
is the main result of this section.

Theorem 4.3 Under the above assumptions, there exist bj , € C for allr € N and
1 < j < m, such that for any k € N*, we have as p — +00,

k—1
Tr[4(pQp(f — )] = Zp“”mY D2 g ()6~ 2TV 1P (Zp "bjr+ 0<p"‘))

j=1 r=0
(4.21)

where ) ; € Cis the action of f over Y;. Furthermore, for all 1 < j < m we have

bm:/ Trelof ') (det(n e KX) 2

YJ
ldvly;

_1
det * [PV (1] — dg; ') )tdrx — doy) PV ] . @22

1§ rlgrx
for some natural choices of square roots. In particular, we have as p — +00,

Tr[8(pQ,p(f — )] = p" g0 tk(E) Vol (f () + O(p" ™). (4.23)
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Proof First note that replacing f € €*°(X, R) by f — ¢, we are reduced to the case
¢ = 0. Consider thus f € ¢°°(X, R) satisfying the hypotheses of Theorem 1.2 with
¢ = 0. Using the trace formula (2.27) and the definition of g(p @, (f)) in (4.2) for all
p € N, we know that

Tr[§(pQp(f)] =/XTr [8(PQp(f))(x, x)]dvx(x)

=/ /ng{@jﬂA%@Lm}hmﬂm. (4.24)
X JR

For any ¢ > 0, write

Uee):=f'0—e ¢eD. (4.25)

Then by Proposition 4.1, for any 6 €]0, 1[ and k € N, we get Cx > 0 such that for all
x € X\U(ep™D),

k(1-6)

C
(M|, < pp" T (4.26)

so that in particular, we have as p — +00,
T [8(pQy (/)] = fU oo T RPN dux () + 0. @427
ep~

Recall that 7 := {t € Suppg | Ix € f~1(0), ¢:(x) = x} is finite, and let ¢ > 0 be
such that all u € ] — ¢, ¢[ are regular values of f, so that the Hamiltonian vector field
& ¢ does not vanish on the closure of U (¢). Then in the same way as in (4.12), we get
from the rapid decrease (2.32) of 7, ; (-, -) outside the diagonal that as p — 400,

Tr[8(p O, ()]

to+ep~?
/m o) / o e [T @), 0| dr dvx (x) + 0 (p™).
toeT ep fo—ep—

(4.28)

Take ¢ > 0 small enough so that the identification W, of (4.18) holds for any 7y € T
Recall from (3.1) that the Hamiltonian vector field & s is tangent to the level sets of f.
Then for any 1o € T, we get diffeomorphisms ¢, ; : ¥ — X, depending smoothly on
uecl—e,elandt €ltg — &, ty + €[, such that

o (u, x) = (U, gy (x)) and ¢, 4 (x) = x forall x €Y}, (4.29)

in the coordinates (u, x) € W, (U (¢)) of (4.18)andforall 1 < j < msuchthatz; = 1.

Foranye > Oand 1 < j < m, consider the normal geodesic nelghborhood Vi(e) C X
of Y; inside (X, g7¥). Then by the non-degeneracy assumption of Deﬁnition 2.7 and
asallu € ]—e, e[ areregular values of f,themap @ : (u, t, x) — (u, t, ¢, ;(x))isalso
non-degenerate around the fixed point set | —¢, [ x {¢;} x ¥ inside | —¢, e[ x Rx X,
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so that working in local charts, we see that there exists ¢’ > 0 such thatforall 8 €10, 1[
and p € N,

d¥(x, @ (x)) > 8’p_0/2 as soon as
w2, ¢ | 1y —ep 0 +ep P x Viep ), 430)
1<j<m

for all u €] — &, ¢[. On the other hand, as f(x,u) = u in the coordinates (u, x) €
W, (U(¢)) of (4.18), by the definition (3.1) of the Hamiltonian vector field & and the

definition (2.11) of g} %, we get a function ¢ € €*°(U (¢), R) such that over U (¢),
we have
dvy = odudvy and (0, x) = |gf,x|;T1X forall x € X. (4.31)
0

We can then rewrite (4.28) as

Tr[8(pQ, ()]

D

_ _9
m 2

ep ep
:Z/ / / o Tr[1j,p(t, u, )] dr dudvs (x) + O (p™),
1/ Vitep ) J—epm2 Joep2 .

(4.32)

(S

where in the coordinates (u, x) € W;; (U(¢)) and for any 7 € ]t; — &, 1; + e[, we set

I p () = g0t + 007 Tty (W Qusy 0 (0), (0, 1)@, x). (433)

Recall that N denotes the normal bundle of Y; inside ¥ equipped with the metric gV
induced by g”*, and consider the natural identification

Vi(e) — BV () :={w e N | |lw|y <é&}. (4.34)
As (¢;(x) = x) implies (¢r; (¢r(x)) = ¢¢(x)) forall 7 € R and x € X by the I-
parameter group property of ¢;, we know that its flow is transverse to the fibers of the
ball bundle BY (¢) via the identification (4.34) for ¢ > 0 small enough. We can then

pick xo € Y;j and u €] — ¢, ¢[, and consider the natural embedding defined from the
fiber B)Ic\é (&) of the ball bundle (4.34) over xo and a neighborhood / C R of 0 by

IxBxNo(s);WuCE
(1, w) > @y 41 (W). (4.35)
We identify in turn W,, with a subset of Ty, ¥ via the inclusion
I x B () — T2

9
—Pu,t(x0) € Ty 2. (4.36)

(t, w) — w+1t&r,, where &7, = 5
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For any u €] — ¢, ¢[, we identify L over W, with the pullback of L over B)% (e) via
parallel transport with respect to VX along flow lines of > ¢, ;, then trivialize L over
B )]C\é (¢) via parallel transport with respect to VX along radial lines. Then L? is trivialized
by the parallel transport 7; , along the flow lines of ¢, and by the exponentiation of
Kostant formula (3.9), we have in this trivialization,

b= XTI forall || <& and p € N. (4.37)

Now by the definition (3.1) of & y and as {u} x X corresponds to the level set f “l(u) via
the identification Wy, of (4.18), we know that for any vector field v € E*CW,, TX),
we have

R" (v.&y) =0. (4.38)

2 ( ¢ )
= —owl(v,

/—1 f
This shows that the trivialization of L described above coincides with a trivialization
along radial lines of W, in (4.36), forall u € | —e¢, ¢[, so that we are under the hypothe-
ses of Theorem 2.6. As in Definition 3.5 and using (4.19) under the identification W;;
of (4.18), define the action A; € R by

Grjp = 2TV=IPA Gyer ]—e, e[ x7Y]. (4.39)
By astandard computation, which can be found for example in [26, (1.2.31)] and which
holds in any trivialization of L along radial lines, the connection VX at w e BXNO ()
inside W, C Ty, X as in (4.36) has the form

vl —d+ %RL(w, )+ o(w]?). (4.40)

Using this formula together with the fact that p* preserves VX, we get in our coordi-

nates a smooth bounded function A, of u €] — ¢, e[ and w € BXNO (0, &) such that

<pt;,lp = ¢ 2V 1pk exp(p|w|3kxo(u, w)) over | —eg, e[ x Vj(e). (4.41)
We can then apply Theorem 2.6 in a chart of the form (2.28) around (u, x9) and

containing W,, C T, X C T, ;)X via the identifications (4.36) and (4.18), to get
from (4.33) as p — 400,

L p(t u,w) = p"e™ >V =IPRi g1 4 1) exp(plwl hyg (, w)e>Y TP p(u, w)
k—1
E,—1 -z -k
Gt D P 2Gr Tt () WP+ (W), /PW) + p"O(p™ D),
r=0
(4.42)

forallz, u € Rwith |t — 1|, |u| < ep~?%and w € BY (¢p~/?). Following (4.14),
we apply the Taylor expansion described in (2.31) to the right-hand side of (4.42) in
t, u and w, inside and outside the exponential of the local model (2.29) for ,%j T, @, x0)
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We then get a family {F} ,,(f, u, w) € E,j,xo ® Eg,xo}rGN of polynomials in w € Ny,
and t, u € R, of the same parity as r, depending smoothly in xo € Y; and with
Foxo(t,u, w) = ﬁ,:l(xo)r,ﬁxo for all #, u and w, such that for any k € N, there is
My € N* such that as p — 400,

k—1
_ — . — E,—1 _r
L.p(t,u,w) = p"e TN g1 p ol rx @rying 2 P72 Froao (WPt VP A 0)
r=0

VTP T (P f o + APy, w. Pw) + p" I O( M 4 1),
(4.43)

Using the non-degeneracy assumption of Definition 2.7 together with the explicit
formula (2.29) for the local model, we see that (4.43) decreases exponentially in
t € Rand w € Ny, but notin u € R. Now to get an exponential decrease in u € R,
we will make the change of variables ¢ +— ¢/,/p and u +— u/./p, integrate first with
respect to ¢ € R and then with respect to # € R. With this in mind, from the local
model (2.29), we get forany ¢, u € Rand w € Ny,

VI G 0 U g + dry w0, w) = Ty (depryw, w)

exp [—n12<ng§f’x0, §fxo) — nt((]‘[(tjf + (H(tji)*)éf,xo’ d(p,j.w —w)+ 2\/—1ntu] .
(4.44)

Using the classical formula for the Fourier transform of Gaussian integrals, we compute

/(/exp[—mz(l'lgéf,xo,éf,xo)
R \JR

— 7t (T + (TIY))E, dey,w — w) + 2«/—1ntu]dr)du
i _1
= (Mg & 301 & 7.00)
. . 2
/ - (2u + I + (TG v depryw — w))
exp | — d
R

_ -
(TIy & f,x00 & f.x0)

u

2
tj 1 u
= (l'lofff,xo,gf,xo)_Z / exp |:—n_—i| du =1, (4.45)
R <H8§f,xov'§f,xo>

for a suitable choice of square root in the middle terms. In particular, this computation
shows that we get an exponential decrease in # € R after integration with respect to
t € R. Using successive integration by parts, this computation readily generalizes to
the case when the exponential is multiplied by a polynomial F, y, (¢, u, w) of the same

parity asr € N, to getas aresulta polynomial Hy x,(w) € Ey; x, ®E(’)“yx0 inw € Ny, of
the same parity as r € N, with Hp ,,(w) = ﬂ,;l(xo)rtf’xo for all w € Ny,. Thus from
(4.43), for all k € N we get 8 €]0, 1[ as in (4.15) such that for all w € BY (ep~?/2)

as p —> 400,
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[

=p

NS
NI

/Sp Tr []p(t u,w)]dtdu
_2

/ T [ (p 2, p 12u,u))]dtdu

27! 2t p 1/2u,w)] dt) du+ O(p™™)

[S15=Y

-1

%%

T ~LD %

k—1
= p”‘le‘z”ﬁ“fg(r,-) S pTETe o Hro ()]

r=0
k
i 0o (W PApy; w, /Pw) + p" O (pT I, (4.46)

Working locally, we can suppose that Y is orientable. Let dvy; be the Riemannian
volume form on Y; induced by gT}:, let dw be the Euclidean volume form on the
fibers of (N, g™) and let p € € (B (¢), R) be such that via the identification (4.34)
of V;(e) with the ball bundle B" (¢) over Y;, we have

dvy = pdw dvy_l. and p(0,x) =1 forall x €Y. 4.47)

Through the change of variable w — w/,/p, using the exponential decrease in (4.46)
in w € Ny, and taking the Taylor expansion in w € Ny, of p(w, xo) as described
in (2.31) for all xo € Y;, we then get polynomials K, v, € C[w] of the same parity

asr € N, with Ko y,(w) = ﬁ;l (x0) Tr [(pg:;)l th,xo]’ such that using (4.46), we can
rewrite (4.32) as

Tr [‘é(pr(f))] = pn in])ﬂ[/ Y (/BN( (1-0)/2) 72”Fp)"g(l )
xeY; ' (epU—

k—1
_ _r _k s
PP~ 2w, ) Y PR Ky (0) T, gy, w)dw ) duy, () + O(p~ ) |
r=0
L5
:p(dlmy_f—l)/z[e—znﬁpx,g(lj) Z e
g=0

[ ([ Ko ttp, wiaw) 2+ 074 0], - @449)
e By

x

for some 8;( €10, 1] satisfying 81’( — S as 0 — 1, where all the terms with » odd
vanished in the same way as in (4.17) by the odd parity of K441, for all g € N.
This shows the expansion (4.21), and formula (4.22) follows from (4.48) and the
second equality of (2.41). Finally, formula (4.23) follows from the fact that function
ur € (X, C) of (2.20) is constant equal to 1 for # = 0 and the fact that the vector
field v € €°(f~'(c), TX) defining the volume form (4.20) over f~!(c) can be
chosen to be v = Jogf/|§f|§0”. O
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Under the assumptions of Theorem 1.2, consider now the case when ¥; C X
satisfy dimY; = 1 for some 1 < j < m, sothat Y; = {(ps(x)}0<5<[(yj), for some
X € f_1 (c) satisfying ¢, (x) = x. Here (Y;) > Ois the smallest time ¢ > 0 for which
¢;(x) = x, called the primitive period of Y ;. We then get the following special case of
Theorem 4.3, recovering the explicit geometric term associated with isolated periodic
orbits in the Gutzwiller trace formula of Theorem 1.3.

Theorem 4.4 Consider the hypotheses of Theorem 1.2, and let 1 < j < m be such
that dimY; = 1 and such that [Jo&y,&r] = O over Y;. Then the term bjo € Cof
(4.22) is given by

Kx,—1_Kx\—1 E—-1_E
0= (D7 f S L L (4.49)
Y

|det y(Idy — der; |n)|1/? |~’§f|ggx '

for some natural choices of square roots. If X admits a metaplectic structure (2.43)

and taking E = K )l(/ 2 10 be the associated metaplectic correction, then formula (4.49)
becomes

1(Y))
|dety, (Idy — dey; [n)1/2

bio=(—1)"T (4.50)

not depending on x € Y.

Proof The assumption [Jo& ¢, &r] = O over Y; means thatde;. JE = J&f over Y; for
allr € R. Asdg; &y = &y by definition and as d ¢, preserves the symplectic form w, by
definition (2.11) of gg X this implies that dg; preserves the normal bundle N C T'%
of Y; inside X, for all # € R. We are then under the assumptions of Proposition 2.9,
and formula (4.49) is a consequence of Theorem 4.3.
Note now that from the 1-parameter group property of ¢;, forany ¢t € Randx € Y,
we have
A1 g, vy = dor xder; wdp; (4.51)

This shows that the quantity det N, ddy — qu; |n) is actually independent of x € Y;.

Considering the case E = K % and recalling that & ¢ is the tangent vector field of the
curve Y;, we get

_ [dvly; [dvly;
S T N 0% (7t o) R B =f L=1(y). (452
Y; Erlgrs Jy; 18rlgrx

This gives formula (4.50). O

Let us now show how these results can be applied to contact topology. To that end,
consider f € ¥°*°(X, R) and an almost complex structure J € End(7 X) satisfying

diyg,0 = o over f71(D), (4.53)
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over some interval / C R of regular values of f. Then considering the Riemannian
metric g7% = w(-, J-) as in (2.11), the form

ngfa)

1
-~ eQ'(X.R) (4.54)
|§f|grx

restricts to a contact form a € Q1(Z,R) over T := f~1(¢) for any ¢ € I, meaning
that @ A de” ! is a volume form over X. The restriction of the Hamiltonian vector
field £y € €°°(X, TX) over £~ (c) induces the Reeb vector field of (£, a), which
is the unique vector field & € ¥°° (X, T X) satisfying

g =1,
(4.55)
tedo = 0.

The corresponding Reeb flow is the flow of diffeomorphisms ¢; : ¥ — ¥ generated
by &, and its periodic orbits are called the Reeb orbits of (X, o). An isolated Reeb
orbit of period 7y € R is said to be non-degenerate if it satisfies Definition 2.7 as a
fixed point set of ¢y, inside X.

Conversely, given a compact manifold ¥ endowed with a contact form o €
Q1(Z,R), we define a symplectic form w’% € Q%*(ST,R) over ST := R x ¥
by the formula

oS = —d(é*m*a), with 7:ST:=Rx ¥ — X.
(u, x) — x (4.56)

The symplectic manifold (ST, w5%) is called the symplectization of (£, a). Consider
the function f € €°°(SX, R) defined by

f(u,x):=¢" forall (u,x) e R x . (4.57)

Then its Hamiltonian vector field £y € €°°(SX, T SX) restricts over any level set of
f to the Reeb vector field £ € €°°(X2, TX) of (X, «). On the other hand, consider an
almost complex structure J € End(7 SX) compatible with 5% satisfying

d

J&f = " (4.58)
in the coordinates (u, x) € R x ¥ = §X. Such an almost complex structure always
exists. Finally, consider the situation when an open set of the form I x ¥ C S¥
can be symplectically embedded into a compact prequantized symplectic manifold
(X, w) without boundary. We can then extend the Hamiltonian and the almost complex
structure defined by (4.57) and (4.58) to the whole of (X, w) using partitions of unity.
The typical case when such an embedding exists is when X is the boundary of a star-
shaped domain in R?*, with contact form « € Q'(Z, R) given by the restriction of
the standard Liouville form A € QL(R?", R). Then using a Darboux chart, an open
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set of the form / x ¥ C SX can always be symplectically embedded in (X, w).
More generally, by the results of [15, Th. 1.3] and [24, Cor. 1.11], any fillable contact
manifold satisfies this property. The following result then shows how to use the above
picture to extract pieces of information on isolated non-degenerate Reeb orbits of
(X, @) from the geometric quantization of (X, ).

Proposition 4.5 Let ¥ be a compact manifold without boundary endowed with a
contact form a € QY(X,R), and assume that an open set of the form I x ¥ in
its symplectization (S, w3%) can be symplectically embedded in a compact pre-
quantized symplectic manifold (X, w) without boundary. Consider the Hamiltonian
f € (X, R) and the almost complex structure J € End(T X) defined via (4.57)
and (4.58).

Then for any c € I, Theorem 1.2 holds as soon as the fixed point set of the Reeb
flow ¢, + ¥ — X is non-degenerate for all t € Supp g, and Theorem 1.3 holds for
the non-degenerate isolated Reeb orbits of (X, ) in case (X, w) is endowed with a
metaplectic structure.

Proof Recall that the Hamiltonian vector field & € €*°(SX,TSX) of f €
€>°(SX, R) defined by (4.57) restricts to the Reeb vector field & € €°(X, TX)
of (X, o) over {u} x %, for all u € R. Then the Hamiltonian flow ¢; : X — X of
f over I x X is of the form ¢;(u, x) = (u, ¢:(x)) for all (u,x) € I x X. It thus
satisfies the hypotheses of Theorem 1.2 as long as the fixed point set of the Reeb flow
¢ : ¥ — X is non-degenerate for all + € Supp g, the discreteness of T C Supp g
following from the fact that d¢; preserves Kera C T X forall ¢ € R, so that by (4.55)
there is no v € Ker o, such that &, + dg;.v = v for any x € X satisfying ¢;(x) = x.
On the other hand, the formula (4.58) shows

ad
[J&f, 671 = [5, S] =0 over Rx X, (4.59)

so that the hypotheses of Theorem 1.3 are satisfied as well. This shows the result. O
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