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ABSTRACT. We compute a Hirzebruch-Riemann-Roch type formula for the invariant
Riemann-Roch number of a quantizable Hamiltonian S!'-manifold (M, w, J), allowing 0 to
be a singular value of the moment map J : M — R. Our formula represents an instance
of the Guillemin-Sternberg principle, which states that quantization should commute with
reduction. The conceptual novelty of our result is that the involved reduced system only
depends on the symplectic data of M. To establish this, we derive a complete singu-
lar stationary phase expansion of the Witten integral without appealing to any kind of
desingularization. As a consequence, our formula expresses the invariant Riemann-Roch
number purely in terms of symplectic invariants of the singular symplectic quotient. In
particular, it involves a new explicit symplectic invariant of the singularities.

1. INTRODUCTION

Let (M,w, J) be a compact connected symplectic manifold equipped with a Hamiltonian
action of a compact connected Lie group G with moment map J : M — g*. Then the
associated Marsden-Weinstein reduced space, or simply the symplectic quotient, is given by

(1.1) My =T ({0})/G.

If 0 is a regular value of the moment map, the symplectic quotient naturally inherits the
structure of a symplectic orbifold (., wy), but in general, it is only a stratified symplectic
space, each smooth stratum being naturally equipped with a symplectic structure.

This paper is devoted to the computation of the invariant Riemann-Roch number of
(M,w,J) in terms of the geometry of the associated symplectic quotient . To in-
troduce it, one has to impose the condition that the cohomology class [w] € H*(M,Z) is
integral, in which case (M,w) is called quantizable. This condition is equivalent to the
existence of a Hermitian line bundle (L, h*) over M equipped with a Hermitian connection
V% with curvature R” satisfying the prequantization condition

1
1.2 = —R".
(1.2) v 2m
The Hamiltonian G-manifold (M, w, J) is prequantized if the action of G lifts to an action
on (L,h* VE) and the moment map J : M — g* is given in terms of the lifted action
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by the Kostant formula (2.12)). Upon choosing a G-invariant almost complex structure
J € End(T'M) over M compatible with w, one gets a Riemannian metric on M defined by

(1.3) gMi=w(-, J).

On can then consider the associated Spin°-Dirac operators D* : Q¥(M, L) — Q%F (M, L)
defined in Section [2.2, which are elliptic first order differential operators, and thus have
finite dimensional kernels. The action of G on (L, h') induces an action on these kernels,
and one defines the associated invariant Riemann-Roch number as

(1.4) RRY(M, L) := dim(Ker D)% — dim(Ker D7)¢,

where (Ker D¥)¢ C Ker D* denotes the subspace of G-invariant vectors. By the classical
invariance of the index of Fredholm operators, the invariant Riemann-Roch number (|1.4])
does not depend on the choice of the compatible almost complex structure J € End(T M)
over (M, w), nor on the choice of h* and VI satisfying the prequantization condition .
In case that G is trivial, it reduces to the classical Riemann-Roch number RR(M, L), which
is computed by the celebrated Hirzebruch-Riemann-Roch formula

(1.5) RR(M, L) = / ¢ TA(M),
M
where the closed form Td(M) € Q*(M, C) of mixed degrees is the Todd form of (M, J, g™™),
whose cohomology class does not depend on J and hence is a symplectic invariant of (M, w).
In case of a general G and when 0 is a regular value of the moment map 7, so that the
symplectic quotient (., wp) is an orbifold prequantized by a line bundle (Lg, h™°), by a
general result of Meinrenken [28] one has

(1.6) RRY(M, L) = / e Td(Ay) = RR( Ay, Lo) -
Mo

In the special case G = S*, this was previously established independently by Meinrenken
in [27, Theorem 2.1, (16)] and by Vergne in [38]. As explained in [38], these results rely on
localization formulas for certain oscillatory integrals of equivariant differential forms which
were first studied by Witten in [39], based on previous work of Duistermaat and Heckman
in [9]. To obtain (1.6) within this approach, one expresses RRY(M, L) by means of the
equivariant Hirzebruch-Riemann-Roch formula in a guise due to Berline and Vergne [3],
called the Kirillov formula. This formula involves the equivariant Todd form Tdg(M) €
QO (M) defined in Section [2.3] whose cohomology class in the equivariant cohomology with
analytic coefficients H&(M) is an invariant of the Hamiltonian G-action on (M,w). The
resulting expression for RR®(M, L) is given in terms of a Witten integral, which can then
be treated using the stationary phase principle. In doing so, one passes from the equivariant
cohomology H¢(M) to the usual cohomology H(.#;) of the symplectic quotient through
the well-known Kirwan map k : HE(M) — H(.#,) described in Proposition [4.1, Since in
the case G = S* one has x(Tdy(M)) = Td(.#,), this gives the first equality in (1.6]), while
the second follows from ([1.5)).

In this paper, we are mainly interested in the considerably more involved case when 0
is a singular value of the moment map and restrict ourselves to the case G = S!, which
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already encompasses essential features of the singular case. Denoting by M* ' C M the set
of fixed points of the S'-action and setting J1({0})™ := J~1({0}) \ (]\45'1 NJ({0}))
we have a stratification of 7 !({0}) according to

(1.7) {0y = (M% ng ' ({oh)) ug ({0,

where the connected components of each stratum are smooth submanifolds of M. To avoid
any artificial complications, we will assume for simplicity that S* acts freely on 7 ({0} )¢,
so that the reqular stratum of the symplectic quotient, defined by

M = T}/

has no orbifold singularities. We still write wy for the symplectic form over the smooth
stratum .#;°® characterized by the formula incjw = 7 wy, where incy : J1({0})™8 — M
is the inclusion map and 7 : J ' ({0})™® — .#;°® the quotient map. Following Notation
3.1} let us write FO for the set of connected components of M5" N J~1({0}). A connected
component ' € FU is called definite if J attains a local extreme value at F', and indefinite
otherwise. We write Fl; C F° and Fye C F° for the corresponding subsets. Note
that because J*({0}) is connected, all F € F" are either definite or indefinite, and we
shall say that J~1({0}) is of definite or indefinite type, respectively. For any F € F°,
let wp = incpw € Q%(F,R) be the symplectic form on F C M induced by the inclusion
inc : I' — M, and let vy, : ¥p — F be the associated symplectic normal bundle. We

write
Sr= PP
kew

for its decomposition into isotypic components with respect to the induced linear S*-action,
where W C Z denotes the finite subset of weights as described in Section The compat-
ible almost complex structure J € End(7T'M) over (M,w) and the associated Riemannian
metric g™ given by induce for each weight k € W C Z a complex structure and
Hermitian norm || - ||r on E(;) by restriction, and we write REF € Q?(F, End(Eg))) for
the curvature of the connection on ng) induced by the Levi-Civita connection of ¢g?™ for
each k € W. Let us finally consider for F' € F?, . the fiberwise product

inde
(18) VSF:SF = S?:‘_ XFSE—>F,

where S — F are the unit sphere bundles of the subbundles ©% C X5 of positive and
negative weights, respectively. By the local normal form theorem of Proposition [3.2] the
total space of Sr is naturally identified with the boundary of a neighborhood of F' inside
J1({0}). We write

(19) Vep ! 6F = (S;;F/Sl) X (S};/Sl) — F

for the orbifold bundle obtained by taking the fiberwise product of the quotient of each
sphere by the induced locally free S*-action. Its de Rham cohomology ring will be denoted
by H(GFp).

Our main result is the following Hirzebruch-Riemann-Roch type formula for the invariant
Riemann-Roch number ([1.4)).
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Theorem 1.1. Let (M,w, J) be a compact connected prequantized Hamiltonian S*-manifold
such that the S'-action is free on J~1({0})™. The S'-invariant Riemann-Roch number

s given by
(1.10) RRSl(M,L):/ e~ (Td + Y / ST o p(Tdg(M))
MEE

0
Fe}—mdef

“F Td(F
+2ResF(z1/ s e
Fero F [pen det Z%c)(l — zkexp(R*F" /2mi))

where k : Vs (M) — Q*(A,*,C) and kp : HS (M) — H(Sp) denote the regular Kirwan
map (4.3) and the exceptional Kirwan map , respectively, and Resg stands for the
residue at z = 0 if J has a local minimum at F, the residue at z = oo if J has a local
maximum at F, or the average of the two residues otherwise.

Furthermore, every term on the right-hand side of Formula 15 independent of the
choice of a compatible almost complex structure J € End(TM) over (M,w) and of the
choice of (L, ht,V*) satisfying the prequantization condition (1.2)).

As we explain in more detail below, Theorem [I.1] represents an instance of the Guillemin-
Sternberg principle in the singular case and is characterized by the novel conceptual feature
that it expresses the invariant Riemann-Roch number purely in terms of the symplectic
invariants of the singular symplectic quotient .#;. In particular, replacing L by the tensor
power L™ := L®™ for any m € N, so that the symplectic form w is replaced by mw, one sees
that each term of the right hand side of Formula for RRSI(M ,L™) is polynomial
in m € N, and Theorem thus gives explicit formulas to compute the coefficients of
RRS' (M, L™) as a polynomial in m € N in terms of symplectic invariants of .#,. Let us
also point out that Theorem is already relevant in the complex case, giving an explicit
formula for the canonical ring of singular projective varieties .#( obtained as GIT quotients
by a C*-action of a smooth projective variety M.

In case that 0 is a regular value of the moment map 7, so that M N 7-1({0}) = 0,
the last two terms of Formula vanish and Theorem reduces to the invariant
Riemann-Roch formula , as already explained there. At the other extreme end, in
case that M N 771({0}) = J '({0}), so that the action of S* on J~'({0}) is trivial
and .4y, = J'({0}) inherits a natural prequantizing line bundle (Lg, h’®) by restriction,
the first two terms of Formula vanish and Theorem reduces again to by
taking into account the fact that in this case all ' € FY are definite, so that all weights
k € W of the Sl-action on Yy are of the same sign, and that in this case the sum
over all residues precisely equals the middle term in ((1.6)). This was first established by
Duistermaat, Guillemin, Meinrenken and Wu in [8 §2]. Theorem |1.1| can thus be seen as
an interpolation between these two extreme cases which covers also the genuinely singular
case. In particular, the middle term in Formula appears to be a previously unknown
object involving a new explicit symplectic invariant of the singularities.

To describe this term more closely, let @fg:F € Q'(Sr,R) be the pullbacks to (1.8 of
connections for the S'-actions on SF in the sense of for any F' € F? ;- At the level
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of S'-equivariant differential forms as in Definition ([2.7) and using the same notation as
for the Kirwan map (4.1]), the image of an equivariantly closed form ¢ € Q%, (M) by the
exceptional Kirwan map is the element in Q*(&p, C) defined by

(1.11) (o) = 3 (05, (57493,) + 05, (3:0095,)) — 05, (£ (dO§, + dOg,))

where we wrote g, := Vg incpo € %, (Sr) for the pullback to Sk of the restriction of o to
F'. The numerator on the right-hand side of is a multiple of d@gF —dOyg_ inside the
ring Q*(Sr, C), which gives an obvious sense to the fraction. Hence, as it is also closed and
basic for the action of S* on both sphere bundles S}E, by Proposition Formula
induces a well-defined map kp : Hg (M) — H(SF) in cohomology. In fact, the numerator
in is even a multiple of (dO§, —dOj_)?, so that the right-hand side of is itself
a multiple of d@gF — dOg,_. This implies in particular that £, and hence the middle term
in Formula , vanishes when dim M < 6.

The invariant Riemann-Roch formula ((1.6)) is the content of the celebrated Quantization
commutes with Reduction principle of Guillemin and Sternberg, which they formulated in
[11] in the case of K&hler manifolds, always under the assumption that 0 a regular value
of the moment map. In that case, the kernel of the Spin®Dirac operator D* reduces to
the kernel of the Dolbeault d-operator acting on Q*(M, L). In particular, the kernel of
the d-operator restricted to Q%(M, L) coincides with the space H°(M, L) of holomorphic
sections of L over M, which is interpreted in [I1] as the quantization of the classical phase
space (M,w). Furthermore, 0 being a regular value, the symplectic reduction (.#p,wy)
inherits a natural structure of a Kéhler orbifold, and it was shown in [I1] that there is a
natural isomorphism

(1.12) H(M,L)¢ ~ H°(y, L) .

The identity was generalized to the kernel of the d-operator restricted to Q% (M, L)
for each j > 0 by Teleman [35] and Zhang [40]. Taking the alternating sum of dimensions
of these spaces, this precisely leads to the invariant Riemann-Roch formula in the
context of Kahler manifolds. As we explain in Section Formula naturally extends
to general symplectic manifolds, so that it constitutes the appropriate extension of Quan-
tization commutes with Reduction in the general symplectic case, since the isomorphism
does not make sense in general. In case that L is replaced by the tensor power
L™ := L®™ for m € N large enough, Formula (1.6) was established by Meinrenken in
[27] by the approach already described above, then by Jeffrey-Kirwan in [19] relying on
the so-called Witten non-abelian localization formula stated in [39], which was established
rigorously by Jeffrey and Kirwan in [I§]. In general, Formula was first established by
Meinrenken in [28] using the symplectic cutting techniques of Lerman [23], then by Tian
and Zhang [30] using the analytic localisation techniques of Bismut-Lebeau [4]. Formula
(1.6) was generalized to the case of manifolds with boundary by Tian and Zhang in [37],
then to the case of non-compact (M,w) by Ma and Zhang in [26] and Paradan in [32]. A
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generalization to compact CR-manifolds was recently established by Ma, Marinescu, and
Hsiao in [15].

In case that 0 is a singular value of the moment map, there is an immediate difficulty
coming from the fact that there is no natural definition of the Riemann-Roch number
RR (A, L) € Z of a singular symplectic quotient .4, and one is tempted to define it
directly as RR(.#, Ly) := RR®(M, L), making the result tautological. More substantially,
one can consider the Riemann-Roch number of various notions of symplectic desingulariza-
tion of stratified symplectic spaces, such as Kirwan’s partial desingularization or the shift
desingularization. The invariant Riemann-Roch number RRY (M, L) was shown to coincide
with the Riemann-Roch number of Kirwan’s partial desingularization by Meinrenken and
Sjamaar in [29], and of the shift desingularization by Meinrenken and Sjamaar in [29],
Zhang [40] and Paradan in [31]. In the case G = S*, Tian and Zhang established in [37,
Theorem 6.4] an identity in terms of a Riemann-Roch number for shift desingularizations
containing a term similar to the last term in Formula (1.10)).

A main drawback of the approaches described above is that the desingularization depends
on a number of choices and is in no way unique, while the symplectic structure also depends
on the choice of an auxiliary parameter € > 0. In particular, these results do not allow
to compute RR®(M, L) in terms of the symplectic invariants of the symplectic quotient
M itself and do not provide a canonical Hirzebruch-Riemann-Roch type formula such as
. In contrast, Theorem does not rely on any desingularization process and provides
an explicit formula for RR®(M, L) in which every term is a well-defined invariant of the
Hamiltonian action of S* on (M,w). Thus, our formula satisfies the key requirement of
the Guillemin-Sternberg principle that the involved reduced system should only depend on
the symplectic data of M, answering an almost 30 years old question of Sjamaar in [34]
pp. 124-126].

In order to compare Theorem more closely with the mentioned previous results, we
provide in Section natural topological conditions on the S!'-action under which the first
term in can be interpreted topologically as

(1.13) / 0 (Tdy (M) = / FO(Tdy (M),

ME Mo
where 7 : /% — My denotes the partial resolution of .#, and wy denotes the degenerate
2-form over ./ coinciding with wy on the dense open set .#;*, while k : Hg (M) —

H(A#) is the usual Kirwan map of the resolution. By contrast, the Riemann-Roch formula
obtained via the method of Meinrenken and Sjamaar in [29] reads

(1.14) RRY(M, L) :/ % Td. (M) ,

Mo
where the symplectic form w. € QQ(//AZOJ, R) depends on the choice of a parameter € > 0
such that @, 20 Wy, while Td.(4y) € Q*(My,R) denotes the induced Todd form. In

particular, as Wy is degenerate, the Todd form Td.(.#;) does not admit a limit as e — 0,
so that the right hand side is not well defined a priori for € = 0. Let us also point out
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that Jeffrey, Kiem, Kirwan, and Woolf in [I7], and Lerman and Tolman in [24] in the case
of G = S*, studied Kirwan maps to the intersection cohomology of the singular quotient.
The relation of their Kirwan maps to our resolution Kirwan map is explained in Remark
48

Our main tool for the proof of Theorem is the already mentioned Witten integral,
which we introduce in Definition [5.1] In fact, Theorem is established as a consequence
of our second main result, Theorem [5.7] where we compute an asymptotic expansion of
the Witten integral in terms of geometric invariants associated with the singular sym-
plectic quotient. This allows us to directly compute the invariant Riemann-Roch number
RR®' (M, L) by adapting the method of Meinrenken in [27] to the singular case. The as-
ymptotic parameter in the Witten integral is given by the power m — oo of the tensor
power L™ := L®™ of the prequantizing line bundle. It can therefore be regarded as a
semiclassical limit, so that from this viewpoint Theorem becomes an instance of the
correspondence principle of quantum mechanics. Asymptotics of the Witten integral for
general Hamiltonian G-manifolds and when 0 is a singular value of the moment map were
first obtained by Paradan in [30, Theorem 5.1] relying on partitions of unity in equivari-
ant cohomology with generalized coefficients. There, the coefficients in the expansion are
given by integrals over the shifted Marsden-Weinstein reduced spaces .Z. = J'({e})/G
for some ¢ € g* close to but different from 0. In certain algebraic settings, an asymp-
totic expansion of the Witten integral was also derived by Jeffrey, Kiem, Kirwan, and
Woolf in [I7, Section 9] using the localization principle. Accordingly, the coefficients in the
asymptotics are given in terms of residues. In contrast, the coefficients in our asymptotic
expansion of the Witten integral are given in terms of integrals on the symplectic strata
of .#, which is crucial in proving Theorem Our approach was preceded by work of
Kiister (n.k.a. Delarue) and Ramacher in [6] within a purely analytic context, motivated by
the original attempt of Ramacher [33] of proving residue formulae via singular equivariant
asymptotics.

Let us finally note that the assumption of S' acting freely on J~({0})™®, meaning
that there are no orbifold singularities over .#,, is not essential. In fact, the result of
Meinrenken in [27], which we extend in this paper to case when 0 is a singular value of
the moment map, holds for orbifolds as well, and our contribution mainly focuses on the
most singular stratum M5 N 7~1({0}). Following the general method of Meinrenken, one
can certainly extend our method to orbifolds, obtaining a Kawasaki-Riemann-Roch type
formula which extends (L.10). In a future work, we intend to generalize our results to
general compact group actions.

We begin our exposition in Section [2| by giving a detailed account on the background
and setup of our paper. In Section |3 we study the geometry of the zero level set of the
moment map around its singularities, which will be crucial for the ensuing analysis, and
introduce the relevant Kirwan maps in Section [, Based on these results, we derive in
Section [5| a complete asymptotic expansion of the Witten integral. Finally, we establish in
Section [0] the proof of our main result Theorem [I.1]
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2. BACKGROUND AND SETUP

Before we introduce our setup, let us first fix some global notation. For any vector
bundle E over a smooth manifold M and for all k¥ € N, we will write Qf(M, E) for the
space of differential forms of degree k with values in £, and Q*(M, E) := @zi%M OF(M, E)
for the space of differential forms of mixed degrees with value in . We will use the same
notation for any vector space V', which we regard as a trivial vector bundle over M. We
will denote the inclusion A — B of a subset A C B into a set B by inc4, the target set
B being clear from the context. For a finite Cartesian product X = X; x --- Xy, we will
write pry : X — X for the canonical projection onto the factor Xj.

2.1. Equivariant cohomology. Let M be a smooth manifold equiped with a smooth
action of a compact Lie group G. Write S¥(g*) for the complex vector space of analytic
series on g with complex coefficients converging in a neighborhood of 0 € g. The coadjoint
action of G on g* induces a natural action on S“(g*).

Definition 2.1. The complex of analytic G-equivariant differential forms is the complex
vector space of G-invariants

Q5(M) = (2°(M,C) @ $“(g")°
for the natural G-action on the tensor product, equipped with the equivariant differential
dyg - Qg (M) — Q5(M),

(2.1) L
o(X)r—do(X)+2mi X 10(X).

The cohomology of the complex (QF (M), dy) is denoted by HE(M) and called equivariant
cohomology of M with analytic coefficients.

In the above definition and in the sequel, we will often write equivariant differential
forms o(X) € QF (M) with explicit dependence on the variable X € g. We point out that
there are several competing conventions for the definition of the equivariant differential in
the literature, with the factor 27 in replaced by other constants. Similarly, the sign
in is a convention. We follow here Meinrenken’s conventions in [27]. The following
version of the Stokes Lemma for equivariant differential forms can be found for instance in

[5} §4].

Lemma 2.2. (Equivariant Stokes’ lemma) Let U C M be an open set such that its
closure U C M is a compact submanifold with boundary. Then, for any o € Q5(M) we
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/Udga(X) _ /wa(xy

For a submanifold N C M we write vy, : ¥y — N for its normal bundle inside 7'M and
identify N canonically with the zero section in ¥y. The following version of the classical

homotopy lemma for equivariant differential forms follows for instance from [10, Theorem
6.1].

have

Lemma 2.3. (Equivariant homotopy lemma) Let N C M be a submanifold preserved
by the action of G, and let @5 : Vy — Uy be a G-equivariant diffeomorphism between
a tubular neighborhood VN C X of the zero section of Xn and a tubular neighborhood
Unv C M of N. Then, for any equivariant cohomology class [o] € HE(M) there exists an
equivariant form By € Q5L (Vy) such that

(2.2) Dy (oluy) = ugNinc}“\,QWN + dyfn.

Furthermore, the equivariant form By € Q&(V) can be chosen such that incy Sy = 0 and
such that for any open set S C Vi on which we already have ®}(oluy)|s = v5, incyols,
one has By|s = 0.

The second part of Lemma [2.3, which will be used in Section [5] to establish Lemma 5.3
follows from the fact that IV is a strong deformation retract of Uy and the explicit form of
the homotopy operator used for instance in [10, Theorem 6.1] to construct the equivariant

form Sy € QF(Vy) of Formula (2.2)).
Consider now the important special case when the G-action is locally free, so that the

quotient map

(2.3) T M— M/G

is a G-principal bundle over the orbifold M/G. We then have the following basic result.
Proposition 2.4. The pullback by the quotient map induces an isomorphism of

complexes

(2.4) ™ (QM/G,R),d) = (UAM), d)

where the subcomplex of basic differential forms Q(M)S . C Q(M,R) is defined by
(2.5) QM)C = {0 e X (M,R)® | X o =0},

The cohomology of the complex is called the basic cohomology of M, and Proposi-
tion shows that it is isomorphic to the de Rham cohomology H (M /G) of the orbifold
M/G. On the other hand, one has the following fundamental notion in Chern-Weil theory,
which will be of crucial importance in this paper.

Definition 2.5. A connection for a locally free G-action on M is a g-valued 1-form © €
QY (M, g) satisfying for all X € g
X16=X.
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In what follows, we will mainly be interested in the case where G = S! is the circle
group, which we realize as the subgroup of complex numbers of modulus 1, inducing an
identification

g —R

2.6
(2.6) X+—x,

in such a way that X € g exponentiates to €™ ¢ S! c C. This induces in turn an
identification g* ~ R of the dual of the Lie algebra with R and of the Lebesgue measure
on the interval [0, 1] with the normalized Haar measure on S'. Under this identification,
Definition 2.1] becomes

(2.7) 5(M) = Q(M, 5*(R))",

the complex vector space of S'-invariant differential forms with values in entire analytic
series of the variable z € R. We will write S'-equivariant differential forms o(z) € Q% (M)
with explicit dependence in the variable z € R, when they are understood in the iden-
tification ([2.7]), so that they can actually be seen as functions of x € R with values in
S'-invariant differential forms. Furthermore, Definition of a connection for the S*-
action on M becomes under this identification a 1-form © € Q!'(M,R) such that for any
X € g with image = € R by , we have

(2.8) X.,0=z.

The following basic lemma is then a straightforward consequence of Proposition [2.4] and
Definition via the identification ([2.6]).

Lemma 2.6. Assume that the S'-action on M is locally free, let © € QY(M,R) be an
associated connection in the sense of (2.8)), and let o € Q(M/S") be closed. Then we have

(2.9) / T NO = / o
M M/St

in terms of the isomorphism of complexes (2.4). In particular, the integral on the left-hand
side of (2.9) only depends on the basic cohomology class of o.

2.2. Dirac operators and invariant Riemann-Roch numbers. To introduce our
proper setup, let us now focus on the case of a Hamiltonian G-action on a compact con-
nected symplectic manifold (M,w) of dimension 2n. Recall that a G-equivariant map
J : M — g* is called a moment map for such an action if for all X € g, the function
J(X) € C*(M,R) satisfies

(2.10) dT(X)=-X Jw,

where d is the de Rham differential and s denotes the contraction. By definition, a Hamil-
tonian G-action on a symplectic manifold (M, w) induces a locally free action on the level
set J1({0}) if and only if 0 is a regular value of J : M — g*. For G = S', under the
identification the moment map J : M — g* corresponds to a function J € C*°(M,R)
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which we still call moment map, such that for any X € g with image = € R by ({2.6), we
have

(2.11) J(X) =2 € C(M,R).

Next, let (M,w) be endowed with a so-called prequantizing line bundle (L, h%, VL), so
that (L, k") is a Hermitian line bundle over M with a Hermitian connection V* whose
curvature RL € Q?(M,C) satisfies the prequantization condition . We denote by
C>*(M, L) the space of smooth sections of L. Let further G be a connected compact
Lie group such that G acts on L over M, preserving the Hermitian metric h* and the
connection V¥. Such an action is called prequantized, and the induced action of G on
(M, w) then preserves the symplectic form w. Following for instance [27, (25)] adapted to
our conventions, there is a canonical choice of moment map J : M — g* for a prequantized
action of G on (M, w) defined by the Kostant formula

i
(2.12) J(X)s = > (Lxs — Vks)
for all s € C(M, L) and X € g, where X € C(M,TM) denotes the fundamental vector
field on M associated with X and Lx denotes the Lie derivative with respect to X induced
by the G-action. This is the moment map which will underly all our considerations from
Nnow on.

Next, choose a G-invariant compatible almost complex structure J € End(7T'M) over
(M,w), inducing a splitting

(2.13) TM ®C=T8M @10V

on the complexification TM ® C of T'M into the eigenspaces of J corresponding to the
eigenvalues ¢ and —1, respectively. Consider the total exterior product

(214) A(T*(Ovl)M) = @A](T*(071)M) ,

=0

where T*1 M denotes the dual bundle of TV M. For any v € TM with decomposition
v =v"0 4+ %! according to (2.13)), we define its Clifford action on o € A(T*V M) by

(2.15) c(v)o == vV2 W) Aa—0v™ Ja,

where (v'°)* denotes the metric dual of v in T*©Y M with repect to the induced Her-
mitian metric g7 defined by (1.3]). As explained for instance in 22, Appendix D], the

Clifford action (2.15) on A(T*(®DM) is associated with the canonical Spin® structure of

the almost Hermitian manifold (M, J, g™), and there is an induced connection VA" M)

on A(T*V M), which we call the Clifford connection. Following [25, §1.3.1], the Clifford
connection VAT VM) g given in any local orthonormal frame {e;}"_, of (T'M, g™ by
the formula

2n

- 1 1
yATOUM) gy 1 Z (TT™e;, ex) rarc(ej)c(er) + =T

- 2
J.k=1
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FTM vTM

where is the local connection form of the Levi-Civita connection associated with
g™ and It is the local connection form associated with the connection on det (T M) :=
AMTEO M) induced by VM. Finally, for any m € N, we write Q0*(M, L™) for the space
of smooth sections of A(T*®YM) ® L™, where L™ denotes the m-th tensor power of L.
We then have the following

Definition 2.7. For any m € N, the Spin®-Dirac operator D,, is defined in any local
orthonormal frame {e;}?_, of (T'M, g"™"') by the formula

2n
Do = 3 eleg) VAT VMIEET L Q0% (M, L) — QO*(M, L™,
j=1

where VAT @VMBL™ g the connection on A(T*ODM) @ L™ induced by VAT VM) anq
Vi,

By definition of the Clifford action , the Spin“-Dirac operator D,, interchanges
the space QO (M, L™) C Q°*(M, L™) of even-degree forms with the space Q% (M, L™) C
Q% (M, L™) of odd-degree forms in the decomposition ([2.14)) of A(T**VM). We write D
for the restriction of D,, to Q%%(M, L™). On the other hand, as shown for instance in [25]
Lemma 1.3.4], D,, is a formally self-adjoint elliptic operator on Q%*(M, L™) with respect to
the L2-Hermitian product induced by ¢*™ and h”. In particular, it has finite-dimensional
kernel inside Q%*(M, L™), which allows us to state the following definition.

Definition 2.8. For any m € N, the Riemann-Roch number RR(M, L™) € N of the bundle
L™ over M is defined by the formula

RR(M, L™) := dim Ker D}, — dimKer D, .

The standard invariance property of indices of elliptic operators with respect to deforma-
tions shows that these Riemann-Roch numbers do not depend on the choice of an almost
complex structure J nor on h* and V' satisfying the prequantization condition ((1.2)).

On the other hand, recall that the action of G' preserves all additional data on M and
L by construction, so that there is an induced action of G on Q%*(M, L™) commuting
with D,,. In particular, this induces unitary representations of G on the finite dimensional
Hermitian vector spaces Ker D;F and Ker D, . For any g € G, we write

X(m) (9) = TrKerD:; l9] — TrKerD,_n lg] -

We write (Ker D;})¢ and (Ker D, )¢ for the subspaces of G-invariant vectors inside Ker D},
and Ker D, respectively.

Definition 2.9. For any m € N, the G-invariant Riemann-Roch number RRY(M,L™) € N
of the bundle L™ over M is defined by the formula

RRY(M, L™) := dim(Ker D;})¢ — dim(Ker D, )% .

Again by invariance of the index of elliptic operators, the G-invariant Riemann-Roch
number do not depend on the choice of a G-invariant almost complex structure J nor on
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the choice of G-invariant hl and V¥ satisfying the prequantization condition (1.2). Note
also that we have

216)  RROOLL™) = [ Togplalda— [

o TrKch;l [g] dg = / X(m) (g> d97

G

where dg is the normalized Haar volume form on G.

2.3. Equivariant characteristic forms and Riemann-Roch formulas. In the setting
of Section , and following [2, Definition 7.5], we define for any Hermitian vector bundle
(E,h*) — M to which the G-action lifts and which is equipped with a G-equivariant
Hermitian connection V# the associated moment map J¥ : M — End(E) ® g* via the
Kostant formula

J¥(X):=Lx—-VE, X ey,

where Ly denotes the Lie derivative with respect to X induced by the action of G on E.
Its equivariant curvature RF(X) € Q*(M,End(E)) evaluated at X € g is then given by
the formula

RI(X):= R +2miJ"(X),

where R¥ denotes the curvature of VE. The associated equivariant Todd form is the
equivariantly closed form Tdy(E) € QF (M) defined for all X € g by the formula

RY(X)/2mi )
exp(RE(X)/2mi) —1dg )

(2.17) Tdy(E, X) :=det g (

One readily checks that its cohomology class in Hg (M) does not depend on the choice of
a Hermitian metric ¥ and connection VZ. In the important case of the tangent bundle
TM — M equipped with the chosen G-invariant compatible almost complex structure
J € End(TX) over (M,w), one can consider the induced Hermitian metric g?* given
by Formula and the associated Levi-Civita connection V™ which are both G-
equivariant. This induces a Hermitian metric and connection on T M via the splitting
(2-13), and the associated equivariant Todd form Tdy(M) € Qg (M) given by Tdy(M, X) :=
ng(T(LO) M, X') does not depend on the choice of the compatible almost complex structure,
and hence is an invariant of the Hamiltonian action of G on (M,w). The closed form
Td(M) = Tdy(M,0) € Q*(M) is called the Todd form of M, and its cohomology class is
a symplectic invariant of (M, w).

Recalling the prequantization condition , the equivariant Chern character of L™ is
the equivariantly closed form chy(L™) € QF (M) defined for all m € N and X € g by the
formula

(2.18) chy(L™, X) = exp(mw + 2mimJ (X)) .

The closed form ch(L™) := chy(L™,0) = ™ € Q*(M) is called the Chern character of
L™. We now have the following fundamental Kirillov formula, which we present in a guise
that can be found in [27, Theorem 3.1 and Remark (4) after Theorem 2.1].
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Theorem 2.10. [2, Theorem 8.2] For any m € N and X € g sufficiently close to 0, we
have

x™ (exp(X)) = /M Tdy(M, X) chy(L™, X).

This result can be seen as a consequence of the Berline-Vergne localization formula [3]
applied to the equivariant Atiyah-Segal-Singer index theorem. To state this last theorem,
consider for any ¢g € G the fixed point set

M9 :={peM|g-p=p}CM,

which is a smooth submanifold of M, and write ¥,,y — M?Y for its normal bundle inside
TM. Let R®m € Q?(F,End (X)) be the curvature of the connection on Xy, induced by
the Levi-Civita connection of ¢g?™. The following form of the equivariant index theorem
can also be found in [27, Theorem 3.1 and Remark (4) after Theorem 2.1].

Theorem 2.11. [I] For any m € N and g € G, we have

X(m)(g) :/ Td(M?9) Trpm[g] eXp(—mRL/Qm').
M9 dets,,, (1 — gexp(R¥m9 /27i))

Note that either Theorems ([2.10)) and (2.11]) immediately imply the classical Hirzebruch-
Riemann-Roch formula (L.5) for the usual Riemann-Roch numbers of Definition [2.§|

3. GEOMETRY OF THE ZERO LEVEL SET OF THE MOMENT MAP

Let (M, w) be a compact symplectic manifold of dimension 2n on which G = S acts in a
Hamiltonian fashion with moment map J : M — g* ~ R. In this section, we will study the
geometry of J1({0}) using a local normal form theorem for the S'-action, and introduce
corresponding retractions that will be needed later for the implementation of homotopy
arguments. We begin by introducing some general notation that will be frequently used.

Notation 3.1. We denote by F the set of all connected components of the fixed point set
M5 ¢ M. Given F € F, we write J(F) € R for the constant value of the moment map
J M — R on F. Furthermore, we introduce the following subsets of F:

F,o ={FeF|J >J(F) near F}, Fo={FeF|J < J(F) near F},
Faet = F UF_, Findet := F \ Fuet-

We say that F' € F is positive definite if F' € F.,, negative definite if F € F_, definite if
F € Faer and indefinite if F' € Finger- For the connected components F € F in J1({0})
satisfying J(F) = 0 we set

Fl={FeF|IFcTJ '{0})}, FL=F'NFs,  Footjider = F° N Fetindef -
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3.1. Local normal form theorem. Let F' € F and note that F' is a symplectic sub-
manifold of M. When considering a fiber bundle over F' with total space E, we will use
the notation vy : £ — F for its bundle projection. Let vy, : ¥ — F' be the symplectic
normal bundle of F inside T'M, so that we have a decomposition

(3.1) (TM,w)|p = (TF,wp) ® (Zp,w)

into symplectic vector bundles, where wr = inchw € Q*(F) and w’ is the fibrewise
restriction of w to Y. Note that the action of S* on (M, w) induces a fiberwise action on
Yr, and choose an S'-invariant compatible complex structure Js,, € End(Xr) on (S5, wb).
The Formula then induces a Hermitian metric gs, = w*(-, Jg,*) on the complex
bundle (X5, Jx,.), making X5 into a Hermitian vector bundle over F. For any k € N and
under the identification we write

Z%k) = {vep | exp(X)-v=e"v forall X € g}

for the associated isotypic component, as well as W := {k € Z | Zﬁf) # 0} C Z for the set of
weights, which is finite and does not contain 0 by definition of ¥, and let ng) = rke ng)
be the complex rank of the vector bundle Z%k). We thus have a finite decomposition
(3.2) Sr= P
kew
into hermitian subbundles, with associated structure group
Kr=[] U(¢¥),
keWw

so that there is a principal Kp-bundle vp, : Pr — [ satisfying

(3.3) Sr & Proxg, @ T

keW

and inducing the decomposition (3.2)), where Ky acts linearly on @, C’. The diagonal

action of S* on @,y c of weight £ € W on each summand €% commutes with the
action of Kp, inducing an S'-action on the right-hand side of (3.3]), which makes it an
Sl-equivariant identification. Note also that the symplectic structure on X5 is induced

*) . o
by the standard complex structure on each C% via this decomposition. In what follows,
we will write Wi := {w € W| &+ w € N} for the sets of positive and negative weights,
respectively, so that by (3.2)) there is a decomposition

(3.4) Sp =St
where Y} = Drew. ng). Setting (£ 1= rke ¥F = > kews E%k), the decomposition (3.4) is

induced by the natural embedding Kr C U(¢}) x U({z). We write CH = Drew. ct’
and set /p := rkc Xp.

Let wy,. be a symplectic form on a neighborhood Vi of the zero section in X such that its
restriction to the fibers of X5 coincides with the standard symplectic form induced by w™,
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while the restriction (TXp,ws,.)|r to the zero section F' C X coincides with (T'M,w)|p
via the natural identification of T'M with TXr over F. The next proposition gives a
canonical description of the moment map J : M — R in a neighborhood of each F' € F,
and constitutes the basis for the computations of the next sections. It is a straightforward
consequence of the equivariant Darboux lemma, as explained for instance in [I3, Section
2.2].

Proposition 3.2 (Local normal form theorem). For each F € F there is an S'-
equivariant symplectomorphism ®p : Ve — Up from the open tubular neighborhood (Vg, ws,.)
of the zero section in X onto an open neighborhood Up C (M,w) of F, such that

1 k
T o ®p([p,w]) = QQF(UJ) + J(F), forall [p,w]€Xp= Pp Xk, @ Cf%),
kEW

where QF is the Kp-invariant quadratic form on @, .y, ct’ defined by
(3.5) Qr(w) =Yk [lm(w)]*.
kew

Following Notation [3.1] a connected component F € F is positive definite, negative
definite or indefinite if and only if the quadratic form () from Proposition [3.2] is positive
definite, negative definite or indefinite, respectively. We write

(3.6) Zp = {[p,w] € ¥p|w # 0 and Qp(w) =0} C Xp

for the submanifold formed fiberwise by the smooth points of the 0-level set of the quadratic
form @Qr. Recalling the stratification (1.7]), the set Zp then corresponds to the regular
stratum of J~1({0}) in the local normal coordinates of Proposition [3.2] since

(3.7) Or(VrN Zp) = Upr N T H({0})"E.

3.2. Local model. In this section, we introduce for each F' € F coordinates on @, .y, ct

with respect to the zero level set of the quadric QQr, which will be extended in Section [3.3
to the symplectic normal bundle using the framework of the previous section. We will

consider @, i Ct as equipped with the diagonal S'-action of weight k¥ € W on each
summand (Cg%k " To begin, we define the sets
+
CeF = CF \ {0}, in case (% >0,(F =0,

+ —
Lplp

C&F = (CF\ {0}) x (CF\ {0}), incase (f 7> 0.
Further, for any ky € W we write

(k) (ko)
Tho @ C'r" — C'r
kEW

(3.8)

for the canonical projection, and introduce the weighted Euclidean norms

(3.9) lwl2, ==+ > k |m(w)[®, forall weC%= ) cr.

kew* keW=*
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We then introduce the ellipsoids
2051 Vs +
(3.10) Sy ={weC¥ | ||w|p. =1}, when (>0,

Note that the norms |||, are both S'- and Kp-invariant. The quadratic form Qp from
(3.5) can be written in norm notation as

Qr(w) = w3, = lw |5, forall w=(w w)eCH"r.
Later, it will also be convenient to consider the weighted Hermitian norm
BI) ol = ot L forall w= () €

Next, for each weight k& € W, we introduce the following standard symplectic and angular

(k) . :
forms over C’% for any w = (w) +wY, - (k) + zw ) cCl by setting
¢ @
(3.12) Wik |w = Z dwj A dw, A lw = Z w}; dwi — wf dw;
j=1 j=1

They are related by wy = %da(k). For any X € g inducing the fundamental vector field
X e C”(Cegﬁ),TCe%k)) associated with the S'-action on C* of weight £ € W we then get

(3.13) (X sag)le =ka wl?, forall weCH

where x € R is the image of X € g via the identification (2.6). If we now introduce the
1-forms

(3.14) af =% Y mag € QYCH,R)),
kew=*
then (3.13)) and (3.9) imply that the 1-forms defined by
+ +
(3.15) i — ‘;” . ifweCd,
[wllFs

1 + w " w . T
(3.16) Oy = - aL +‘1L . ifwe ey,

2 \llwllzy  Nwllpe

are connection forms in the sense of Formula . ) for the diagonal S'-action of weight

k € W on the k-th summand on Ch " and C.f b respectively defined in (3.8)).

The following simple lemma will be crucial for all our local and global considerations.
Recall the general notation for inclusions and projections introduced at the beginning of
Section 2
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Lemma 3.3. Let S C @,y C%’ be an embedded smooth submanifold, f : (0,00) —

(0,00) a smooth function, and consider the smooth map Vg : S x (0,00) = Ppcpy Ce;’“);
(w,r) — f(r)w. Then one has for each k € W

Vs p(mram) = f(r)? priincy(mram)) -

Proof. Let v € T,(S x (0,00)) be a tangent vector at y := (w,r) € S x (0,00) and
Y(t) = (w(t),r(t)) a smooth curve with 4,(0) = v, 7,(0) = y. Identifying T},(S x (0, 00))
with a subspace of @, s C x R we get

d d

(W5 1)e(0) = (L (O)0(E) emo = 5 T (D)ot + F(r)i(0),

so that with the identification w; = w} 9, +wj 0,y in the notation of (3.12) we obtain

W (e o (0) = 5 (O)lemo (Wit — w0y (0) -+ () (w]dw], — wfdw))ag ) (8(0))

~
=0

= f(r)* priincimiag |y (v).

i

We will now proceed with separate treatments of the cases (5, ¢ > 0 and (5{; = 0, in
which Qr is indefinite and definite, respectively.

3.2.1. Definite case. Let us begin with the easier definite case F' € Fger, so that either
(- =0or (} =0, and write {p := ¢} > 0if F € Fy and {p :=(, > 0if F € F_. The

. . (k) . . . .
diagonal action of S* on C’F = DBrcw C’F" considered in Section restricts to a locally
free action on S?*~! and we introduce the connection form

(3.17) © = inca, .0 € Q'(S*" 7 R)

as the restriction of (3.15]) to S2¢~1.

We now introduce spherical polar coordinates in C4* via the diffeomorphism
U §2r—l i (0,00) — Clr

(3.18)

(w,r) — rw,

which is equivariant for the action of S* introduced above on the first factor and the trivial
action on the second factor of S*F~1 x (0,00). It defines on C‘F the radial coordinate

(3.19) r=|w|y=+V|Qr(w)|, forall weCL,

which is related to the quadratic form Qr by

(3.20) Qrleer = +r? if F € Fu.

Applying Lemma [3.3|to S = S?*~1 and f = id one immediately sees that

= 2 : +
U (™) = 77 Prigar, 1iNCGa, 107 .
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Since wgq = :I:%d@ and © = incguF_l 0, we deduce from this the useful identity

(3.21)
1 1 .
gf*(wstd|CfF) = i§d<r2 pr*S%F*l@) = 4rdr A prgng,l@ + 57”2 pr*SMF*ld@ if F € fi.

3.2.2. Indefinite case. Let us now turn to the case F' € Fipqger, S0 that @i, ¢ > 0. Departing
from the quadric formed by the zero level set of QQr we define the slit quadric

(3.22) Q== Qp ({0} \ {0} c Cl& 7,

+ —
which is a smooth submanifold of the set Ces" defined in (3.8). The diagonal action of
St on C* = @,y €’ considered in Section restricts to locally free S'-actions on

Q. C (sz.:’eF and the product of ellipsoids

205 -1 205

(3.23) Sl §FT c Clettr = ClF @ Cr

of the ellipsoids (3.10). Besides the connection form (3.16) we introduce now also the
1-form

_ L[ af|y o
(3.24) 0, = 3 — — 5
Jwllzy  llwllz_

ot . . ..
on Ce¢" ", and introduce the corresponding restrictions

7

2£F71

(3.25) © :=inc”
s

= .,
20t -1 2(*719’ © :=inc
L oxsCF S

+
QZFfl

L xS

+_ - _ +_ - _
to S_zfp b P Clearly, © € Ql(S_sz ' x g I,R) is a connection for the S'-action

+_ - — +_ -
on Siep ' % %71 On the other hand, the 1-form © € Ql(S_QfF P gt

the sense of Proposition [2.4]

. . . 28y
Let us now introduce polar moment coordinates in Cef

,R) is basic in

F via the diffeomorphism

+_ - T 0
W ST 2T (0,00) X R — Cob''F

(3:20) (wh,w™, 7, q) — (\/ Vit + @ +Fqwt A/t 2 —q w’) .

The map V¥ is at the basis of our local model. It is equivariant under the action of S*

+_ —_
introduced above on S_QfF "% %77 and the trivial action on (0,00) x R, and defines for

ot .
w € CE7F the coordinates

1
(3.27) =yl ey ol = 5Qr(w).
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+ —
The slit quadric @, C Cai'" defined in (3.22)) corresponds to the set {¢ = 0}, while the
coordinate r is radial on Q.. Moreover, composing the retraction

+ —
retg, :(Cff’eF — Qy,

(3.28)

_ wt w”
w=(ww) = ety ol (e )
F+ F—

with W gives us an S'-equivariant surjection

+_ -_
(3.29) To, :S_QfF P g (0,00) x R — Q,,
(whw,rq) — U(wh,w,r0) = (rw", rw").
+ _ —_ + _ —_
Let pr ey sy SigF by 5« (0,00) x R — SigF "% 5% be the canonical
s

+ X0
projection. We then have

Lemma 3.4. Write o := 3(a" +a~) and @ := 3(a™ —a™). In the coordinates (3.27)), one
has

\IJ*(OA(C{?’Z;‘) = 7”4 —+ q2 przigr’flxsielfﬂ*l@ + qpr;?f;ilxsizgile),
\Ij*(atc%,e;) = rd + C]2 prj;ie‘;—lxsie;—l@ + qpr*sie;—lxsiz;—lg :
+_ -_
Proof. Consider ¥ and pr 21 _aep1 8S families of maps defined on S_QfF P §7r T
S, xS_
(0, 00) and parametrized by ¢ € R. Defining £ : (0, 00) = (0,00) by f(r) :== \//r* + ¢* £ ¢,
+_ —_
we can apply Lemma with S = S_QfF "% §%" 7 and f= f;t to get
x/ + + 2 % sk +
v (a ‘(C‘ﬁv‘}) - fq (r) prsiszﬂXsiégfllncsifﬁflxsiz;ﬂo‘ )
concluding the proof. O

A direct consequence of Lemma is the following indefinite version of (3.21)).
Corollary 3.5. In the coordinates (3.26) one has

* (wstd| + - ) = T INnchH wesqg + d( r + _
V) std qp — —
(C.I: F Ox Ox S2ZF IXSQZ %S

F

1@+(\/ T4—|—q2—7’2)p1‘;24;71 %;71@).
4 —

Proof. As wgq = da, we apply d on both sides of the equation in Lemma [3.4] involving &,
yielding
\Ij*(wstd|(cﬁ}:,5;> = d(q pr;illt_lxsie;_lg + 7”4 + q2pr*sie;_lxsi[F_l@).
We now assert that
. o 2 2y
(3.30) To, IncH Wi = d(r pr*Sie;lXS%Fl@).
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Indeed, since © =inc*,, |, @, this is a consequence of the relation
S F "xs8TF
+ —

*

* e * = 2 * . —
T InCo a=r"pr_, _ . inc*_ -«
Qx Qx Sizp leieF 1 SereF 1><SiZF 1
. . . 205 -1 205—1 :
which follows from Lemma |3.3| applied with S = S° x S°F " f=id, and ¢ € R as an
additional parameter. O

3.3. Application to the symplectic normal bundle. We now translate the fiberwise
considerations from Section into global statements on the symplectic normal bundle

Y, identified with the associated bundle Pp X g, @kew (Cg%k ) as in .

Choose a Kp-connection on the principal bundle vp, : Pr — F', inducing a Hermitian
connection V> on ¥ that preserves the decomposition . This provides us with a
splitting of the short exact sequence

0 — vy Xp —TYp — v, TF — 0
of vector bundles over X, yielding the global decomposition
(3.31) TSp 2 TF ® s S,

where Th'F ~ vs, T'F is the horizontal distribution defined by V*F and v, up CTXp is
the vertical tangent bundle to the fibers. Choose a compatible almost complex structure
Jr € End(TF) over (F,wp). Together with the natural complex structure Jy,, € End(Xp),
this induces via the decomposition an S'-invariant almost complex structure J €
End(TXr) over the total space of Xp.

For any kg € W, we define f;, € C*(Xr,R) by setting

1 (k)
(332)  fullpw) = lmg @), forall [p,u] € Pexi, D CH,
kew

where ||-|| denotes the standard Hermitian norm. Note that f, is well-defined since for each

k € W the structure group Kr acts by U(Egc)) on C% and thus preserves the Hermitian
norm. Using this, we define the 1-form ay, € Q'(Xp,R) by

(3.33) g, (V) = —dfg, (Jv), forall veTXp.

Comparing with (3.12)), one readily checks that for any p € F the restriction of ay, €
QYXp,R) to the fiber (Xr), C Xp, seen as a submanifold in the total space of p,
satisfies

(334) Oéko’(EF)p = 7TZ()CK(]QO) )

in any trivialization (Xp), ~ @, ct compatible with the Kpg-principal bundle struc-

ture (3.3)). Following (3.14)), (3.15)) and (3-16), we write
(3.35) af =4 ) a,

keWw*
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so that the 1-forms given by

+
«@ ;W o
(336) 9}%‘[9@] = L‘;] for [p, w] € Pr XKp C.F,
]|
1 (aflpw) | oFlipu -
(337) 0F|[p,w] = = 2’ + 2’ for [p, w] - PF XKF (C.I:’ F,
2\ lwllzy  Nwlle-

+ + =
define connections for the S'-action on Pp X, (CfF and Pp Xk, (Cff b , respectively, such
that for all p € F the restriction of 6%,  to the fiber over p coincides with 6%, ¢ in

any trivialization (Xr), ~ @,y c’ compatible with the Kp-principal bundle structure
(3.3]). We also define the vertical form wye,y € Q?(Xp, R) by

1
(3.38) Wyert 1= 5 > day

Comparing with (3.12)) and (3.34), for all p € F' the restriction of wye; € Q*(Xr, R) to the
fiber (), C X satisfies

(339) wvert‘(EF)p = Wstd »

in any trivialization (Xr), ~ @, ctr’ compatible with the Kp-principal bundle struc-

ture , where wgq is the standard symplectic form on @, C% induced by for
each k € W. Furthermore, note that the restriction 7Y g | over the zero section F' C g
naturally identifies with the restriction TM|r over F' C M, and the restriction of wyer
to TY p|r coincides with wt in the decomposition . Consequently, we can explicitly
choose the symplectic form wy,, from Proposition to be given by

(340) Wy p = Wyert + V;:F wr € Q2(EF,R)

By construction, the almost complex structure J € End(T%r) over X is compatible with
ws,., and we write g *F := wy, (-, J+) for the induced S'-invariant Riemannian metric over

V.

3.3.1. Definite case. Let F' € Fyer. Recall the definition of /5 from the beginning of Section
3.2.1} As the linear action of Kr on C preserves S?*#~!, we can consider the associated
sphere bundle Sp = Pr xg, S*F~1 inside ¥p = Pp xg, C*%, with bundle projection
vs, : Sp — F. The S'-action on X restricts to a locally free S'-action on Sg for which
we have the connection

(341) @SF s iHC*SFQF
given by restriction of the connection 6z from (3.36)). Using (3.8]) to define the subbundle
Yre i= Pr x5, CiF =Y\ F,
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the S'-equivariant diffeomorphism ¥ from (3.18)) globalizes to an S*-equivariant diffeomor-
phism

\I/F : SF X (0,00) — ZFo

(3.42) (lp, w], r) — [P, U(w,7)],

where S' acts on S x (0,00) by the product of the S'-action on S and the trivial action
on (0,00). ¥ promotes the coordinate r from (3.19)) to a global fiber-radial coordinate r
on the bundle ¥ p,. Its relation to Qp is given with C’F replaced by Yp,. Note
that Sp x (0,00) is a fiber bundle over F' with the projection vg, x(0,00) := Vs, © prg,. We
state the global version of (3.21]) in

Corollary 3.6. In the coordinate (3.19)) provided by the diffeomorphism (3.42) we have

* * T2 * .
Ui (wsplsp,) = VS px(0,00)WF + d(;PrsF@SJ if F e Fy.

Proof. In view of the definition (3.41)) of ©g,. and the definition (3.42)) of ¥ the assertion
follows from ((3.40)), (3.21]), and (3.39). O

For a better overview, we illustrate the maps appearing in Corollary in the diagram

(3.43) Vsp

in which everything commutes except the triangle formed by prg,, incs,, and ¥p, which
commutes only up to S'-equivariant homotopy.

3.3.2. Indefinite case. Let F' € Fipger- As the linear action of Kp on Clitir preserves the
bi-ellipsoid (3.23)), we can consider the associated fiber bundle

+
2051

(3.44) Sp = Pp xg, (ST x g7

inside Xp = Pr Xk, Clitir, Furthermore, the O-level set Zp C X \ F defined in ([3.6))
has the fiber bundle structure

(3.45) Zp = Pp Xk, Qx

associated with the slit quadric (3.22)). Recall that we write vg, : Sp — F and vy, :
Zp — F for the fiber bundle projections. The action of S! on X restricts to locally free
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Sl-actions on Sp and Zp, respectively, and we set

(3.46)

- 1 _ = 1 - : -
Og,. = incy Op = 5(@; +0g,), Osp = 5(@; —©5,), with ©F :=inc} 07,

(3.47)

. 1 _ — 1
Oz, = incy Op = 5(@JZFF +03,.), Oz =

2
where 0 is the connection form on Xp \ F' from (3.37) and the 1-forms «y were defined in
(3.33). Thus, ©g, and Oz, are connections for the S'-actions on Sr and Z, respectively.
On the other hand, ©g, and Oz, are basic differential forms in the sense of Proposition

2.4 Using (3.§) to define the subbundle
EF.. = PF XKp Cf%l;a

the S'-equivariant diffeomorphism ¥ from ({3.26]) globalizes to an S'-equivariant diffeomor-
phism

(0F, —©3,), with O3 :=inc} 05,

Yp: SF X (0,00) X R — YFee
([@7 w],r, q) — [p,\lf(w,r, Q)]>

where St acts on Sgx (0, 00) xR by the product of the S'-action on S and the trivial action
on (0,00) X R. The map ¥ defines coordinates ON Y ree, in Which Zr coincides with
{q = 0}. The retraction retg, from and the surjection 7o, from globalize
to an Sl-equivariant retraction and an S'-equivariant surjection onto Zp, respectively, by
defining

(3.48)

retz, : Xipee —> ZF

3.49
( ) [@, w] = [@, reth (’LU)],
as well as

Tzp i=Tetz, o Up: Sp x (0,00) x R — Zp,

([p, wl, 7, q) — [p,mo, (w, 7, q)] = Vr([p, w], 7, 0) = [p, rw].
The restricted diffeomorphism
(3.50) Up:Spx(0,00) X {0} — Zp,
denoted again just by W for simplicity, provides the radial coordinate r on Zp. Note that
the space Sy x (0,00), which we identify canonically with Sr x (0,00) x {0}, as well as
the space Sp x (0,00) x R, are fiber bundles over F' with the corresponding projections

VSex(0,00) VSpx(0,00)xR given by the composition of vg, with the canonical projections onto
Sk, respectively. These constructions lead us to the following
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Corollary 3.7. In the coordinates (3.27) defined by the diffeomorphism (3.48|) one has

Proof. By the definition of wy,. in (3.40) and (3.39)) the proof is a straightforward conse-
quence of Corollary [3.5] O

For an overview, the maps introduced above, and in particular those involved in Corollary
3.7, are illustrated in the diagram

I > SE x (0,00) x {0} = Sp x (0,00)

PTs % (0,00)

(351) wg, | [ incz INCSpx (0,00) x {0}

I/ZF
ZF..

This is the indefinite version of . In the diagram, everything commutes except the
triangles involving an inclusion followed by the retraction rety, , a projection, or the surjec-
tion 7z, which commute only up to S*-equivariant homotopy. Note that the two canonical
projections onto Sr are both denoted by prg,, whereas each fiber bundle projection onto
F has its own name.

4. KIRWAN MAPS

In the setting of Section let (M,w,J) be a Hamiltonian S'-manifold such that the
restriction of the S'-action to J~1({0}) is locally free, and write incy : J1({0}) = M
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for the inclusion map. The following classical notion goes back to Kirwan [20], which we
introduce here only for G = S*.

Proposition 4.1. [16] (18)] Assume that S* acts locally freely on the level set J~({0}) C
M, and let © € QY (T ({0}),R) be a connection for the S*-action. Then, for any o(z) €
0% (M)

(4.1) k(o(X)) = inc; J(%d@) — %@ A ()Z Jineg a(%d@))

defines a map of complexes r : (Vs (M), dy) — QT YH{ON)E,, d), inducing via the
isomorphism of Proposition a morphism

(4.2) k:HH(M) — H(A),

which does not depend on the choice of the connection © € QYT 1({0}),R). The mor-
phism k s called the Kirwan map.

The notation inc§o(3=d0) € Q*(J({0}), R) means that we substitute ;-d© for X in
incj o(X), taking the wedge product with the coefficients of the power series incg o (X).

4.1. Regular Kirwan map of a singular symplectic quotient. Let now (M,w, J) be
a general Hamiltonian S*-manifold, so that the symplectic quotient is only a stratified
space. To introduce the regular Kirwan maps appearing in Theorem [1.1] we will need the
following definition.

Definition 4.2. A connection © € Q'(J~1({0})™8, R) for the S'-action on J~1({0})™® is

said to have normal form near the singularities if for each F' € F? . . one has

inde

D% (Olupng-1(opres) = Ozplvenze,
where Ur C M is a neighborhood of F' as in Proposition and Oz, € OY(Zp,R) denotes
the connection form ([3.47)) over Zp C X via (3.7)).

Using a partition of unity, one readily constructs a connection with normal form near
all ' € F2 4ot

Definition 4.3. The regular Kirwan map is the map of complexes
(4.3) k2 (Q6 (M), dg) — (A7), d)

defined by the restriction of the formula (4.1) to the regular stratum J'({0})"# of the
stratification ([1.7) and using a connection © € Q'(J7~1({0})*¢, R) with normal form near
the singularities in the sense of Definition [4.2]

The following result will be used in a crucial way in Section [5.4] to establish Theorem
on the topological interpretation of the asymptotics of the Witten integral, which forms
the core of the proof of Theorem [I.1}
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Lemma 4.4. Let 0 € Q5. (M) be such that for every F € F})

2 dot We have incp o = 0. Then
for all m € N, we have

(4.4) / e k(dgo) =0,
MyE

where K : V5 (M) — Q(A™*) denotes the Kirwan map (4.3)).

Proof. Let F € FQ o Recall from that the diffeomorphism ®p of the local normal
form of Proposition sends Zr N Vg to J1({0})™8 NUg, where Zp = Q3 ({0}) \ F has
been introduced in Equation . Keeping in mind the coordinates , for any small
enough ¢ > 0 let Br. C J'({0}) N Ur be the neighborhood of F' defined by

By = { e T ({0)) ' D71 (2) = [y ] with /Tt oy o o < } .

Let © € Q' (J1({0})™8, R) be a connection for the S'-action whose restriction to J 1 ({0})"&N
Ur pulls back along @ to the connection Oz, € Q'(Zp, R) introduced in (3.47)), and write
op = incpo € U5 (F), as well as incy : J1({0}) — M for the inclusion map.

Using Proposition and the fact that the Kirwan map is a map of complexes we
can now apply the usual Stokes’ theorem to get

/ e k(dgo) = / e Y k(o) A O
A 7oy

= lim e k(o) A O
ST U Upero  Bre

= Z lim e (g) A O

e—0
0 BBF,
FE]:indcf ©

— lim eI () A dO
TSI {ONUperp  Bre

= Y im [ eeingo(o-de) a6,

e—0
0B
0 F,
Fe‘Findef c

where the second term of the third line vanishes since the integrand is basic for the S*-
action and therefore its top form component is zero. Next, we define for all small enough
g > 0 the diffeomorphism

Z)Rg :Sp — @}1(63}775) = \IIF(SF X {5} X {O}) C Zp C EF,
p= [p7 w] — \I/F(p,é,O) = [p,ew]
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analogous to (9.31)) using the diffeomorphism Vp from (3.48), and we pull back along
Opobp. to get

. b* 7 % * i 7 % T %
(45) / e emwoli(dg()') = Z ll_I)I(]) eme,swEF bF,ch)FO-\UF (%deﬁ@Zp) A bF,z—:@ZF‘
i FEF ) det Sr

We now investigate each of the three pullbacks along BEE on the right-hand side. From

(3.38), (8.33) and (3.32) we get as in (5.33)

(4.6) ~*F7ang = £°Incy, wert + V5, Wr-.
Similarly, (3.47)) implies
(4.7) 0397, = Os,..

Furthermore, we claim that for any differential form o € Q*(M) we have
(4.8) llgcl) B*Fﬁ(I)}osz =vg.ar in Q' (Sp),

where we write ap := incj a € Q*(F') and we use on Q*(Sr) the standard Fréchet topology
of uniform convergence of all derivatives, recalling that Sg is compact. To prove the claim,
we first note that it is enough to prove when a € Q°(M) = C®(M) is a smooth
function and the convergence takes place in the Fréchet subspace C*(Sp) C Q*(Sp),
since is a local formula involving pullbacks which commute with wedge products
and the exterior differential d, which is a continuous operator Q*(Sr) — Q*(Sr), and any
differential form of positive degree can locally be written as a sum of wedge products of
differentials of smooth functions. Now, by passing to a local trivialization of the fiber
bundle X over a local chart of F', the claim for @ € C*°(M) reduces to the claim
that for n,m € Ny, m > 0, the operator

b, : C°(R™ x R™) — C(R" x S™71), fr—0b.(f)(x,y) = f(x,ey),
satisfies for each f € C°(R"™ x R™) that

e—0

bo(f) == fo in C°(R"™ x S™71),

where fo(x,y) := f(x,0). One easily verifies that this holds, finishing the proof of the
claim.

Combining (4.6)), (4.7)), and (4.8) allows us to evaluate the limit in (4.5)), yielding

mw mri wr o« i
///{geg ek (dgo) = Z /SF e™sp FVSFJF(%dGSF) A Og, =0,

0
Fe‘}—indef

since o := incj 0 = 0 by assumption. This concludes the proof. [l

Lemma gives a partial cohomological interpretation for the regular Kirwan map
, since it shows that the integral of the left-hand side of does not depend on the
choice of a connection with normal form near the singularities. Theorem will actually
show a posteriori that the condition incy o = 0 is not necessary for to hold.
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4.2. Kirwan map of a partial resolution. In order to compare our results with those
in [29], let us now discuss the Kirwan map of a partial resolution. Suppose that J~*({0})
is of indefinite type, and recall the notations of Section [3] For any connected component
F e F° of the set of fixed points M5" contained in J'({0}) we consider the complex
blow-up

(19) Bs, e —

of ¥ along its zero section F' C ¥ in the sense of [I2], Section 8], which is equivariant with
respect to the S'-action considered in Section |3| The strict transform of the submanifold

Zr C Y introduced in (3.6)) is defined as the closure Zp := ﬁ;(Z F) C ¥ r and inherits
F

a natural structure of a smooth S'-submanifold of 5. Setting F® := UpcroF C MS" we
then define the complex blow-up of M along F® C M as the unique S'-equivariant map

(4.10) B:M— M

which restricts to an S!'-equivariant diffeomorphism over M \ F° and which, over each
open set Ur C M as in Proposition is given by the map BEF over Vg. Like Zp,
the strict transform Z of the subset 7 1({0})™ C M is defined as the closure Z :=

B-1(J-1({0})™8) C M and inherits a natural structure of a smooth S'-submanifold of M.
Since the S'-action on Z is locally free, one is led to the following definition.

Definition 4.5. The partial resolution of the symplectic quotient .#, is defined as the
orbifold

% = 2//5'1 ,
together with the map [ : j/(; — M, induced by the map (4.10) after taking quotients
by the S'-action. The unique form &y € Q2 (4, R) satisfying

Towo = inc frw,

where 7 : 7 —s //?5 denotes the quotient map, is called the degenerate symplectic form

of %0.

Partial resolutions were introduced for arbitrary compact Lie group actions by Kirwan
in [21] in the algebraic case and by Meinrenken and Sjamaar in [29, Section 4.1.2] in the
symplectic case. As it is explained in [7, Corollary 3.14], our definition agrees with this
definition in the case G = S*.

We now define the following alternative notion of a Kirwan map for singular symplectic
quotients by an S'-action, even though M does not admit a canonical structure of a
Hamiltonian S!-manifold.

Definition 4.6. The resolution Kirwan map is the map

(4.11) Ri=kof": H\ (M) — H(A))
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—~

where 5% : HS (M) — Hg’l(ﬂ) is induced by the map (4.10) and « : Hg’l(ﬁ) — H(AH)
is defined at the level of complexes by the formula (4.1)) with inco : 7' ({0}) — M replaced
by the inclusion map incz : Z — M.

The following result gives another topological interpretation of the regular Kirwan map

(4.3]), strenghtening Lemma under an appropriate combinatorial condition on the S!-
action around the fixed points.

Lemma 4.7. With the notation of Section[3.1, assume that the weights of the S*-action
satisfy the condition
#W*E O HWC
ZkeW+ ‘k| a ZkeW* ’k|
for each F € F ;. Then, for any connection © € QY(J1({0})¢, R) with normal form

near the singularities in the sense of Deﬁmtion there exists a connection © € Ql(g, R)
for the S'-action on the strict transform Z satisfying

(4.12)

(413) @‘ﬁ—l(j—l({o})reg) - (5‘5_1(j—1({0})reg))*@ .
In particular, for any o € ¥, (M) we have

(4.14) ///, (o) = /,;; (o).

Proof. Let F € F2 ¢ and equip the complex vector bundle vp : 3p — F with the Her-

mitian norm \%H - |7 defined by Equation (3.11)). Write vy, : %% — F for the associated
unit sphere bundle and consider the natural diffeomorphism

\I/yF . ﬂp X (0,00) —N—> EF\F

(w,t) — tw.
Then, the bi-ellipsoid bundle Sp — F' defined in (3.44]) satisfies S C .#%. Next, using the
notation (3.35)), let us set

1
(4.16) Oy, = 5 inc’,, (af +ayp) € Q(SF, R).

Comparing with Equations and (3.41]) one gets the identity Og, = incg, ©.,, while
via the restricted diffeomorphism (3.50) one has V.07, = prg _Og,. On the other hand,
by Definitions and one readily checks that is basic for the S'-action over
Zr induced by multiplication with > € C* for all § € R/Z if and only if the condition

(4.12) is satisfied. Write 97 € QY(3Zr\F,R) for the unique form over the complement of
the zero section inside Xr satisfying W%, Jp = pr%, ©,. Then, according to [I2, Section

(4.15)

11] there exists a unique form Ip € QY(Sp, R) satisfying

Vrlsc (spvmy = Bs,lsgt (spvm) Or -
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By restricting Ur to Zr C S one gets a form Oz, € Ql(Zp, R) satisfying
07 lozt (20) = Bsplozt (2)) Oz
F F

In view of Definition 4.2|of a connection © € Q'(J ' ({0})™8, R) with normal form near the
singularities this concludes the proof of (4.13]). Formula (4.14) is then a straightforward
consequence of the Definitions[4.3] and [.6]of the regular and resolution Kirwan maps, using

the fact that 8y (.#,®) is of full measure inside .. O

Lemma shows that, under the combinatorial condition , the first term in ([1.10))
can be interpreted topologically in terms of the partial resolution .# of .# introduced in
Definition We will show in Section that this condition is actually realised on a
large class of examples.

Remark 4.8. It is instructive to compare the resolution Kirwan map of Definition
with the Kirwan map considered by Jeffrey, Kiem, Kirwan, and Woolf in [I7] in the case
G = S'. They work in the complex case, so that .# is obtained as a GIT quotient by a C*-
action of a smooth projective variety M, and work instead with the so-called intersection
cohomology I H*(.#,) of the singular quotient. Relying on the fact that the intersection
cohomology naturally occurs as a summand inside the usual cohomology H* (///0) of the

partial resolution .7 of Definition 5, they consider the canonical map
(4.17) Krg: HE(M) — H*(.///o) — [H* (M),

obtained by composition of the resolution Kirwan map x : H¢, (M) — H (/Z/(;) of Defini-
tion 4.6| with the canonical projection from H*(.#;) onto the summand I H*(.#). Never-

theless, in the general symplectic setting, the relation between [ H*(.#y) and H*(4y) is
not as clear as in the complex setting considered in [I7], and there might not be a canonical
choice of an intersection Kirwan map in general.

5. ASYMPTOTIC EXPANSION OF THE WITTEN INTEGRAL

We shall now introduce the Witten integral, which is our main tool in our approach
to geometric quantization of singular symplectic quotients. We work in the setting of
Section so that G = S! and the identification g ~ R of is understood. Recall
in particular the identification of Q% (M) with the space of S'-invariant differential
forms with values in entire analytic series of the variable € R, and the identification

(2.11)) of the moment map with a real-valued function J : M — R.

Definition 5.1. For any equivariantly closed ¢ € Q% (M) and any test function ¢ €
CP(R), the associated Witten integral depending on a parameter m € N is given by the
formula

(5.1) (o= [ | [ emmetensya)| o) v,
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The precise form of the exponents in is determined by our conventions in ([2.10]) and
(2.1)), as it is crucial that w(X) := w+2miJ (X) € Q% (M) is equivariantly closed. In (.1,
¢ € CX(R) plays the role of a test function at which the distribution W,,(¢) € D'(R) is
evaluated, and this distribution is the object that we are primarily interested in, the main
goal being a description of the asymptotic behavior of W,,(g) as m — oc.

The analytic difficulties underlying the study of the asymptotic behavior of the Witten
integral have already been overcome in the previous work [6]. In that work the problem
of deriving asymptotics of as m — oo is considered in the more general setting of
studying the asymptotic behavior of so-called generalized Witten integrals

(5.2) / /M eV () dM (p)(z) de

as € — 0T, with amplitudes a € C2°(M), ¢ € C°(R), and phase function ¢ € C*(M x R)
given by ¢ (p,z) := 2nJ (p)(x), dM := w"/n! being the symplectic volume form on M.
Since the critical set

Crit(¢) = {(p,z) € M x R : dip(p,z) = 0} = {(p,x) € T '({0}) x R: X, = 0}

is not clean unless 0 is a regular value of 7, the stationary phase principle cannot be
applied.Instead, a complete asymptotic expansion for integrals of the form was derived
in [6, Theorem 1.1] via a process called destratification, the coefficients in the asymptotics
being given by integrals over the strata of the singular symplectic quotient .#,. From this,
the existence of an expansion of , and also some rough properties of its coefficients, can
be inferred. However, within that more general framework the equivariant-cohomological
interpretation of the coefficients in the obtained expansion remains elusive. Therefore, we
shall not use the results derived there but proceed from scratch, based on the fact that the
amplitude in the Witten integral is an equivariantly closed form, which allows a simpler
and concise treatment.

5.1. Preliminaries. We begin now with the study of the asymptotics of the Witten inte-
gral . Conceptually, we will follow the method of Meinrenken in [27, Proof of Theorem
3.3], the crucial idea being a retraction onto the zero level set of the moment map and
the use of the equivariant homotopy Lemma [2.3] and equivariant Stokes’ Lemma [2.2] com-
bined with the classical stationary phase principle. But since we do not assume zero to
be a regular value of the moment map, the situation is much more involved. In fact, we
will combine a retraction onto the regular stratum of J~'({0}) with retractions onto the
several components of the singular stratum of J!({0}).

As a first step, we choose — once and for all — for each F' € F open sets Ur C M and
Ve C X as in Proposition [3.2. For technical purposes, we choose them small enough
such that the symplectic form (3.40)) is actually non-degenerate on a slightly larger tubular
neighborhood IN/F C X of the zero section~of Y.p containing V , so that Proposition
applies to a corresponding neighborhood Ur C M containing Uy with a symplectomor-
phism & : Vg — Up extending ®r, while keeping the sets Ur obtained for the different
F' disjoint. This setup will be kept fixed in all of the following.
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Lemma 5.2. There exists 6 > 0 and an S'-invariant open neighborhood W C M \ M5!
of T7YH{0})™8 together with a retraction rety : W — J1({0})™8 and an S*-equivariant
diffeomorphism

(5.3) Oy W = THH{0})™8 x (=6, 6), p — (reto(p), T (p)),
such that for all F € F2 s we have @1 (Up N W) C Lpee and
(54) CI);I o (I‘et0|Ume) =rety, o @;1|UF|"]W7

while W N Up = 0 for all F € FO,.

Proof. Let g"™ be an S'-invariant Riemannian metric on M satisfying (g™ |5 ) =

g™ in the local normal form coordinates of Proposition for all F € F. Write
grad J € C*(M,TM) for the associated Riemannian gradient of J : M — R, and let
€ € C°(M\MS", TM) be the vector field

55 R

|grad jHETM?

where we use that the Hamiltonian S'-action is locally free on M\ M 5! so that grad J is
nowhere vanishing on M\M?>". The vector field (5.5) is transverse to J ' ({0})™¢, satisfies
dJ & =1 over M\MS', and in view of (3.27) is mapped to the vector field a% by the

diffeomorphism of Proposition over Up C M for each F € FL 4o~ From this explicit
description near each F € FP,. and the fact that the set K = J1({0})& N (M \

11

Upe Fo Ur) is compact, it follows that there is a § > 0 such that the flow <I>f of £ is
defined on J~1({0})™® for all t € (—4,d). Consequently, the smooth map

¢ TH{0})"E x (—6,6) — M

(pst) — 5 (p),

is a diffeomorphism onto its image satisfying J(®%(p,t)) = t for all p € J~*({0})*8 and
t € (=6,9). Setting W := im(®%) C M, we define the diffeomorphism (5.3) to be the
inverse of ([5.6)). Recalling the definition of rety, in (3.49)), all claimed properties except
the last one are satisfied by construction. Finally, note that K is disjoint from | J, 7O Ur

simply because J~'({0})"® is disjoint from Up when F is definite. So it suffices to take 8
small enough to get that W N Up = 0 for all F € FJ;. O

(5.6)

The following simple consequence of the equivariant Stokes’ Lemma and the equi-
variant homotopy Lemma[2.3| will allow us to greatly simplify the computations of the next
section.

Lemma 5.3. The Witten integral of Definition[5.1] only depends on the equivariant coho-
mology class of 0 € 05 (M) inside HE, (M ). Moreover, each equivariant cohomology class
in HE (M) has a representative o € Q¢ (M) satisfying

(5.7) % (0lvy) = (5, incpo)lv,  for all F € F°



34 BENJAMIN DELARUE, LOUIS 100S, AND PABLO RAMACHER,
and
(5.8) olw = ret{ing; o,

where tety : W — J1({0})™8 is as in Lemma with a suitable 6 > 0 and incy :
“1({0})¢ — M denotes the inclusion map.

Proof. The first claim is standard. Indeed, let o € Q% (M) be equivariantly closed. In view
of the fact that e>™mJ7@em» € % (M) is equivariantly closed, Lemma [2.2| implies for any
equivariant form v € QF, (M) that

to+dgn).op = [ | [ emmdemay + [ ermedemago] o) o
:/R /M eQWim‘”Jem“Q(x)—I—/Mdg(e%imzjemwv(x))] o(r) dx
= [\ emmeteneua)] ota) e = o) o),

proving the first claim of the lemma.
Let us consider now an arbitrary equivariantly closed ¢ € Q% (M). To prove the re-
maining assertions of the lemma, we need to construct an equivariantly closed o € Q% (M)

in the cohomology class [p] € Hg, (M) satisfying (5.7) and (5.8). Using Lemma with
N = F and Uy = Up we get for each F' € F" an equivariant form vp € Q% (Vr) such that

(5.9) p(0lg,) = (va, Incp 0)ly, +dgr -
Let xr € C°°(M) have compact support in U r and be identically equal to 1 on Up. Setting

ZXF ’YFEQSI(M)a
FeFo

the equivariantly closed form o := p — dyy € 0%, (M) satisfies % (0lv,) = (v5,, inck 0) v,
But vy, o @' o incp = incp, so that (5.9) implies for each F € F°

incy dyy = incpo — inc}(@;l)*((ygFinc}@h;F) =0,

yielding inc}.p = incj0 and consequently
(5.10) % (0luy) = (v5, inck 0)|v; -

Next, choose 6 > 0 in Lemmaﬂ such that it applies also with a slightly larger 5> 6and
gives us two correspondlng retractions rety : W —J- L({0})e and retg : W — J1({0})™®
from open subsets W, W C M onto J- L({0})™s such that reto|y = rety. Let W be the
closure of W in M. Then the compact set W\UFEF) U lies in ]\4\]\451 and its intersection
with J=1({0})™® is compact. By making §, and hence W, smaller while keeping 5 fixed,
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we can therefore achieve that W contains W \ Upero Ur. Using Lemma again, now
with N = J71({0})™8 and Uy = W, there is a form o € Q% (W) such that

(5.11) 0l = ety inct o+ dyo .
On the other hand, for any F € F?

indef ON€ has vy oincz, oretz, = vy, x,,, so that from

(5.10) we deduce that ED}(QWHUF) = rety_incy (TD*F(@T/WOUF) for such an F. Thanks to
Lemma [5.2| we therefore already know that

aWnUF = (ret0|/m7erF)* inCS(@WnUF)'
Invoking the second part of the equivariant homotopy Lemma and recalling that W
is disjoint from Uy for each F e Fos, we can thus choose o in Equation such that
liny, = 0 for all F e FO. Let x € C>(W) be identically equal to 1 on W \ Upero Up.
Then we can extend o by 0 by setting 0 := xo € Q% (M), and ¢ := 0 — dygo € Q5 (M)
satisfies the properties and . Since it differs from o € QF, (M), and hence from

0 € Q5 (M), by an equivariantly exact form, [o] = [o] € H (M), which concludes the
proof. O

Conceptually, this lemma implies that when computing the Witten integral we can make
the following assumption, which will lead to substantial simplifications later.

Assumption 5.4. The equivariantly closed form o € ¥, (M) in the Witten integral (5.1)
satisfies the conditions (5.7) and (5.8)).

In order to obtain a meaningful geometric interpretation for the asymptotic expansion
of the Witten integral, we will also make the following assumption.

Assumption 5.5. The test function ¢ € C°(R) in Definition[5.1] is identically equal to 1
i a neighborhood of 0.

Next, we choose a § > 0 as in Lemma and a cutoff function 7 € CX®(R) with
supp 7 C (—d,0) such that 7 = 1 on [—§/2,d/2]. Since €™ is a polynomial in m € N,
the non-stationary phase principle implies that as m — +o00 we have for any equivariantly
closed p

512 (o) = [ [ [ emmaensgta) ro 7| ofa) s + Om),

so that the integral localizes around the zero level set 7~ *({0}) € M. Now, since M
is compact, we can take § small enough such that with the coordinates defined by the

diffeomorphisms (3.42)) and (3.48)) introduced in Section , we can define for every F' € F°
cutoff functions xyp € CX(Ur) and 7p € CX(Vr) by the characterizing relations

(tpoWUr)(p,r) =7(r*/2), (p,7) € Sp x (0,00), for ' definite,
(5.13)  (tpoVpr)(p,r,q) =7(r)1(q), (p,r,q) € Sk xR x (0,00), for F indefinite,

Xro®p=Tp.
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Note that, as 7 equals 1 near 0, the functions xr and 7z are well-defined by even
though the coordinate r (in the definite case) and the coordinates r, ¢ (in the indefinite
case) are only available on the subspaces Ype C Xp and Ypee C X, respectively.

We then decompose the integral in further as

Walo).0) = [ [ | emmetenegta) (Toj— > x)] o) da

FeFo
—(WIE (o). )
4 Z / |:/ QFimxjemwQ(l') XF:| gb(,?j') dr + O(m_oo)
FeFO0 ~~ d

=:(WE (0),4)
We then obtain
(5.14) Winl0): 8) = W5(0): ) + 3 Wile)s0) + Om™),

FeFo

where by pullback along ®r and thanks to Assumption we have

(5.15) oo = [ | [ g () e o)

5.2. Definite fixed point set components. Let us begin with the simpler definite case,
so that F' € F3;. Then either F € F{ or F € F°, depending on whether F' is positive or
negative definite. Recall also that we have J~ ({O}) NUp = F, which is fixed by the action

of S1. Pulling back the inner integral in (5.15]) along the diffeomorphism U r introduced in
- taking into account Diagram (3.43)) and the fact that ¥, has full measure in Xp,

and using ) and - we get
(WE (o), ¢) = / {/S . )T(T2/2)€i2ﬁimgr2€m\l’}(w2}?ZFo)]ngX(Opo)QF(SC) o(z)dx if F e Fy.
FX o0

Corollary [3.6] implies that

2

+pry dOs, if F e Fy,

(5.16) Vi (Wspler,) = Vepx(0,00wWr £ 17dr Aprg, Os, 5

so that expanding the exponential series and taking into account the fact that the first and
last terms of the right-hand side of ([5.16|) have no dr part as they are pulled back from F
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and S respectively, we get

(5.17)

kb1 )
Z im / { / 7(r? /2) e imer? S 0,008
R LJSpx(0,00)

00
k=0

Aot
V;FX(()’OO)QF(:U) o Edr A Og 7=2k+1:| é(z) dz

00 k+1 00 ) d@k
_ (E) / / eimsSkT(:l:S/<27Tm)) |:/ emVSFwFV;'FQF( ) @SF:| ¢($) ds dzx.
k=0 2 RJ0 o

Here we performed the change of variable s = mzr? in the last line. Note also that the
infinite sum in has only finitely many non-zero summands because d@’gF = 0 for

Recall now that the Heaviside function H : R — R is defined by H(s) =1 for all s > 0
and H (s) = 0 otherwise. Using a standard formula for its Fourier transform as a tempered
distribution [I4, Example 7.1.17] and the fact that 7 € C2°(R) is identically equal to 1 on
(—0/2,0/2), one gets for any k € N and any Schwartz function ¢ € S(R) as m — oo the
equality

/OOO/ReﬂsxskT(:l:s/(Qﬂm))w(x) dxds:/ooo skzﬂ(ZFs) ds—i—/ooO (T(%s/(2mm)) — )Q[}( s)ds
= (¢1)k<qu($Q),zﬂ> +O(/mms K[ (Fs)| ds

(5.18) — (di)F+ k! <g;(’“+”, ¢> +O(m™),

where we used that 1& is rapidly decreasing and introduced the distribution 2" defined by
(5.19) 27" = lim (z i)™,
e—0t

which satisfies the standard relation %@1’“ — —ka "' for all k € N as distributions. More
generally, for any absolutely converging Laurent series P(x) = Z;’i N @ 27, we will write
P(z_) for the distribution defined by

(520) <P(li),@/}> = i: a; <£wa> + <Z (LjfL‘j,@/J> .

j=—N Jj=0
We thus get from (5.17) that as m — oo
I * mrg_w G (Zd@S )k i —c0
Wn(0), ¢) = </SF vspor(x) e srt %TJ%@SFﬁ +O0(m™>)

(5.21)

L0
_ </ ST Vg op(x )%,@ +O(m™) if FeF,.
Sk Ly — Ed@sF
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Remark 5.6. Adapting the proof of Duistermaat and Heckman in [9] (2.11)-(2.31)] one gets
from the first line of ((5.21)) that

(5.22) w0 = [ T8 o) o) it Fe R

er(zy)

where ep(x) € Q5L(F) is the equivariant Euler class of the normal bundle vy, : ¥p — F.
Note that the integrand coincides with the integrand appearing in Berline-Vergne local-
ization formula [3], and one can actually see that our method does provide an alternative
proof of it. In the application to the computation of the Riemann-Roch numbers in Section

6.1}, we will not use Formula ([5.22) but instead provide a direct proof based on (j5.21]) and
the Kirillov formula of Theorem 2.0

5.3. Indefinite fixed point set components. Let us now deal with the indefinite case
F € Findet, s0 that £ > 0 and ¢ > 0. Using the diffeomorphism ¥z introduced in ([3.48))

and the coordinates (3.27)), the integral (5.15) becomes

(5.23)

(WE(0), &) = / [ / o T ) n(2) | o)

Now, by Corollary [3.7] we know that
(5.24) Uh(wsplsp.,) = Ty.incy ws, + d(q prgF@sF) + ngF
where

Br = (Vrt+ ¢ = r*)pr, Bs, € Q' (Sk x (0,00) x R)S,,

is a basic form in the sense of (2.5), so that in particular dfp = ngF by Definition
Since

2r3dr + qdq

NGEY

both Br and dyS3r have bounded extensions to the manifold with boundary Sg x [0, 00) x R.
On the other hand, the summand d (q pry, @SF) is constant with respect to r, and the fact
that the summand 77} _inc},_ws, is bounded as r — 07 follows from (3.30)) in view of (3.40)

and (3.39). Inserting ([5.24)) into ([5.23|) therefore yields

(5.26) W (0),0) = If (m) + Iy (m),

(5.25)  dyBr = dBp = (\/1* + ¢* — r*)pr,dOg, + < —2r dr) A prs, Os,,
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where the integrals

HEEIAY) T e S O (@) 0()
X (0,00) X

[f(m) ;:/R {/S o RT<7")T(Q)ezmquemﬁFinC*ZszFerd(qprgFesF)Vgpx(o,oo)xRQF(x)
FX(U,00)X

(emdﬂBF - 1)] o(z) dx
are absolutely convergent.

5.3.1. The integral I (m). Let us first turn to the integral IT'(m). Here we closely follow
the method of [27, Proof of Theorem 3.3]. Isolating the dg part in (5.24) and expanding
the corresponding exponential series we get

© k1l
F m k _2mimx *
=3 [ et on)

k=0 Fx(0,

"2 M Ze R g dos, @SF] ¢(x) dx
_ - mk+1 k 2mimaq, * mW¥Linch ws k
= Z qe Vs X(OM)QF(x)T(Q)¢(x) dgdx | T(r)e PP dOg, Oy
K Jspx(o00) LR e ) "

-~

=:1(m)

Here we took Diagram into account. Note that, as before, the infinite sums occur-
ring here are actually finite because d@’;F = 0 for £ € N large enough. Moreover, the
integrand of I(m) depends on the external parameters (p,r) € Sp x (0,00) only via the
POiNt Vs, x(0.00)(Ps ) = Vs, (p) € F, so that I(m) is constant with respect to r € (0, 00).

Applying the classical stationary phase principle [I4, Lemma 7.7.3] to I(m) while taking
into account Assumption [5.5] we get

- ik OV% - (0.00) OF .
10m) = i S0+ Om™),  m— oo,

the estimate being uniform on Sy x (0, 00) because Sy is compact and I(m) is constant
with respect to r € (0,00). This yields

mW¥iinct, w * [ —00
IlF(m) = /; 0 )T(T’) e F " Zp EFVSFX(O,OO)QF <%d@SF) @SF + O(m )
F ,O0
mincy, w * i —c0
(5.27) :/Z T(r)e" " 7r EFVZ;;QF(%CZ@ZF) Oz, + O(m™™)
F

m inc* w. 7 _
— e J-tqonreeTinet, _ re <—d@> O+0(m ™).
/w({o})reg - THOp e\ o (m™=)
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Here, in the second line, we consider r as a coordinate on Zz using the diffeomorphism ¥
from ((3.50). The third line is obtained by pullback along the diffeomorphism @;1, taking
into account Assumption E . the last line in Equation (5 , and the fact that yp
is supported in Up.

5.3.2. The integral IF (m). Let us now turn to the integral I (m). First note from (5.24))
that in the coordinates (3.27)) defined by the diffeomorphism ([3.48)), the equivariant form
(5.28)

eQwiqueﬂ'}Finc*ZszF+d(qpf,*gFeSF) — \I,}(e2ﬂ'im%QF€mw2F)€*dgﬁF c le (SF % (0, OO) % R)

is equivariantly closed. Note also that

n n

_ 1 mk 5 ke
(5.29) e — 1 = Z 7 (mdefr)* = g( k—ﬁ 1 (dyfBr)" 1)
k=
B
is an equivariantly exact form. By (5.25)) one concludes that
(530) Bm F=m Z k‘ r4 —+ q —-r ) (prng@SF)kflpr*SF@SF

has a continuous extension to the manifold with boundary Sp x [0,00) x R. Consider
further for e > 0 the manifold with boundary Sg X [g, 00) X R, together with the canonical
parametrization of its boundary given by the orientation preserving map

bpe: Sp xR — Sp x {e} x R = 8(Sp x [¢,00) x R),
(P, q) — (p,€,q).

Using Lebesgue’s convergence theorem, Lemma , and the fact that the form (5.28)) is
equivariantly closed we get as m — +o0o

(5.31)

. . * M * d >k @
I} (m) = lim [/ 7(r)7(q)e¥ imea  ap Nz p W Rp T (aprs, Osp)
€20 JR [ JSpx[e,00)xR

o0 a2 80)
—i [ |/ T
=0 Jg SFX[e,00)XR
P Vg a0y cs26(2) ) | 0 do = RE ()
— lim |:/ b;g <7_(r)T(q)62m‘qu6mﬂ'}Finc*ZngFerd(qpr’éFG)sF)
SpxR ’

e—0 R

Bm,F VA;FX{E}XRQF(:C))} (b(l‘) dx — Rg(m)v
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where we wrote

(5.32) RF // T(T)T(q))627rz‘mmqemrr}FinC*ZFWZF+md(qpr§F®sF)
Spx(0,00) xR

BW%F U»;FX(O,OO)XRQF('I)¢(ZE) dx.

Now, notice that (3.38)), (3.33)), and (3.32) imply that wyet is homogeneous of degree 2
with respect to scalar multiplication in the fiber, so that according to the definition (3.40)

of wy, one has
* * e * 2 ks * * *
(5.33) FeT 7, NCy W, = €7Prg INCq, Wyert + Pr'g, Vg, WF-

Taking into account ([5.30]) and expanding the exponential series we therefore see that with

TF 2mimxq - |q|kmk+1 mrg wprp+mgqdOg oy k—1  * =
I (m) = e E B e 5 e (d@SF) Vsp QF(x) @SF @SF
R2 . SF

: r(q)é(x) da dg

we obtain
(5.34) Iy (m) = Iy (m) — Ry (m).

Separating the sum over k into even and odd indices and using the sign function sgn : R —
R defined for all ¢ € R by sgn(q) := H(q) — H(—q), we rewrite I’ (m) as

ff(m) =m e2mqu7'(q)/ eMVSpWF Vs, 0r(7) (x) Og, Og,
Sk

RQ

46 - q mk "L FmP i
e™1Psr |sgn(q) d@sF Z dq dz
kk(?dd k even
—m [ @) [ onls) o) 0, B,
R2 Sp
n mqdot mqdOg maqde
q”km]”“ o1 M1 e sp — 2M44Osp
(5.35) [sgn Z d@s + — dq dx
k! F

et k! 2dOg,.
% odd

where we used the fact that, by the definition of Og, and Og, in (3.46)), one has

n qkmkd@k—l B equGSF <equ@sF -1 N e—qu@sF o 1>
e T2 dOs, dOg,

ema d@sF

€qu®§F + emq dG)gF _9 equ@SF
2d0s,

Expanding the exponential series and applying the classical stationary phase principle [14]
Lemma 7.7.3] to the second term in the square bracket of (5.35) yields the asymptotic
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expansion
mq d@;,r mqdOg mqdOg
2mimazq * € rte r - 2e !
m e 7(q)v ) o(x — dq dx
) (@), 06 (2) H() = a

2d0Os,

where the remainder estimate is uniform in the base point in Sg because the latter is
compact. To deal with the first term in the square bracket of (5.35) we note that with the
substitution s = 2rmgq and ({5.18]) one computes

[ emmeanta) v, ox (o) dle)senla) ¢ da o
R

- |
N 2<27:m>J+ H(j + k) (2D o (x) ¢(x)) + O(m™),

where we introduced the distributions

(5.36) zFi= (2" +27%), kel

N | —

We will also use the notation (5.20) with the distributions (5.36). Expanding " 57"

separating powers of m, and recalling Assumption we get from ([5.35)) the asymptotic
expansion

i / g wor Vi 0P (3:405,) + V5, 0r(5;405,) — 25, 0r(3;49s;)
S

i Oq.6
: 2d0s, Sr 5r

N Njrk+1( !
— J —+ k) (s MUy Wwp ok ] [=) - [e)
oy () Mﬁ ) <_ (i), / "5 v, 0 (1)d0%, (485, ) O, @sF¢<x>>
jk=0 o "
k odd
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up to terms of order O(m~=>°) as m — oo. Let us now simplify (5.37)) with the help of the
binomial theorem by writing for x # 0

J+k+1
22 (J+ k) (3 )

‘ k" I*J'H{:-i-l

d@gF (d0s,)" 05, Og,

7,k=0
k odd
(J + k) dOy, (d0s,)" — dO%, (~dOs,)* =
Goo TR (—2mix)J dOg,
- (d@SF + d@SF)T — (d@SF — d@SF)T —
= - — @SF G)SF
p— (—2miz) 1 dOg,
_ Osp @SF ( 1 B 1 >
~ dOs, \ —2miz — (dOg, +dOg,) —2mizx — (dOs, — dOg,)
295 39,

T o — 2dOL x— dOg,’
where in the last step we used the definitions of Og, and Og, given in ([3.46). Using the
exceptional Kirwan map introduced in (1.11]) we finally arrive at

(5.38)

- . Lot Loy
[2F<m> - / "S5 Kp(or) + / emVSFWFVg or(z ) 27ri o F 27rz’ o —, ¢
Sr SF - ﬂd@SF L= %d@sF
+ O(m™).
This deals with the first term of the right-hand side of ([5.34)). Using equations (5.13)) and
- the second term RY(m) given in - is seen to be equal to

(5.39) / / (dxr) mmad el . 1 o(x)g(x)da

where the basic forms fp, Bpnp € Q*(Up\F)S., are characterized by ®%8p = (W5!) B

and @}ﬁm ri=(Vx ) B With @ restricted to VMY ree; they can be extended smoothly
from ®p(VepNXE F..) to Up\F' thanks to Formulas (5.3]) and (5.30]). Collecting everything
we finally get

(5.40)

IF(m) :/ emyngFmF(Qp) + / em”Sprl/; or(z ) ﬁZ@;rFJF #Z@LEF_ , O
Sr SF - ﬂd@SF L= %dQSF
— RY(m) + O(m™).

5.4. Full asymptotic expansion of the Witten integral. Let us now combine the
computations of the whole section to establish the full asymptotic expansion of the Witten

integral (5.1)).




44 BENJAMIN DELARUE, LOUIS 100S, AND PABLO RAMACHER

Theorem 5.7. Let ¢ be identically equal to 1 in a neighborhood of 0. Then, for any
equivariantly closed form o € 05, (M) one has the asymptotic expansion

(5.41)
Win(0), =/ k(o) + ) </ "I Yg, o1y ) — T, >
(W(0), ) P (o) . 5,08 ( i)zi_ﬁd@SF ¢

FeFl, FeF?

mrvy w mry w L6+ i@_
£ e heten) + < [ e o) e e ,¢>> +O(m™)
F ™ F = u F

0
Fe‘}—mdef

as m — +oo. Furthermore, each summand in (5.41)) only depends on the equivariant
cohomology class [o] € HE (M).

Proof. First, we prove ((5.41)) under Assumption [5.4 Having treated in the previous sub-
sections all terms in ([5.14)) except (Wr8(p), ¢), we are left with studying the latter integral.

To this end, we use the S'-equivariant diffeomorphism ®y, : W = J1({0})"& x (—4,0) of
Lemma 5.2 which provides the coordinate ¢ :== J(p) on W. This coordinate coincides for
all F' e 'E(r]ldef with the coordinate ¢ of (3.27)) via the diffeomorphism (3 when restricted
to UrNW. Now, following |27, Proof of Theorem 3.3], and analogously to Equation
one has

(5.42) wlw = retiinciw + d(qreti0) + dyf,

where incg : J _1({0})reg — M is the inclusion, © € Q'(J1({0})™, R) is any connection
for the S™-action on J~'({0})™ in the sense of (2.§), and § € Q*(W)b;S is a basic form in

the sense of (2.5)) satisfying incg 3 = 0. Furthermore, thanks to and comparing with
(5.24)), we can choose the forms in ([5.42)) in such a way that for all F € F2 4. we have

S5 (Olupng1(qoyyes) = (Vi)' Pr, Os, and  Ou(Bluzow) = (V5') P,
with @ suitably restricted. In the same way as in (5.29), let us write
emng _ 1 — dg/ém7

with B, € (W), satisfying &% (Bm|vprw) = (P51)*Bpn.p for all F € ]—'mdef In particular,
r~ecalling the definitions of the forms appearing in ([5.39)), we have that B = Br and B, =
Bm.r on Up NW. Following [27, Proof of Theorem 3.3], Wthh boils down to carrying over

the computations from Section [5.3] to the present situation, and using Assumption [5.4] we
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then readily obtain

Wio.0) = [

J-H({o})res

<1 - Z XF) emincéwmcgg(%d@) NS

FeFo
+ 3 [ [ @y emmeene oo + O )
FeFo/RIM
(5.43) = / <1 - Z XF) emimg“incgg(id@> A O+ RE(m) + O(m™>)
jfl({o})reg Fero 27T

as m — +oo, with RY(m) as in (5.39). Note also that the sums on the right-hand side
of can be restricted to FQ . since for definite F' one has yr = 1 on J1({0}) N
supp xr = F. Therefore, when inserting into the original expression ({5.14]) for
(Wi (0), ¢) while taking into account (5.2€]), the first term on the right-hand side of (5.43))
combines with the integrals IF"(m) computed in in such a way that all terms involving
the cutoff functions yr disappear. Similarly, the remainder term RE (m) appears in
and in with opposite signs and thus gets cancelled out, which leaves only the term

. Summing up, we get
Wale),6) = WEE(0).6) + 3 Wi @)+ 3 (I (m) + I (m)) + O(m™)

0 0
Fefdef Fefindef

_ minclw: L F TF
I A s I CEORED SRR Bl (0

FEFg; FEFD qet
+ O(m™)

as m — +oo. If we now insert the expression for the integrals (W (o), #) with
definite F' and the expression for the integrals IF(m) and apply Lemma to
the regular Kirwan map (4.3), we get the asymptotics for any equivariantly closed
0 € Q% (M) satisfying Assumption .

Let us now deal with the case of a general equivariantly closed form ¢ € 0%, (M) which
not necessarily satisfies Assumption[5.4} First, note that thanks to Lemmal5.3|the left-hand
side of only depends on the equivariant cohomology class of 9. On the other hand,
by the same lemma one can write o = 0+ dyf3 with ¢ € QF, (M) satisfying Assumption
so that we can apply to Whn(0), ) = (Win(d), ¢). Since the equivariant homotopy
Lemma implies that we can choose 8 such that fp := inc, S = 0, it follows from
Lemma that the first term on the right hand side of remains unchanged if we
replace o by 0; as o = 0, all other terms on the right hand side are also unchanged, and
we obtain for p.

Finally note that Lemma , applied to the S'-actions on S% in (1.9)) with connections
@§F, respectively, implies that all terms on the right-hand side of , except maybe the
first one, depend only on the equivariant cohomology class of p. Since this is also true for
the left-hand side by Lemma [5.3], this implies that the first term of the right-hand side only
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depends on the equivariant cohomology class of ¢ up to an error of O(m=>°) as m — +o0.
But as this term is polynomial in m € N, this error actually vanishes identically in m € N.
This concludes the proof of the theorem. O

Remark 5.8. Recalling the definition of Sp from (3.44), we see that Sp = S} xr Sy as
a fiberwise product, where we set S% := Pp X, S%~ 1. On the other hand, the 1-forms
@gEF are connections for the S'-actions on SF, respectively. Thus, adapting the proof of
Duistermaat and Heckman in [9, (2.11)-(2.31)], and using the multiplicativity of the Euler
class one gets from that as m — +o00 one has

Z /s Y5 K (or)

0
Fefmdef

BT 3 e

0 0 0
FeFi FeFy FEF jor

545 Waoho) = [ (o)

where ep(z) € Q% (F) is the equivariant Euler class of the normal bundle vy, : ¥p — F.
Note again that the integrands in the last terms coincide with the integrand appearing in
Berline-Vergne localization formula [3]. As already pointed out in Remark [5.6] we will not
use this fact for the computation of the Riemann-Roch numbers in the next section, but
instead provide a direct proof based on and the Kirillov formula of Theorem .

6. INVARIANT RIEMANN-ROCH FORMULA

In this section, we will proceed to the proof of our main result Theorem [I.1]

6.1. Asymptotics of Riemann-Roch numbers. In what follows, we will relate the
asymptotics as m — +oo of the G-invariant Riemann-Roch numbers of Definition for
G = S! with the asymptotics of the Witten integral . As in Theorem we assume
that the action of S' is free on J~1({0}) \ M°". Recall the identification sending
X € gtoxr e R and let Vj be a small neighbourhood of 0 € g such that exp : Vj — U, :=
exp(Vp) C S! is a diffeomorphism. Take 1 € C*(S*,R) to be identically 1 around e € S*
and compactly supported in U,. We then have the following

Proposition 6.1. Under the assumptions of Theorem [1.1 we have
(6.1)

1 Td(F) emwr
R ( ’ ) +F§0 F det Ep(l — gexp(REF/Qm)) dg+0(m

asm — +oo, where Wy, (0), ¢) is the Witten integral (5.1) evaluated on o(z) := Tdy(M, X) €

Qia (M) and 6(x) = v(exp(X)) € C2(Vo, R).

)



A RIEMANN-ROCH FORMULA FOR SINGULAR REDUCTIONS BY CIRCLE ACTIONS 47

Proof. Applying Theorems [2.10[ and [2.11] to (2.16) we get with (2.18)

RRSl(M,Lm):/S1 X" (g) dg:/U XM (g)¥(g) d9+/ X" (9)(1 = (g)) dg

Sl

:/ / Tdg(M, X) chy(L™, X) ¢(exp(X)) dX
(6.2) Vo IM - _
=(Wm(0))
/ / TA(MS") Trpm[g'] exp(—mRE /2mi) a
st Just dety (1 — gexp(R™ws" /27i))

—1(g)) dg.

To identify the second term of the right-hand side of (6.2) with the second term of the
right-hand side of (6.1]), first note that by the Kostant formula (2.12)) and the identification
[2.6) we have on M*

Trpmexp(—=X)] = *™meT
In addition, for each F' € F recall the isotypic decomposition (3.2)) of its normal bundle

Vs, @ Sp — F with respect to the induced S'-action, and write R*F = Y, . R for
the splitting of the curvature of the connection V*¥ in this decomposition. Recall from
Notation [3.1| that J : M — R takes a constant value on F' denoted by J(F) € R. Then,
partial integration with respect to x yields with as m — +0o

/ / Td(M5") Trpm[g~'] exp(—mRE /2mi) (1
st Just dety (1 — gexp(R™ws" /2mi))

_ Z /1/2 ezm'mj(F)m(l _ ¢($))/ Td(F) e™r _ o

—(g)) dg

6n T ~1/2 F [Teew det oo (1 — €27k exp(REF 27i))
6.3 F
1/2 Td(F) emer
= [Ca-ow [ B+ O(m™)
Fero—1/2 F [Teew det gy (1 — e2mike exp(R¥F /2mi))
F
Td(F) emer _
= (1-— / —dg+ O(m™>).

F;O/ det 5o, (1 — gexp(R>r /27i))

Bringing the computations (6.2]) and (6.3) together gives the result. O

6.2. Proof of Theorem [1.1I We are now ready to prove Theorem [I.I] combining Propo-
sition with the full asymptotic expansion of the Witten integral of Theorem [5.7] Let
o and ¢ be as in the previous proposition, and take ¢ € C*(S!,R) with compact sup-
port in the small neighborhood U, of e € S1, but such that e ¢ supp 15, and write
o(x) = Y(exp(X)) € C2(Vy,R) for the 1nduced function. Since ¥ + ¢ € CX(U,,R)
is identically 1 close to e, Formula (6.1)) also holds with the cut-off function v replaced by
P+ 1/; Therefore, taking the difference of the two resulting formulas, whose left-hand sides
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do not depend on the cut-off functions, Formula ((5.41)) applied to ¢ + ¢ and ¢ implies

)emwp
(6.4) / Wl / det s, 1—gexp(R2F/27”)) dg

FeFo
iQg. -
eMVSpY 0 — 2 PP h(x)dx
-> |/ Sror(e) o)

FeFS,;

2.9t 293 .
£ 5 e o) e (@) da + O(m )
Sr

—1JdOF 1 — LJ0-
FEF et 2 d@SF T d@sF

as m — —+o00, where we took into account that the singular support of the distributions
appearing in (5.41) is given by {0} C ]R so that they turn into regular integrals over R as
0 ¢ supp ¢ by assumption. Now, as (6.4)) holds for all test functions ¢ € Ce(Ue \ {e},R),
one deduces from this for x # 0 the 1dent1ty of Laurent polynomials

TA(F) em«r / LOg
— emVSFwFV* 0 27r‘ F
Z / . (k) . Z Sp Sk F( ) _ idGSF

rero T Ilien det n() (1 — ek exp(R*™r /2mi)) FeFd,

muSFwF * i@;}w i gF
" Ve 0r () T e o Taes
27 SF 2 SF

0
Fe}-mdef

since both sides are polynomials in m € N, so that the error term O(m~>°) vanishes.
Comparing this with the full asymptotic expansion of the Witten integral (5.41)) and using
the notation introduced in (5.20)), this implies

» Td(F) e >
Win(0), 6) = ° D o))
( (0),9) ///deg ek (0)+ Z </F erw det ng)(l — p2mikay exp(RE%)/QWi)) ¢

FeFl , FeF?

Td(F) emer > —
+ Mg + : )T |
Z / /{F QF) </F erw det z(k)(l — e2mikz exp( 2< )/Qﬂl)) ¢ (m )

0
Fej:lndcf

Plugging this into Proposition and expressing the distributions and - as
distributions on the Lie group S T we get

1
(6.5) RRSI(M,LW):/ "k (0) + lim/ Yo (€2 d
0

; +
//léeg o }_0 e—0
+ 1M/ (mmm+§:/"%w (or)
e=0t Jo 5 Sk
FeF_ FeF i aer

1

1 Vo . _ .
+ 3 ( lim / ng )( =€) dy 4+ lim x(m)(eZ’”“E) dx) +O(m™),
0

e—0t e=0t Jo
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(m

where X ) is the meromorphic function defined for any F' € Fj and z € C by
—(m Td(F)e™
2 (£)

(z) .:/ - :
F [1,en det Z%ﬂ)(l — 2k exp(RE%)/27ri))

Notice that the dependence on the test function ¢ has cancelled out in . Now, by
a result of Meinrenken in [27, Theorem 5.1], the left-hand side of is an arithmetic
poynomial in m € N, while the terms of the right-hand side except O(m~>°) are polynomials
in m € N; so that the error term in actually vanishes identically in m € N.

Note that, as seen for instance from [8, (2.5)], the poles of )A{%m)(z) are contained in
{0,1} C C. Therefore, with a change of coordinates the residue theorem implies that

1 ~(m)
, ~ : 1. ~ dz X (%)

1 (m)/ 2miz—e der = — 1 (m) ~Z —R F )

5—1>1’(I)17L 0 XF <€ ) v 21 é:l}(l)’lJr {|z|=e—<} Xr (Z) zZ Z:eos z
Using a change of variable z — 27! we get in the same way

1 ~(m)(2—1>

6.6 l YU (e2mie4e) dgp = Res M2 )
(6.6) Jim J Xk (e"7%) dz = Res =—
Inserting this in (6.5)) and taking m = 1 then finally yields ((1.10)). O

Remark 6.2. Note that Formula (6.4) can also be obtained from the formula for the Witten
integral given in Remark by using the explicit Formula for the equivariant Todd
class and the explicit formula for the equivariant Euler class following for instance [2, § 8.1].
This fact is actually at the basis of the deduction of the Kirillov formula of Theorem
from the equivariant index theorem of Theorem [2.11] In the definite setting of Section
our method actually gives an alternative proof of this fact, using the theory of distributions
instead of the standard methods of equivariant cohomology.

6.3. Examples. Let us close by illustrating Theorem through a family of examples.
Fix an m-tuple (ki,--- ,ky) € Z™ with m € N. We consider the product M = II7*,S”
of m 2-spheres S? endowed with the symplectic form w whose pullback to each S?-factor
is the standard volume form of volume 1. We regard M as equipped with the diagonal
St-action such that ¢ € R/Z ~ S' acts on the j-th sphere by a rotation of angle 27k;¢
around the z-axis of S? C R3. This action is Hamiltonian for the moment map

(6.7) T=> mT, = > ki,
j=1 j=1

where for any k € Z, the map J, : S> — R denotes the moment map associated with
the S'-action of weight k, which is explicitly given by Ji(z,y,2) = kz in the Euclidean
coordinates z, vy, z of R® D S2. The connected components of the fixed point set M5 are
all isolated points, given by products of north and south poles, and the constant term
subtracted in ensures that at least the product of all north poles (where z = 1) is
contained in J~*({0}), with weights counted with multiplicity given by (ki, ..., k) € Z™.
This shows in particular that any given set of weights W C Z with any multiplicities can
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occur. Theorem then provides an explictly computable formula for the S!-invariant
Riemann-Roch numbers RR(M, L)', and under the combinatorial condition the
regular term can be expressed in terms of characteristic classes involving only the topology
of the resolution ..

In the particular case of M = S? x S? with weights ki = —1 and ky = 1, the partial
resolution ///0 is diffeomorphic to S?, and the quotient map Z — ///0 is a trivial S'-principal
bundle. One then checks that we recover the usual Riemann-Roch formula for the sphere
S? as the right- hand 81de of (L.10] -, and that the second and third terms of the right-hand
side of Formula (1.10]) vanish, so that Formula reads RR(S? x S%, L™ K [™)5" =
RR(S? L™) for all m € N and L the prequantizing hne bundle of (S5?,w), as one can easily
compute explicitly.
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