ALMOST REPRESENTATIONS OF ALGEBRAS AND QUANTIZATION

By Louis [100s, DAVID KAZHDAN, and LEONID POLTEROVICH

Abstract. We introduce the notion of almost representations of Lie algebras and quantum tori, and
establish an Ulam-stability type phenomenon: every irreducible almost representation is close to a
genuine irreducible representation. As an application, we prove that geometric quantizations of the
two-dimensional sphere and the two-dimensional torus are conjugate in the semi-classical limit up to
a small error.

Contents.
1. Introduction and main results.
1.1.  Almost representations.
1.2.  Preliminaries on quantization.
1.3.  Applications to quantization.
2. Proofs for su(2) and quantum torus.
2.1. Case of the Lie algebra su(2).
2.2. Case of the quantum torus.
3. Almost representations of compact Lie algebras.
4. Equivalence of quantizations.
4.1. General setting.
4.2.  Proof of Theorem 1.8.
4.3. Traces of quantizations.
References.

1. Introduction and main results. The goal of this article is twofold. The
first objective is to establish an Ulam-stability type phenomenon for almost rep-
resentations of algebras such as compact Lie algebras and quantum tori: we show
that under certain assumptions, every irreducible almost representation of such an
algebra is close to a genuine irreducible representation. In the case of Lie algebras,
we present two versions of an Ulam-stability, associated to two different notions of
an almost representation.

Remark 1.1. While a similar problem has been studied for representation of
groups [10, 13, 21], to the best of our knowledge it has not been addressed in the
framework of representations of algebras.
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Our second goal is an application of the results on stability to geometric quan-
tization.

1.1. Almost representations. Let us pass to a more detailed discussion of
almost representations in the three cases we consider.

First case. For a finite-dimensional Hilbert space H, write || - ||op for the op-
erator norm on the space su(H ) of skew-Hermitian operators acting on H. Recall
that the Lie algebra su(2) has real dimension 3, and admits a basis Ly, Ly, L3 €
su(2) satisfying the commutation relations

(1.1) [Lj,Lj1]=Lj, forallj€Z/3Z.

An irreducible representation is a linear map p : su(2) — su(H) preserving the
commutation relations and such that the triple of skew-Hermitian operators X; :=
p(L;), j € Z/37Z, does not preserve any proper subspace of H. As well known in
such a case, writing n := dim H for the complex dimension of H, we have

nf—1

1.
4

(1.2) X4+ X2+ X7 =—
Our first main result is as follows.

THEOREM 1.2. Fixr > 0, and for every k € N and c € R, consider the follow-
ing assumptions on a finite-dimensional Hilbert space H and a triple of operators
xjesu(H), j € Z/37:

R1) [Ja3+aF+ 22+ (& +5) 1 lop <7/

R2) ||[zj,zj41] —jt2llop < /K forall j € Z./3Z;

(R3) dimH < 2(k+c).

Then the following holds:

(1) Forany c ¢ Z, there exists ko € N such that the system of assumptions (R1I)
and (R2) cannot be fulfilled for k > k.

(2) Forany c € Z, there exists kg € N and C,C> > 0, such that for all k > ky,
for any finite dimensional H and triple of operators x; € su(H), j € /37, satis-
Sfying (RI), (R2) and (R3), one has

(1.3) dimH =k +ec.
Furthermore,
(1.4) k/2—C) < ||$Uj||0p <k/24C) foralljecZ/3Z,

and there exists an irreducible representation p : su(2) — su(H) satisfying

(1.5) |z; —p(Lj)|lop < Co forall j € Z/37.
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The proof of this theorem is given in Section 2. Let us point out that only the
inequalities (R1) and (R2) are needed to establish (1.4). Note also that for genuine
irreducible representations of su(2), assumption (R1) holds with = 1/4 by (1.2),
while (R2) is valid for any » > 0 by (1.1).

Remark 1.3. Theorem 1.2 shows in particular that for ¥ € N big enough,
any triple of operators x,x,,x3 € su(H) with dimH < 2(k + ¢) satisfying (R1)
and (R2) acts irreducibly, i.e., has no common proper invariant subspace V C H.
Conversely, the direct sum of two k-dimensional irreducible representations satisfy
the assumptions (R1) and (R2) for ¢ = 0, so that the assumption (R3) is optimal
in order to get irreducible representations. For a related discussion on almost irre-
ducibility, see the paragraph after Remark 3.3.

CONJECTURE 1.4. The analogue of Theorem 1.2 holds for all real compact
Lie algebras, with the appropriate relation in the left-hand side of (R1) given by
the Casimir element.

Our proof of Theorem 1.2 uses the explicit description of representations of
su(2) for all £ € N, and new ideas are needed in order to find a uniform proof for
all compact Lie algebras in this setting.

Second case. The next result is a counterpart of Theorem 1.2 for rwo-
dimensional quantum tori. Following [16, 27], recall that the quantum torus Ag is
a C*-algebra over C depending on a parameter § € S' = R/Z. It is generated by
two elements W1, W, € Ay with relations

(1.6) WiW, =W5;Wr=1 and W;W, = > 0W,W,.

A x-representation p : Ag — End(H) on a Hilbert space H is then determined by
the data of two unitary operators X := p(W)), X, := p(W>) € End(H ) satisfying
XX, = e?™ X, X,. The C*-algebra Ay admits an irreducible finite-dimensional
s-representation whenever €27 is an n-th prime root of unity, and in that case we
have dim H = n.

THEOREM 1.5. Fix r > 0, and for any c € R and k € N, consider the follow-
ing assumptions on a finite-dimensional Hilbert space H and a pair of operators
x1,r2 € End(H):

R1) ||zjz5 = |op < 7/k forall j =1,2;

(R2) ||lzy2s — 2™/ Bt gy llop < /K>

(R3) dimH < 2(k+c).

Then the following holds:

(1) Forany c ¢ Z, there exists ko € N such that the system of assumptions (R1),
(R2), and (R3) cannot be fulfilled for k > ky.

(2) For any c € Z, there exists ko € N and C > 0 such that for all k > kg, for
any finite dimensional H and a pair of operators x,x, € End(H), satisfying (R1),
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(R2) and (R3), one has
1.7) dmH =k+ec.

Furthermore, there exists a x-representation p : Ag — End(H) with @ = 1/(k+c)
such that

(1.8) 25— p(Wi)llop < C/E¥?  forall j=1,2.

The proof follows the same strategy as the proof of Theorem 1.2, see Sec-
tion 2.2 below.

Third case. In Section 3, we consider another notion of an irreducible almost
representation ¢ : g — su(H ) of a compact Lie algebra g. It involves the Casimir
element in the adjoint representation. As explained in Remark 3.3, this definition
is weaker than the previous notion of an almost representation in the case of the
Lie algebra su(2), which is necessary for applications to geometric quantization of
the two-sphere.

Take any orthonormal basis ey,...,e, in g with respect to the Killing form.
We define, in the context of almost representations, a counterpart of the Casimir
element in the adjoint representation, called almost-Casimir, by

I:su(H) — su(H)

(1.9 o —> —Z[[O’,t(ei)]vt(ei)]'
i1

We define almost representations as linear maps ¢ : g — su(H) which satisfy ap-
proximate commutation relations, and such that I' is invertible. Theorem 3.2 below
provides an upper bound for the distance between such a ¢ and a genuine irre-
ducible representation of g in terms of the operator norm of the inverse of I'. Here
we adapt a Newton-type method as in [21].

1.2. Preliminaries on quantization. Geometric quantization is a mathe-
matical recipe behind the quantum-classical correspondence, a fundamental phys-
ical principle stating that quantum mechanics contains classical mechanics in the
limiting regime when the Planck constant 7 tends to zero. In Section 4, we ap-
ply Theorems 1.2 and 1.5 to show that all geometric quantizations of the two-
dimensional sphere and the torus, satisfying the axioms of Definition 1.6 below,
are conjugate to each other up to an error of order O(h).

When the classical phase space is represented by a closed (i.e., compact with-
out boundary) symplectic manifold (M,w), geometric quantization is a linear cor-
respondence f — T (f) between classical observables, i.e., real functions f €
C*(M) on the phase space M, and quantum observables, i.e., Hermitian operators
Ty (f) € L(Hp,) on a complex Hilbert space Hy,. This correspondence is assumed
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to respect, in the leading order as the Planck constant T tends to 0, a number of
basic operations.

Write {-,-} for the Poisson bracket of (M,w), defined on any f,g € C*(M)
by

{f7g} = —w(sgradf, Sgradg)7

where for any f € C* (M), the associated Hamiltonian vector field sgrad f over M
is defined by

w(-,sgrad f) = df.

For any complex valued function f € C*(M,C), we write || f|l« := maxzens | f]
for its uniform norm.

Definition 1.6. Given a sequence {Hj}ren of finite-dimensional complex
Hilbert spaces, an associated geometric quantization is a collection of R-linear
maps {7} : C=°(M) — L(Hy)}reny with Ti(1) = 1 for all k € N, satisfying the
following axioms as k — oo,

D Tk (fllop = [1f ]l +O(1/F)

(P2) [Ti(f), Ti(9)] = $Ti({ f,9}) + O(1/k?);

(P3) Tx(/)Ti(9) = Ti(fg+ 1C1(f,9) + 12 Ca(f,9)) + O(1/).

In axiom (P3), we extend {7}, : C*(S?,C) — End(Hy)}ren by C-linearity, and
the maps Cy,Cs : C=(S?) x C=(5?) — C=(S?,C) are bi-differential operators.
The remainders are taken with respect to the operator norm, uniformly in the C-
norms of f,g € C*(S?) for some N € N.

>

In Definition 1.6, the integer k € N represents a quantum number, and should
be thought as inversely proportional to the Planck constant. Then the limit k — oo
describes the so-called semi-classical limit, when the scale gets so large that we re-
cover the laws of classical mechanics from those of quantum mechanics. In partic-
ular, the axiom (P2) is the celebrated Dirac condition, relating the Poisson bracket
on classical observables to the commutator bracket on quantum observables.

Example 1.7. In the case M admits a complex structure J € End(7T'M) com-
patible with w and the De Rham cohomology class |[w]/27 is integral, the exis-
tence of geometric quantizations was established by Bordemann, Meinrenken and
Schlichenmaier [5], using the theory of Boutet de Monvel and Guillemin [6]. Their
construction is called Berezin-Toeplitz quantization, and goes as follows. Let L be
a holomorphic Hermitian line bundle with Chern curvature equal to —iw, and for
any k € N, write L* for the k-th tensor power of L. We define the Hilbert space
Hj, as the subspace of all global holomorphic sections of L* inside the Hilbert
space Lo(M, L*) of Ly-sections of L*. With this language, the Toeplitz operators
Ty (f) € L(H},) act by multiplication by f € C*°(M ) composed with the orthogonal
projection to Hj, inside Ly (M, L¥). In the case of the sphere S and the torus T2,
by an appropriate shift of the parameter k£ € N, this construction actually produces
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a discrete family of geometric quantizations depending on m € N and satisfying
dimH, =k+m.

While the construction given above is rather straightforward, verification of the
axioms of Definition 1.6 is highly non-trivial. For comprehensive introductions to
Berezin-Toeplitz quantization, see for instance [22, 23, 29].

The Berezin-Toeplitz quantizations associated to two distinct complex struc-
tures are essentially different, so that even for the simplest symplectic manifolds
(M,w), this construction produces a large variety of examples. As shown by
Ma and Marinescu [24], Xu [30] and Charles [9], for such quantizations, the
bi-differential operator C)(f,g) is proportional to the Hermitian product of the
Hamiltonian vector fields of f and g, while the bi-differential C,(f,g) involves
the Ricci curvature.

A different, albeit related, mathematical model of quantization is deformation
quantization [3], which is an %-linear associative algebra on the space C* (M )[[}]]
such that for all f,g € C*(M),

with C(f,g9) — Ci(g, f) = i{f,g}. Here the Planck constant % plays the role of a
formal deformation parameter, and the operation (1.10) is called a star-product. In
Section 4.3, we consider geometric quantizations satisfying an extension of axiom
(P3), given in Definition 4.6, to an asymptotic expansion up to O(1/k™) for any
m € N. This defines a star product via the formal relation T (f)T(g) = Tr(f * g)
with i = 1/k. In particular, the Berezin-Toeplitz quantizations described above
satisfy this extension of axiom (P3), and thus induce a star-product [5, 28, 14]
over (M,w). While deformation quantizations of closed symplectic manifolds are
completely classified up to star equivalence given by formula (4.68) below, the
classification of geometric quantizations up to conjugation and an error of order
O(1/k™) with given m € N is not yet understood. The study of this classification
is the main motivation of this paper.

1.3. Applications to quantization. The second main result of this paper is
as follows.

THEOREM 1.8. Assume that (M,w) = S? or T? endowed with the standard
area form of volume 27. Let {Ty, : C*(M) — L(Hy) }ren be a geometric quanti-
zation, and assume that

(1.11) limsup dim Hy /k < 2.
k—+oo

Then there exists an integer m € 7 such that for all k € N big enough, we have

(1.12) dim Hy, = k+m.
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Furthermore, if {Qy : C*(M) — L(Hy)}ken is another geometric quantization
associated to the same sequence of Hilbert spaces, there exists a sequence of uni-
tary operators {Uy, : Hy — Hy}ren such that for any f € C*(M), there exists
C > 0 such that for any k € N, we have

(1.13) U Qu(£)Uk — Th(f)]op < C/E.

From a physical point of view, property (1.13) is the statement that two dif-
ferent quantizations of the same classical phase space reproduce the same physics
at the semi-classical limit, when & — +4co. Two geometric quantizations satisfy-
ing (1.13) are called semi-classically equivalent. Note on the other hand that for
any m € N, a geometric quantization satisfying (1.12) can be realized through the
construction of Example 1.7. We thus get the following corollary.

COROLLARY 1.9. Under the dimension assumption (1.11), every geometric
quantization of the sphere or the torus is semi-classically equivalent to a Berezin-
Toeplitz quantization of Example 1.7.

The semi-classical equivalence of the Berezin-Toeplitz quantization and the
Kostant-Souriau quantization was first shown by Schlichenmaier in [28]. For
Berezin-Toeplitz quantizations associated with a different compatible complex
structure, Corollary 1.9 follows from the work of Charles [8]. These results were
established for more general symplectic manifolds than the sphere and the torus,
which leads to the following conjecture.

CONIJECTURE 1.10. Two geometric quantizations of a closed symplectic man-
ifold (M,w) associated with sequences of Hilbert spaces of the same dimension
are semi-classically equivalent.

In particular, it is not completely clear to what extent the dimension assump-
tion (1.11) can be relaxed. An affirmative answer to Conjecture 1.4 should yield
an affirmative answer to Conjecture 1.10 in the case of coadjoint orbits of general
compact Lie groups, at least with the appropriate assumption on the dimension.

Remark 1.11. The dimension assumption (1.11) of Theorem 1.8 is natural from
a physical point of view. In fact, equation (1.15) follows from an additional trace
axiom for geometric quantizations, which is satisfied for Berezin-Toeplitz quanti-
zations and which we discuss in Section 4.3. For geometric quantizations of closed
symplectic manifolds (M,w) with dim M = 2d, this trace axiom implies the fol-
lowing estimate as k — +-oo,

d
(1.14) dim Hj, = (;) Vol(M,w) + O(k*1).

This reflects the physical principle that dim Hj approximately equals the maximal
number of pair-wise disjoint quantum cells, i.e. cubes of volume (27%)?, inside the
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classical phase space (M,w). When dim M = 2, formula (1.14) reads
(1.15) dimHy, = k+ O(1),

so that the dimension assumption (1.11) holds in particular for geometric quanti-
zations of M = S? or T? satisfying the trace axiom.

In Theorem 4.4, we consider geometric quantization satisfying a trace axiom,
given in Definition 4.3, and we express the asymptotics of the trace in terms of
the bi-differential operator C, of axiom (P3). In Corollary 4.7, we show that this
implies the equality of the usual trace with the canonical trace of the induced star
product up to O(1/k), defined by formula (4.69) below. Finally, in Theorem 4.5,
we show how Theorem 1.5 can be applied to get an extension of Theorem 1.8
for quantizations of the torus T2 which are invariant by translation, making a first
step towards the classification of geometric quantizations up to order O(1/k™)
with m > 1.

Acknowledgments. L. Polterovich thanks the University of Chicago, where a
part of this paper was written, for hospitality and an excellent research atmosphere.
We thank D. Treschev for a useful comment, and O. Shabtai for an attentive reading
of the manuscript and pointing out a number of mistakes.

2. Proofs for su(2) and quantum torus. Let H be a Hilbert space of com-
plex dimension dim H = n € N, and recall that an operator A € End(H ) is called
normal if it can be diagonalized in an orthonormal basis. The following Lemma on
the existence of quasimodes will be a basic tool in this Section.

LEMMA 2.1. Let A € End(H ) be normal, and assume that v,w € H, v # 0,
and o € C satisfy

2.1) Av=ov+w.

Then there exists A € Spec(A) satisfying
2.2) A—al <.

Furthermore, for any § > 0, let Vs C H be the direct sum to the eigenspaces of
eigenvalues 1 € Spec(A) satisfying |n — «| < 0. Then there exists e € Vs with
lle|l = 1 such that

(2.3) |v—1lv]le]] gz”?”.

Proof. Let {e; };L:l be an orthonormal basis of H diagonalizing A, with com-
plex eigenvalues {\; };l: |- Consider v,w € H and « € C satisfying formula (2.1).
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Then we have

(2.4) lwll = 1I(A = ajvf = min |A; —af]jv]),

which implies that there exists 1 < m < n such that A, satisfies formula (2.2).
Fix now § > 0. Then formula (2.1) implies

lwl>= > Ni—allwenl> = > Nj—al|(v,e;)]

1<j<n |Aj—a|>6
25) )
Z(SZH'U_ Z <’U,€m>€m‘ )

[Am—a|<d

Write €:= 3", <5{v,€m)em € V5. Then this implies in particular that
(2.6) lwll = 8llv =€l > d|lloll - [[E]l]-
Taking e := ¢/||e||, we then get

@7 lo = llwllel] < flo =21+ [loll - I]l| < 2”5””.

This proves the result. U

2.1. Case of the Lie algebra su(2). A triple of skew-Hermitian operators
X1,X2,X3 € su(H) is said to generate an irreducible representation of su(2) if
they satisfy the commutation relations (1.1) and do not preserve any proper sub-
space of H. From the basic representation theory of su(2), this is equivalent with
the fact that

2 2 2 n*—1
X1+X2+X3:_< 4 )]]_ and

[Xj,Xj+1] = Xj+2 forall j € Z/3Z

(2.8)

Set the ladder operators to be
2.9) Yy :=4iX|+ X, € End(H).

Then there exists an orthonormal basis {e; }’;: 1 of H such that for all m € N with
0<m <n-—1, we have

—1
X3en-m =1 (712 - m> €n—m,

2 2
n-—1 n—1 n—1
Yien-m=7F 4 - 5 —-_m | T—m En—m=+1-

(2.10)
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Note that the F sign in front of the square root in the the second line of (2.10)
is a matter of convention, as one can pass to the opposite sign by a change of
orthonormal basis e; — (—1)7e; forall 1 < j < n.

Conversely, if we have operators X3,Y,,Y_ € End(H) satisfying (2.10) in an
orthonormal basis, then setting X :=4(Y_ —Y,)/2 and X, := (Y_+Y,)/2, we
get three operators X, X», X3 € su(2) generating an irreducible representation of
su(2) on H.

Let us now compare some basic consequences of the axioms (R1) and (R2)
of Theorem 1.2 with the basic theory of representations of su(2) described at the
beginning of the Section. For any k£ € N, introduce the ladder operators

(2.11) Y4 := iz + 22 € End(Hy),
which satisty y} = —y-. Then axiom (R2) translates to
(2.12) | £iys — [23, 52|\, = O(1/k).

On the other hand, one has

y+y_:x%+:c%+i[a;1,x2],
(2.13) 5 .
Y-y+ = o]+ x5 —i[r1, 7],

so that axioms (R1) and (R2) imply

Hy—y++

k+c)? .
y+y7+( ) 1+ 23 —ixs

2.14
(19 (k+c)?

1423 +ixs]| =0O(1).

op

Proof of Theorem 1.2. Let us fix ¢ € R and r > 0, and consider all triples of
operators 1, 22,23 € su(H), j € Z/37Z satisfying (R1) and (R2) for some finite-
dimensional Hilbert space H. All the estimates in the proof are with respect to the
Hilbert norm as k — +-oco.

The proof will be divided into 3 steps. In Step 1, we use the ladder opera-
tors (2.11) to construct k + ¢ distinct eigenvectors of z3 € su(H) with distinct
eigenvalues, showing the first statement of Theorem 1.2 and the inequality (1.4).
In Step 2, we show that, if these eigenvectors do not generate the whole Hilbert
space H, we can repeat the construction of Step 1 to get another set of k + ¢ dis-
tinct eigenvectors of &3 € su(H ), thus establishing formula (1.3) on the dimension
under the assumption (R3). In Step 3, we define a representation p : su(2) — su(H)
via formulas (2.10) for the basis constructed in Step 1, and establish (1.5).
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Step 1. Let A\ € R be the highest eigenvalue of the Hermitian endomorphism
—ix3 € End(H), and let e, € H with ||e|| = 1 be such that

(2.15) Ir3€p — i)\kek.
Using formula (2.12), we get the estimate
(2.16) z3(y+er) = i(Ak + Dyrer + O(1/k).

Applying Lemma 2.1 to A = —ix3, v = yreg, w = O(1/k), and using the fact that
Ak € R is the highest eigenvalue of —iz3, we get the estimate ||y, ex| = O(1/k).
Using now formula (2.14) and Cauchy-Schwartz inequality, this implies

k+c)?
@17 O/ = lyserl = ~(y-pserer) = PED 33y v o),
which readily leads to the estimate
k+c—1
(2.18) Akz%JrO(l/k).

The strategy of the proof is based on a recursive estimate on the eigenvalues
of —ix3 using the lowering operators, which we describe now. We will use the
elementary fact that for any € > 0, there exists d > 0 such that for all £ € N and all
A € R, we have

—¥+e<)\< k;rc—e
(2.19) "
implies VY N4> d(k+c).

Now if f € H with ||f|| = 1 is an eigenvector of —ix3 with eigenvalue A\ € R
satisfying (2.19), we can use formula (2.14) and Cauchy-Schwartz inequality to
get

2
(2.20) ly—fI* = —(y+y-f. ) = M—A2+A+o(1)

4
> 0k+O(1).
On the other hand, formula (2.12) implies
2.21) 23y f) = iA— Dy_f+O(1/k).

We can thus apply Lemma 2.1 with A = —iz3, v =y_f and w = O(1/k) to get
an eigenvector f € H of —ix3 with associated eigenvalue A € R satisfying the
recursive estimates

(2.22) X=A—1+0(1/k?).
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We emphasize that the appearance of the exponent 3/2 in the recursive esti-
mate (2.22) is crucial for the rest of the proof.

Fix € > 0 small enough in (2.19), and recall the estimate (2.18) for the highest
eigenvalue of —iz3. Let us prove by induction that for all m € N satisfying 0 <
m < k+ ¢, there is a normalized eigenvector e_,,, € H of —ix3 with associated
eigenvalue \;_,, € R satisfying

(2.23) Abem = Mg — m+mO(1/k?).

Note that this is trivially satisfied for m = 0. On the other hand, we see from (2.18)
that for any 0 < m < k+ c— 1, the right-hand side of (2.23) satisfies (2.19) as soon
as k € N is big enough. Thus if (2.23) is satisfied for some 0 <m < k+c—1, we
can apply the recursive estimate (2.22) to A = A\g_,,, to get

(2.24) Moot = Mg — 1 +O(1 /K%,

which implies (2.23) with m replaced by m + 1. This shows by induction that for
all m € N satisfying 0 < m < k+ ¢, we have

k+e—1
(2.25) A = %

—m+0(1/VEk).
Let us now write A_ € R for the lowest eigenvalue of —¢z3. The argument
leading to the estimate (2.18) using y_ instead of y, leads to the estimate

k+c—1

(2.26) A= 3

+O(1/k).

Assume without loss of generality that ¢ > 0. Suppose, on the contrary, that ¢ ¢ Z.
Then m = |k + ¢| < m+ c. Applying (2.25), we get that \;_,, is smaller than
the lowest eigenvalue (2.26) for k € N big enough. This contradiction shows that
necessarily ¢ € Z, which proves the first statement of Theorem 1.2. We also get
that ||z3|lop = k£/2+ O(1), and by symmetry of the assumptions (R1) and (R2) in
j € Z/3Z, this yields (1.4).

Step 2. Let us now assume that (R3) holds, in addition to (R1) and (R2). Our
goal is to establish formula (1.3) on the dimension. By the first statement of The-
orem 1.2 and through the shift £ — k£ 4 c, we will assume without loss of gen-
erality that ¢ = 0. Using the estimate (2.25), we get a set of eigenvalues of —iz3
parametrized by m € N with 0 < m < k — 1, which are pairwise distinct for £ € N
big enough. This implies that dim H > k.

To establish formula (1.3) with ¢ = 0, let us consider £ € N big enough and
assume on the contrary that dimH > k+ 1. Let £ C H be the direct sum of 1-
dimensional eigenspaces associated with each of the eigenvalues (2.25), so that
dim £ = k for k € N big enough, and F is a proper subspace of H. In particular,
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there exists an eigenvalue 1 € R of —ix3 admitting an eigenvector e, ¢ F. Note that
w has to lie between the highest eigenvalue (2.18) and the lowest eigenvalue (2.26).

Furthermore, we claim that for any € > 0, there exists ky € N such for any
k > kg, there exists 0 < mgy < k — 1 such that

(2.27) |1 = Ny | < 2e.

Indeed, considering (2.19) and (2.25) with ¢ = 0, we can use repeatedly the recur-
sive estimate (2.22) as in Step 1 to produce eigenvalues

(2.28) fim =t —m+mO(1/k>?),

for all m € N such that p,,, > —% + €. Assume, on the contrary, that (2.27) is not

satisfied for some 0 < mg < k — 1. Then we can use the recursive estimate (2.22)

one more time to produce an eigenvalue p_ satisfying p— < —% —e. Thus, p_

is smaller than the lowest eigenvalue (2.26). This contradiction proves (2.27).
Now for any m € N and 6 > 0, write

(2.29) Va(0):= €P En

‘Af)‘k—m‘<9

where E) := {v € H | —iz3v = Av} for all A € R. By assumption, there exists
an eigenvector e, € H associated with ; which does not belong to the eigenspace
associated with \;,_,,,, in £ C H. Thus inequality (2.27) implies

(2.30) dim V,p,, (2¢) > 2.

Note that for k € N big enough, we have either mgy > 0 or mg < k — 1 (or both).
Without loss of generality, let us assume that mg < k— 1.
We claim that

(2.31) dimV;,,(2¢ + mO(1/k>?)) > 2,

for every my < m < k — 1. The proof goes by induction in m. We have already
seen that (2.31) holds true for m = mg. Assume it is valid for some m < k — 1.
Then there exists an eigenvalue /i, € R of —ix3 satisfying

(2.32) Mo — fim| < 26 +mO(1/k3/?),

with associated eigenvector orthogonal to the subspace X C H. Applying the re-
cursive estimate (2.22) and comparing with (2.24), we get an eigenvalue fi,,+1 € R
of —ix3, which satisfies

(2.33) Noom1 — fims1| < 264 (m+1)O(1/E/2).

Hence if fi41 # Ak_m—1, the estimate (2.31) for m + 1 holds automatically. We
can thus assume without loss of generality that fi,,,+1 = Ag_,—1. In this case, the
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recursive estimate (2.22) implies
(2.34) Nom — Fim| = O(1/K2).

Consider now two normalized orthogonal eigenvectors f; € E and f, ¢ E respec-
tively associated with \x_,, and fi,,,. Applying the second part of Lemma 2.1 with
0 =2etoy_fi and y_ fr, we get vectors

(2.35) fi, 2 € Vi 26+ O(1/K/%))
with \|f1|| = Hf2|| = 1 such that for j = 1,2, we have

(2.36) y—f; = lly—fll f5]| = O(1 /).

On the other hand, using formula (2.14) and the fact that (f1, f2) = 0, we have

(2.37) (Y- fr,y-fa) = —(yry-f1, f2) = O(1).

Furthermore, formula (2.20) shows that for j = 1,2, we have
(2.38) ly—fil1* > dk+O(1).

This gives

(2.39) (fi, o) = (y—fr,y—fo) + O(1/k*) = O(1/k),

lly—fill f1|| ly-fl sz

so that f1, f> € Viny1(2e+O(1/k%?2)) are linearly independent for k € N big
enough. This finishes the proof of claim (2.31).
It follows from (2.31) that for all mg < m < k —1, we have

(2.40) dim V,, (2e+ O(1/VE)) > 2

On the other hand, if m( > 0, we can repeat the same process starting with V,,, (2¢)
using y. instead of y_ to get (2.40) forallm € Nwith0 <m <k —1.

By definition (2.29), the subspaces V;,,(2¢ + O(1/v/k)) are pairwise orthogo-
nal for each m € N as soon as k£ € N is big enough, and we have

(2.41) dim @ Vi(2e+0(1/VE)) > 2k.

0<m<k-—1

This contradicts the assumption (R3) for ¢ = 0, and shows that dim H = k, thus
proving (1.3).
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Step 3. We are now left with constructing a representation satisfying (1.5).
Assuming without loss of generality that ¢ = 0, the argument above shows in par-
ticular that all eigenvalues of —iz3 are simple and satisfy formula (2.25) for all
m € Nwith 0 <m < k—1. Using Lemma (2.1), we get a normalized eigenvector
em—1 € H of —ix3 associated with \,,,_; satisfying

(y—em,em—1) = ([ly—emllem-1,em-1) + O(1/k)

2.42
(42 — lly—em|l + O(1/k).

Starting with any eigenvector e;, of —ixz3 associated with A\, we can then construct
an orthonormal eigenbasis {e; }é?:] for x3 associated to the sequence of eigenvalues
{A; }?:1 and satisfying formula (2.42) for all 1 < m < k. Let us now note that for
any A € R, using in particular formula (2.19), we have that

_E‘F <)\<E_
2 ¢ 2 €
(2.43)

implies d( it )\2+)\> ‘ = 0OWk)
X 4 ’

Via the first line of (2.20) and formula (2.25), this implies for all 1 < m < k that

-1 (k-1 2 (k-1
(2.44) Hy_ekm]:\/ i —( 5 —m) +<2—m>+0(1).

On the other hand, for all j # m — 1, using formula (2.12) and Cauchy-Schwartz
inequality, we get

i(y-em,ej) = ([23,y-]em. ;) + O(1/k)
=i(Am — Aj)(y—em,€;) + O(1/k).

Now formula (2.18) implies that |\; — A,;, — 1| > 1/2 as soon as j # m — 1 and
k € N big enough, so that (2.45) implies

(2.45)

(2.46) (Y—em,ej) =O(1/k) forj#m—1,

and we get analogous formulas for y; = —y* by definition (2.11).
In the orthonormal basis {e; } ;?:1 of H constructed above and following (2.10)
and (2.8), let us now set

k—1
Xzepm =1 <2 - m) €n—m,

(2.47) .
I e k-1
+€n—m =+ 4 ) m | + 5 m | én—m=+1,

for all 0 < m < k — 1. By the basic representation theory of su(2) described at
the beginning of the section and the definition (2.11) of y., to show Theorem 1.2,
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it suffices to show that ||z3 — X3||op = O(1) and ||y+ — Y= ||op = O(1). Now for-
mula (2.23) implies immediately that

(2.48) 23 — Xslop = O(1/VE).

On the other hand, for all 1 < j, m < k, formulas (2.42), (2.44), (2.46) and (2.47)
yield

((y+ —Yi)ej,em) =0O(1/k) form#j+1,

2.49
( ) (yx —YD)em,ems1) = O(1).

Decompose the matrix into y+ — Y2 = A+ B, where all coefficients of A vanish
except Ay mt1 = O(1) for all 1 <m < k and where Bj,,, = O(1/k) forall 1 < j,
m < k. Then we readily get || A||op = O(1), while by Cauchy-Schwartz we compute

k| k 2
1B, = max S| Bimlem,v)
[vll= D lm
(2.50) k 5
<
< klgljagk; |Bjm]
<K*O(1/k*) =0O(1).
By the triangle inequality this gives
(2.51) [y = Yellop < [[Allop + [ Bllop = O(1).-

We get (1.5) for the representation defined by (2.47) as described in the beginning
of the section. This concludes the proof of Theorem 1.2. O

2.2. Case of the quantum torus. A pair of unitary operators X, X, €
End(H) generates an irreducible representation of the quantum torus A, /m if it
satisfies a commutation relation

(2.52) X1 X, =2 X, X

Diagonalizing X in an orthonormal basis {e,}),_, of H, we readily get that
X1,X, € End(H) generate an irreducible representation of the quantum torus if
and only if there exists 0,60, € R/nZ such that

X 01 .01 +1 0)+m . 01+n—1
X ::dlag(e27”n,627TZ nLL e T e ),

Y )

(2.53) ;
Xoem =7 ey forall m € Z/KZ.

Note that in this case X and X, have no non-trivial common invariant subspace.
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Proof of Theorem 1.5. All the estimates in the proof are with respect to the
Hilbert norm as k — +oo, and only depend otherwise on ¢ € R and r > 0 in the
statement of the Theorem.

Consider the polar decomposition z; = P;U;, where U; € End(H) is unitary
and P; € End(H) is positive Hermitian for each j = 1,2. Then axiom (R1) is equiv-
alent to HPj2 —1|op = O(1/k?), which implies that || P; — 1||op = O(1/k*). Using
the submultiplicativity of the operator norm, we then see that the unitary parts
Ui,U, € End(H) also satisfy the axioms (R1) and (R2), and that ||z; — Uj||op =
O(1/k?) for each j = 1,2. We are thus reduced to the case of 1,7, € End(H) be-
ing unitary endomorphisms. In particular, they are normal and Lemma 2.1 applies.

The proof of Theorem 1.5 will be divided into 3 steps, following the structure
of the proof of Theorem 1.2. In Step 1, we construct a set of eigenvectors for z| €
End(H ) using z, € End(H) as a ladder operator. Then the only notable difference
with the proof of Theorem 1.2 is that in the case of Theorem 1.5, Statement 1 and
formula (1.7) on the dimension depend on each other, and are established together
in Step 2.

Step 1. Let e € H be an eigenvector of 1 € End(H ), and write \y € C for the
associated eigenvalue. Then axiom (R2) implies

(2.54) x1(x0e) = )\oe%xze+(9(l/k3).

As x; is unitary by assumption, we have ||zze|| = 1, so that Lemma 2.1, with
A =21, v=uxeand w = O(1/k?), implies the existence of a normalized eigen-
vector e; € H of x| with associated eigenvalue A\ € C satisfying

(2.55) AL = Xoerte +O(1/kY).
We then obtain by induction eigenvalues A, € C for all 0 < 'm < k + c satisfying

Am = Xoe B¢ +mO(1/k)

(2.56) rim
= Moe ke +O(1/k?).

As |A\,| = 1 by unitarity, these eigenvalues are distinct for all 0 < m < k+c as
soon as k € N is big enough. In particular, we have dimH > k+cassoonas k € N
is big enough.

Step 2. Our goal now is to establish Statement 1 and formula (1.7) of The-
orem 1.5. Note that if ¢ ¢ Z, then \g # )\Oe%ﬁ: CJ, and one can apply the con-
struction of Step 1 once more to get distinct eigenvalues of the form (2.56) for
all 0 <m < k+c+1, so that in particular dimH > k+c+ 1 for k € N big
enough. Hence to show that ¢ € Z and dim H = k + ¢, it suffices to show that
dimH <k+c+1.
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Assume by contradiction that dim H > k+c+-1. Let £ C H be the direct sum
of 1-dimensional eigenspaces associated with each of the eigenvalues (2.56) for
all0 <m < k+c¢,sothatdimE < k+c+1, and E is a proper subspace of H. In
particular, there exists an eigenvalue Xo € C of ) admitting an eigenvector ¢y ¢ E.
Assume first that we have

2.57 20— Am| > —
(2.57) ’ 0~ m‘ = ﬂv

for all 0 < m < k+ c. Then we can repeat the reasoning of Step 1 to construct by
induction eigenvalues A, € C for all 0 < m < k + ¢ satisfying

(2.58) Am = e e +O(1/k).

As | A| = 1 by unitarity, they are all distinct for all 0 < m < k+c as soon as k € N
is big enough, and (2.57) also implies that they are distinct from the set (2.56)
for k € N big enough. This implies in particular that dim H > 2(k + ¢), which
contradicts the assumption of the Theorem.

Let us now consider the remaining case

~ T

(2.59) [ Ao = A | < oA

for some 0 < my < k+ c. For any m € N and p > 0, write

(2.60) Vm(n) = € Ex
I)‘f)\m‘</"‘

where E) := {v € H | zyjv = Av} for all A € R. Now by assumption, there ex-
ists an eigenvector €y € H of x| associated with Ay which does not belong to a
1-dimensional eigenspace associated with \,,,,. The assumption (2.59) translates to

T
. i V>0
2.61) dlme()(Zk) >2
We claim that
. ™ 3
. m\ ~7 Z 9
2.62) dimV; (Zk—l—m(’)(l/k‘ )) 2

for every mo < m < k + c. The proof goes by induction in m, the case m = my
being given by (2.61). Assume that it is valid for some m < k — 1. Then there exist
an eigenvalue u,,, € R of z; satisfying

(2.63) P %er()(l/lé),

with associated eigenvector orthogonal to the subspace £ C H. Then applying the
recursive process of Step 1, we get an eigenvalue p,,+1 € R of x; satisfying

(2.64) N1 = st < 52+ (m+ DO(L/KY),
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Hence if \j41 # pm+1, the claim (2.62) for m + 1 holds automatically. We can
thus assume without loss of generality that A, {1 = ftp,+1. In this case, the recursive
process of Step 1 implies

(2.65) A — im| = O(1/E).

Consider now two normalized orthogonal eigenvectors f; € E and f, ¢ E respec-
tively associated with A, and p,,. Applying the second part of Lemma 2.1 with
w = O(1/k*) and § = 7 /2k applied to v = x5 f1 and x, f> respectively, and using
the unitarity of x, € End(H ), we get vectors

(2.66) fife Vm+1(%+0(1/1f3))

with || f1]| = ||f2|| = 1 such that for all j = 1,2, we have
(2.67) o fj= [ +O(1/k?).
This implies

|£1 = 2]l = 11 = £2ll(14+ O(1/K)) = V2(1+ O(1/k?)),

(2.68) D
/i + L]l < Ifi 4+ 2N (1+O(1/K)) = V2(1+O(1/k)),

so that by (2.67) and the unitarity of x,, the vectors

FisFo € Vina (5 +0(1/1))
are linearly independent for k € N big enough. This finishes the proof of claim
(2.62).
Now by definition (2.60), these subspaces are pairwise orthogonal for each
m € N as soon as k € N is big enough, and we have
T

(2.69) dm P Vm( -

0<m<k+c—1

+mO(1/k)) = 2(k+c).

This contradicts the assumption dim H < 2(k + ¢), and proves that ¢ € Z and
dim H = k + c. Thus we established the first statement of the theorem and (1.7).

Step 3. We are now left with constructing a x-representation satisfying (1.8).
Via the shift £ — k + ¢, it suffices to consider the case ¢ = 0. Given an eigenvector
em € H of x1 associated with \,,, € C as in formula (2.56) and applying Lemma 2.1
with A = z1, v = 1€, and w = O(1/k>) as in formula (2.67), we can choose the
eigenvector e,, 11 € H of x; associated with A1 € C such that

(2.70) Trem = emi1+O(1/k).
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Starting from an arbitrary eigenvector eg € H,,, of x| associated with A\, we con-
struct in this way an eigenbasis {em}ﬁ;:lo for uy, and using Lemma 2.1 again, we
get 6 € R such that

2.71) Tr€h_| :eweo+(9(1/k‘2).

Setting f,, := e ™/ke, for all m € Z/kZ and working in the basis {f;, 5@—:10
instead, set

X1 = diag ()\0, )\062i7r/k7 P )\Qezmm/k, P )\062iw(k71)/k) y
(2.72) '
Xofpm =€k f  forallme Z/KZ.

By construction, the endomorphism x; € End(H) is diagonal in the same basis
than X with eigenvalues given by formula (2.56), so that

(2.73) 1X1 —z1]|op = O(1/K).

Furthermore, Cauchy-Schwartz inequality together with formulas (2.70) and (2.71)
imply

(2.74) 12 — 22| = O(1/K?).

Comparing with (2.53), we get (1.8), which completes the proof of the theorem.
O

3. Almost representations of compact Lie algebras. In this section, we
propose an alternative notion of irreducibility of almost representations in the con-
text of general compact Lie algebras, and present another version of the Ulam-type
statement: irreducible almost-representations can be approximated by a genuine
representation.

Let (g,{:,-}) be a real compact n-dimensional Lie algebra. This means that
it is semi-simple and that its Killing form (-,-) is negative definite. Consider an
orthonormal basis {e; };?:1 of g such that for all 1 < j, k < n, we have

@3.D (ej,er) = —06jk.

Let H be a complex Hilbert space of finite dimension. Recall that || - ||op de-
notes the operator norm on the space su(H ) of skew-Hermitian operators. For an
operator A : su(H) — su(H) we write ||| A||| for its operator norm with respect to
the operator norm on su(H).

Definition 3.1. A linear map t : g — su(H) is called a (p, K, €)-almost repre-
sentation of (g,{-,-}) if the following assumptions hold:
e Forall 1 <j, k <n, the defect

(3.2) ajr = t({ej,er}) —[t(es),t(ex)]



ALMOST REPRESENTATIONS OF ALGEBRAS AND QUANTIZATION 1607

satisfies € := max; i ||k ||op ;

o K= max; [|t(e;)[lop ;

e The almost-Casimir operator I' defined by (1.9) is invertible with p :=
=1

THEOREM 3.2. Let (g,{-,-}) be a real semi-simple compact finite dimen-
sional Lie algebra. Then for any c > 0, there exists a constant v > 0 with the
following property. Given any (u, K, €)-almost representation t : g — su(H ) with
e <vymin(p 2K 2,7, 1), there exists a representation p : g — su(H) such that
forall1l1 <j<n,

(3.3) l#(e5) — plej)llop < ek

Remark 3.3. Although more general, this result has a number of drawbacks as
compared to Theorem 1.2, in the case g = su(2). First, it is unclear to us how to
estimate p in the case of geometric quantizations of the sphere. Second, even if
we have an ansatz j1 ~ 1 and ||z;|| ~ k ~ dim H, as it should be for an irreducible
k-dimensional representation, the existence of a nearby genuine representation is
guaranteed only when the defect € < k72, as opposed to a less restrictive assump-
tion € < k~! provided by Theorem 1.2.

Discussion on almost irreducibility. For representations, the invertibility of
the adjoint Casimir I is equivalent to irreducibility. In fact, note that the definition
of almost-Casimir given in (1.9) extends to any collection X = {x;,...,z,} of
operators in su(H) by the formula

Furthermore,
(3.4) w(T(o)o) = (o),
=1

and hence I'c = 0 if and only if 0 commutes with all the operators from X. In
particular, I' is invertible if and only if the operators from X possess a common
proper invariant subspace. With this in mind, we are going to compare p(X) :=
|I0~1|| with another quantity of geometric flavor which can be interpreted as a
magnitude of irreducibility. Put

A(X) = minmax (1 — T)z;T oy,
J
where II runs over all orthogonal projectors to proper subspaces V' C H, and

J € {1,2,3}. Intuitively speaking, smallness of d yields that the corresponding
subspace V' is almost invariant.
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To this end, denote by X" the space of all collections X whose almost-Casimir
is invertible. We say that two positive functions on XX’ are equivalent if their ratio is
bounded away from 0 and +oo by two constants which depend on dim H.

PROPOSITION 3.4. The functions ;fl/z and d are equivalent.

Sketch of the proof. Denote by || Al|2 := \/tr(A* A) the Hilbert-Schmidt norm
of an operator, and by A\ (X) the first eigenvalue of —I'. The standard inequali-
ties between the Hilbert-Schmidt norm and the operator norm imply that p~! is

equivalent to A;. The claim follows from the inequalities

(3.5) d(X)? < Ci(k)M(X)
and
(3.6) M(X) < Ca(k)d(X)™

In order to prove inequality (3.5), take an eigenvector A of I" with || A||; = 1 corre-
sponding to the first eigenvalue. Since tr A = 0, the spectrum of A can be written as
the union of two clusters lying at distance at least ~ k=2 apart. Let II be the spectral
projection corresponding to one of them. Since by (3.4) A almost commutes with
x; up to €, one readily deduces from Lemma 2.1 on quasimodes that the image of
IT is almost invariant under x;. This yields (3.5).

Inequality (3.6) follows from the identity

3.7) —(0(),11) =2 [|[zs, 11 |5,
=1

which holds true for every orthogonal projector II.
The details of the argument are left to the reader. O
It would be interesting to find sharp bounds on the ratio of /2 and d in terms
of dim H. At the moment, we cannot compute them even for genuine irreducible
representations.

Proof of Theorem 3.2. To simplify the notations, we will often write z; :=
t(ej) forall 1 < j <n. All the estimates in the proof are with respect to the operator
norm of su(H) and only depend on (g,{-,-}).

For a linear map a : g — su(H ), define an approximate Eilenberg-Chevalley
coboundary dia : g® g — su(H) by

dra(g,h) := [t(g),a(h)] = [t(h),a(g)] — a({g,h}).

The proof follows the Newton-type iterative process due to Kazhdan [21]
adapted to the context of Lie algebras. At the first step we try to find a linear map
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a:g— su(H) so that

(3.8) t(g) :==1t(g) +a(g)

is a genuine representation. This yields equation

(3.9 a(g7 h) - dta(g7 h) - [a(g)v a(h)} =0.

Ignore the third, quadratic in ¢ term, and solve the linearized equation d;a = .. As
we will see, the almost representation ¢ := ¢ + a is closer to a genuine representa-
tion. Repeating the process, we get in the limit the desired genuine representation
approximating the original almost representation ¢.

To make this precise, we have to solve the linearized homological equation
dy¢a = «. This is done by using an effective approximate version of Whitehead’s
Lemma (see [18, pp. 88—89]).

Consider the anti-symmetric 2-form « : g x g — su(H ) defined for any g,h € g
by

(3.10) a(g,h) :==t({g,h}) —[t(g),t(h)]

and the 1-form a : g — su(H) defined for any g € g by

n

(3.11) a(g) :== —fol[oz(g,ei),xi].

i=1

LEMMA 3.5. Forall j,k=1,....n
(3.12) alej,er) = dialej,e) +O(PK2e?).

The lemma is proved at the end of this section.
Let us now consider the linear map ¢ : g — su(H ) defined for all g € g by

(3.13) t(g) ==t(g) +a(g),

and set T; :=t(e;) for all 1 < j <n. Then for all 1 < j <n, by formula (3.11) for
a(ej) we have

(3.14) T; < K(1+0(ue)).

On the other hand, considering for all 1 < j, k < n the defect
(3.15) aji =1t({ej,ex}) —[t(ej), tlex)],
we see from (3.9) that

(3.16) @i, = aji, — dralej,ex) — [a(ej),aler)] = O(* K*e?).
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Finally, consider the almost-Casimir operator I : su(H) — su(H) defined as
in (1.9) with xj, replaced by t(ey) for all 1 <k < n. Then we get

T =T+¢(l+pe)O(uk?) =T (1+e(l+pe)O(*K?)).

This implies that for any § > 0, there exists a constant v > 0 such that if e(1+ pe) <
v/u2K?, then T is invertible and for all o € su(H), its inverse satisfies
=1
1T (0)lp < (1+8)pllolop.
This, together with the estimates (3.14) and (3.16), shows that for any § > 0, there
exists > 0 such that under the hypothesis € < ymin(p 2K 2, ="', 1), the linear
map  : g — su(H) is an (7z, K, €)-almost representation with

n<u(l14+¢6), K<K(1+6) and e<ed.

Taking & > 0 such that & < (1+6)~%, we get that € < ymin(7 2K .7, 1),
and we can reiterate the construction above with the (7, K, €)-almost represen-
tation ¢ : g — su(H) instead of ¢ : g — su(H). At the N-th iteration, we get a
(un, KN, en)-almost representation ¢ : g — su(H ) with

uNgu(1+5)N, KNSK(l—i—(S)N and ey < ed.

Writing ay : g — su(H) for the 1-form defined as in (3.11) for ¢t : g — su(H),
forall 1 <j <n we get

N

tN(ej) :tN_l(ej)+aN(ej) :t(ej)—l—Zak(ej)
(3.17) N w=
+Z ((1+6)? *O(uKe),

k=1

and the sum of the last line converges as N — +oo for § > 0 small enough. As
en — 0, the limit map p : g — su(H) is a genuine representation, satisfying the
inequality (3.3) by (3.17). O

Proof of Lemma 3.5. First note that by definition, for any 1 < 14,5,k <n, we
have

0 = [ajk, z:] +a({ej, ex}, i) + [k, 5]
+a({er e}, ej) + aij, xx] +a({ei e} ex).
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Taking the bracket of this identity with x; and following the computations of [18,
p- 90], this implies that for all 1 < j, k < n, we have

n

(3.18) Taj, = Z ([a({ej,en},e), il + [lows, i), 2] — [[evji, @], 2n]) — Ajie,

i=1
with
A = — [k, [24, 23] — [o(ex, {ei, e }), ]
(3.19) Jk ;( kis |ty k J
— i, [, i) + [alej, {eis ex}), i)

Applying I'™! : su(H) — su(H) on both sides of the equality (3.18) and recalling
the definition (3.11) of a : g — su(H), we get

(3.20) ajk = [zj,a(er)] — [zg,ale;)] —a({e;,ej}) — Bjk, — F_lAjk,
with
(3.21) Bijk := _; (T Mok, i), 23] — [0 oz, i) 2]

—T Moy, ), an] + [0 ags, @], 2]

Let us now estimate the terms (3.19) and (3.21). First note that as the Killing form
(+,-) is Ad-invariant and by the explicit formula (3.1), we have

- Z[Oz(ek, {eiei}),mil =) <Z<{€i,€j},€z>[am,xi]>

i=1 =1

- Z [akhZ({ea"el}aei)ﬂ?i]
=1 1

1=

(3.22) == o, tl{ee})]
=1

= — Z[akl, [J}j,xl]] + Z[akhaﬂ]
=1

=1

== o, [z, ]+ O(€).
=1

Comparing with formula (3.19) for A;y, this implies that

(3.23) T Aj = O(ue).
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On the other hand, following [18, p. 78] for any g € g and 1 < j < n, using the
Killing form in the same way than in (3.22) we get

n

Llg,z;] =~ _lllg.z;,zil, 3]
i=1

n
Fg,.%'] § g7 x]vxl E gamz m]axl
1=1 1=1

n n

i=1 1=1
=[Lg.z;] - Cj(9),

with

n n

C](g) = Z[[gvaﬂ ‘TZ Z gaxz agz]
i=1

=1

In particular, for any 1 <4, 7, k,l <n, we have
U ewg 2], 2] — [0 Howgzp], 2] = T ([[ewg, ), 2] — D0 e, o) 24
=1 1C’l( [a’ﬁj’xk]) O(H2K2€2)~
Comparing with formula (3.21) for B, we thus get
(3.24) Bjr = O(1*K*é%).
Then via the estimates (3.23) and (3.24), the identity (3.20) becomes
aji = [zj,a(ex)] — [or,ale;)] — a({er,e;}) + O (P K*€).

This completes the proof of the lemma. U

4. Equivalence of quantizations. The basic strategy of the proofs of The-
orem 1.8 is to show that geometric quantizations of the sphere or the torus induce
almost representations of su(2) and the quantum torus respectively, when restricted
to a specific set of basic functions, and then use our Theorems 1.2 and 1.5. Let us
first start with some generalities on geometric quantizations of a closed symplectic
manifold (M,w).

4.1. General setting. Let (M,w) be a closed symplectic manifold. A bi-
differential operator C': C*°(M) x C*(M) — C=(M) is called a Hochschild co-
cycle if for all fi, fa, f3 € C=(M), we have

@D OuC(f1, f2, f3) == [1C(f2, f3) = C(fifa, [3) +C(f1, f2f3) = C(f1, f2) [3
’ =0.
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The operator Oy is called the Hochschild differential. We will write

_ C(f,9)—Cl(g,f) C(f,9)+Clg,f)

C—(f7g) = 2 and C—l‘(fag) = 2 :

for the anti-symmetric and symmetric part of C'.

Assume now that {7}, : C*(M) — L(Hy)}ken, satisfy the axioms of Def-
inition 1.6. The associativity of composition of operators implies that the bi-
differential C'; appearing in axiom (P3) is a Hochschild cocycle, and that for any
f1, f2, f3 € C=(M), we have

4.2) ouCa(f1, f2, f3) = C1(C1(f1, f2), [3) — C1(f1,C1(f2, f3))-

Furthermore, the axiom (P2) is equivalent to the fact that

@3 Cr (9= 5119,

for all f,g € C*(M). Then formula (4.1) for C| is a consequence of the Leibniz
rule for the Poisson bracket, and this shows that C’f is a symmetric Hochschild
cocycle. Then by [15, Th. 2.15], it is a Hochschild coboundary, meaning that there
exists a differential operator D : C*(M) — C*(M) vanishing on constants such
that for f,g € C*(M), we have

(4.4) CY(f,9)=D(f)g+ fD(g)—D(fg).

Furthermore, the axiom (P1) implies that the operator T (f) € End(H}) is Her-
mitian for all £ € N big enough if and only if f € C*(M,C) is real valued. As the
square of a Hermitian operator is Hermitian, the axiom (P3) then shows that C’l+ is
a real-valued bi-differential operator, so that D has real coefficients.

Let us now assume that Cfr = 0, and consider the bi-differential operators C
and  defined by interchanging f,g € C*(M) in axiom (P3) in the following way,
as k — oo,

45 T =T (fo+ 00+ 50T0) ) +OU/K)

Then we have C(f,g) = Ci(g,f) = —Ci(f,g) and C»(f,g) = Ca(g, f). On tl}e
other hand, associativity of composition of operators implies that (4.2) holds for 'y
and 5, one readily checks that 95 C5 = 8 Ch. Therefore, Cy =(Cr— C‘z) /2 is
an anti-symmetric Hochschild cocycle, and by [15, Th. 2.15], there exists a 2-form
a € 02(M,C) so that for all f,g € C=(M), we have

(4.6) C5 (f,9)= %a(sgradf, sgradg).
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Furthermore, by axiom (P1) as above and the fact that the commutator of Her-
mitian operators is skew-Hermitian, the axiom (P3) implies that the bi-differential
operator ¢C; is real valued, so that « is a real 2-form.

The proofs of Theorem 1.8 and 4.4 are based on a natural operation on quanti-
zations, which we call a change of variable. Specifically, given a geometric quan-
tization {7}, : C*(M) — L(H})}ken, and a differential operator D : C*(M) —
C=(M), set

1
@) 12(1)i=1i(£+705).
for all f € C*(M) and all k € N. Then one readily checks that the maps
{TP : C=(M) — L(Hy)}ken,

satisfy the axioms of Definition 1.6, and that for any f € C*°(M), we have the
estimate

(4.8) 1T3.(f) = TL ()|, = O1/k),

op

as k — +oo. We will write C'y p and C5 p for the associated bi-differential operators
of axiom (P3).

We will use the operation of change of variables to reduce the proof of Theorem
1.8 to a class of remarkable quantizations, described by the following result.

LEMMA 4.1. Assume that (M ,w) satisfies dim M = 2. Then for any geomet-
ric quantization {T}, : C*(M) — L(Hy) }ken, there exists a differential operator
D : C*(M) — C*=(M) vanishing on constants such that the bi-differential oper-
ators of axiom (P3) associated with the induced quantization {T)P : C*(M) —
L(H})}ken, satisfy

4.9) Cip(f.9)=0 and Cyp(f.9)=—5c{f.9},

forall f,g € C=(M), where c € R is constant.

Proof. One readily computes that a change of variable (4.7) associated to a
differential operator D : C*(M) — C=(M) acts on the bi-differential operators
C{ and C; via the following formula, for all f,g € C*(M),

Clp(f,9) =Ci (f,9)+D(f)g+fD(g)— D(fg),

(4.10) ;
Cyp(f:9) = Cy (f,9) + 5 ({D(£).9} +{f, D(9)} = D({.9})).

In particular, formula (4.4) shows that there is an operator D satisfying C’f“D =0,
determined up to the addition of a derivation 6 : C**(M) — C*=(M).
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Letnow D : C*(M) — C*(M) be such that C’ffD =0, andletap € Q*(M,R)
be the two form of formula (4.6) associated with Cz” p- Recall that we assume
dim M = 2, so that H?(M,R) is 1-dimensional, generated by the cohomology
class [w]. Then if we set

1

4.11 =
(4.11) c 2 |

ap,

we know that there exists a 1-form € Q!(M,R) such that
(4.12) ap =cw+db.

On the other hand, for all f,g € C* (M), we have by definition

df(sgrad f,sgrad g)

(4.13) = O(sgrad{f,g}) — {0(sgrad f),g} — { f,0(sgradg)}.

Then if we consider the derivation § : C*°(M) — C*(M) defined for all f €
C=(M) by 6 f := 0(sgrad f), formulas (4.10) and (4.12) imply

_ /) 7
(4.14) s ps(fr9) = Ecw(sgradf, sgradg) = _Ec{f79}7
and Cf ., s = C{", = 0. This shows the result. O

Let us end this Section with an existence Theorem, which was already alluded
to in Example 1.7.

THEOREM 4.2 ([5]). Let (M,w) be a closed symplectic manifold with [w] €
2rH?*(M,Z) admitting a complex structure compatible with w. Then there ex-
ists a geometric quantization {Ty, : C* (M) — L(Hy)}ken, such that for all f €
C=(T?,C), its C-linear extension satisfies

(4.15) 1T (Fllop < 11£ -

4.2. Proof of Theorem 1.8. Using the estimate (4.8) and Lemma 4.1, we
see that it suffices to establish Theorem 1.8 for geometric quantizations for which
there is a constant ¢ € R such that C; =0 and C; = —%c{-,-}. All geometric
quantizations considered in this Section will thus satisfy this property.

The proof of Theorem 1.8 for the two cases M = S? and M = T? follows
the same strategy: we first establish (1.13) for a finite set of functions generating a
dense subalgebra of C*°(M), and then use the quasi-multiplicativity axiom (P3) in
a careful way to extend it to the whole C*°(M) by density.
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Case of M = S%.  We will use the Cartesian coordinate functions u;,us,us €
C>(S?) of S? seen as the unit sphere in R?. The induced volume form w is the
standard volume form of volume 27, and these coordinate functions satisfy the
commutation relation

(4.16) {wj,uj1} = —2uj40,

for all j € Z/37. Then given a quantization {T}, : C*(S?) — L(H})}ren with
CH=0and C; = —%c{-, -}, one readily checks from Definition 1.6 and the com-
mutation relations (4.16) that the assumptions of Theorem 1.2 are satisfied for the
constant ¢ € R and the operators x,x,,x3 € su(Hy) defined for all £ € N and
Jj € Z/3Z by

ik k
(4.17) )= L:Tk(uj),

where u,uy,u3 € C”(Sz) are the Cartesian coordinates of S? C R3. As the as-
sumption limsup;,_, ., dim Hy /k < 2 implies in particular that dim H}, < 2(k +c)
for all £ € N, it follows that ¢ € Z and that dim Hy, = k+ ¢ for all k¥ € N big enough,
which proves the first statement (1.12).

Furthermore, Theorem 1.2 implies that there exist operators X, X, X3 €
su(Hy,) generating an irreducible representation of su(2) such that forall 1 < j <3,

ik k
4.18) %ETk(uj)—Xj = 0(1).

op

Now if { S}, : C=(S?) — L(H},)}ken is another quantization with same sequence of
Hilbert spaces, we get in the same way operators X , Xz, X3 € su(Hj,) generating
an irreducible representation of su(2) such that for all 1 < j <3,

ik k

(4.19) Emsk(uj)—)?j =0(1).

op

As any two irreducible representations of su(2) with same dimension are isomor-
phic, formulas (4.18) and (4.19) show that there exist unitary operators Uy, : H —
Hj, for all k£ € N such that for all j € Z/3Z,

(4.20) 1Tk (uy) — Uy ' Sk () Uk llop = O(1/k).

Set Qf, := lSk Ui for all k € N, and note that by transitivity, it suffices to estab-
lish (1.13) when {T}, : C=(S?) — L(Hy)}ren is the Berezin-Toeplitz quantization
of Theorem 4.2.

Consider the decomposition of L?(S2,C) into the direct sum of eigenspaces
H,, of the Laplace-Beltrami operator A with eigenvalue 2n(n+ 1), foreach n € N.
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Using for instance [4, Cor. 1.1], we know that for any N € N, there exists C'y > 0
such that for any n € N* and f € H,,, we have

(4.21) [ fllen < Onn®™| £ 2

Recall on the other hand that for any n € N, the eigenspace H,, is isomorphic
to the irreducible SO(3)-representations of highest weight n € N with respect to
S! c SO(3) rotating along the us-axis, and write f,, € H, for the unit highest
weight vectors. Via the identification with spherical harmonics and following e.g.
[1, Ex. 15.4.1, §15.5], we have the following recursion formula in n € N,

2n+3
(422) fTL+1 - 2 +2flfn7

fi=—(u1 +iug).

Let us prove by induction that there exists constants o > 0 and M € N such that
for any n € N and all £ € N, we have

M

(423) ITkfn) = Qu(f)llop < @™,

The case n = 1 readily follows from (4.20) and formula (4.22) for f;. On the other
hand, axioms (P1), (P3) and the estimate (4.21) give constants cg > 0 and N € N
such that for any n € N and k € N, we have

HQk(flfn) - Qk(fl)Qk(fn)”op < %HﬁHCNnZN
HQk(fn)Hop < Oé()TLZN

(4.24)

and the same holds for {7}, : C=(S?) — L(Hp)}ren. Let now n € N be such
that (4.23) and holds, and recall by assumption that ||7%(f)|lop < |||l for all
f €C>=(S?,C) and k € N. Then using the sub-multiplicativity of the operator norm,
we get that for any f € C=(S5?),

1T (f1.fn) = Qu(f1.fn)llop
” (fl)Tk( ) Qk(fl)Qk(fn)||op+2 Hf]”an 2N
(4.25) SN () (Te(fr) — Qi (fn))llop
+ (T (1) — Qk(fl))@k(fn)\|0p+2 =N fillonn®™

Ca a0, N

< Slilon + =20

+2*||f1|!czvn

where C' > 0 comes from the estimate (4.20) and formula (4.22) for fi. As || fi |l =
max,c g |ug +iuz| = 1, we can choose o = ag(C' +2|| fi||c~) and M =2N + 1
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in (4.23) to get

a [2n+3
(4.26) EV2n+2

(M 402Ny < —(n4+1) (WM 402N

(n+1)M

w\Q?r\Q

where we used the fact that ny/5 2’”3 < n+1 for all n € N. Using (4.22), this
implies (4.23) with n replaced by n —|— 1, and thus for all n € N by induction.

Let us now establish the estimate (4.23) for all functions in H,,, for each
n € N. First, by definition of the action of SO(3) on the unit sphere S2, we see
that (4.20) implies the existence of a constant C' > 0 such that for any g € SO(3),
any j € Z/3Z and all k € N, we have

(4.27) 1T(9"u5) ~ Q9" lop < O/

Note on the other hand that for any g € SO(3), the functions g* f,, € C*=(S?),n €N,
are again highest weight vectors with respect to S' C SO(3) rotating along the
g*us-axis. We can then repeat the reasoning above replacing f, by ¢* f, for all
n € N to get

M
(4.28) 1Ti(g" f) — Qu(g” Fu)llop < 0,

k
for any g € SO(3), with same constants « > 0 and M € N. Recall on the other hand
that the standard volume form w on S? is the pushforward of the Haar measure
on SO(3). Then following e.g., [7, I11.3.3.a], for any f € H,, we can consider its
coherent state decomposition

n+1

(4.29) f=—%5—

<f g fn>L29 fn
S2

where g € SO(3) is any representative of [g] € S ~ SO(3)/S". Then using (4.28)
and Cauchy-Schwartz inequality, we get

1T5(f) = Qi () lop

1
430, < B [ KA il 1Tl £) = Qula” o)l i
1)n
< aufny“‘*k).

Take now any f € C*(S?), and consider its spectral decomposition into the
eigenspaces of A, so that f =" _anp,, with ¢, € Hy, and ||@,| /2 =1 for
all n € N. Since f is smooth, the sequence (ay,),en decays faster than any power
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of n, so that using (4.30), there exists C’ > 0 such that

M !
@ -l a0, < T

neN

This shows formula (1.13) in the case of M = S2.

Case of M = T?. Write (q1,¢) € T? = R?/Z? for the standard coordinates,
so that the standard volume form of volume 27 writes w = 2wdq; A dg,. We will
use the functions u,uy € C*(T?,C) defined for any ¢ := (q1,q2) € T? ~ R?/7?
and 7 =1,2 by

(4.32) u;(q) = ™%,
which satisfy the commutation relation
(4.33) {ul,uz} = 27T’LL1U2.

Following for instance in [3, §2], we consider the Moyal Weyl star product over
(C°°(T2) {-,-}), defined as in (1.10) with coefficients C; and C, satisfying C’Jr
C{ =0 and for all f,g € C*(T?),

9* |, 0? 0? o* o* 07 >

~ 1
434y CFf = -2
@434 Gy (f.9)= 3272 <8 Zfaq 8q16qu8q18qz 8q2f8 29

Then given a geometric quantization {T} : C=(T?) — L(Hy,) }ren With C]” =0 and
Cy c{ -}, we get that Cy = C) via formula (4.3), and using (4.2), we get that
Ch — C’z is a Hochschild cocycle (4.1). On the other hand, we have C CZ’ =

2c{ .-}, which also satisfies (4.1), and we thus get C; — C’2+ is a symmetric
Hochschild cocycle, hence a coboundary by [15, Th. 2.15]. As in formula (3.11),
this means that there exists a differential operator D, : C*(T?) — C*(T?) vanish-
ing on constants such that

(4.35) CS (f,9) = CS (f.9) + Da(f)g+ fDa(g) — Da(fg).

Consider the following change of variables at second order in 1/k, for all f €
C=(T?),

(430 TP(1) =1+ 5 D2(1) ).

This again defines a geometric quantization in the sense of Definition 1.6, with
associated bi-differential operators C p, and C, p, of axiom (P3) satisfying
Cfp, =0 and Cy, = —4c{-,-}, while formula (4.35) implies C;y ;, = C5.



1620 L. 1008, D. KAZHDAN, AND L. POLTEROVICH
Note also that TkD (uy)* = TD gn 1) for each j = 1,2 by Definition 1.6 and
formula (4.32). Then using formula (4 34), we get as k — oo,

TP ) TP ) =1+ 3 () TP s + 0018

(4.37)
=14+ 0(1/k),
and
(1
TP ) TP (0m) = TP () + 5 (- 1 ) T2 (Qunuz)
1 0* 3
- T <a S zuz> +O(1/k)
4.38
( ) :Tsz(uluz) ‘ 27T TDz(UﬂLQ)
2kt
(27)?, b 3
— Py T 2(’LL1U2)+O(1/]{2)

_ e2m/2(k+c)T£2 (U1U2) + O(l/k‘3),
while in the same way,
(4.39) TP (un) TP (uy) = e 2RI T2 (yu0) + O(1/K3).

We then see that the operators z; := TkD ?(uj) forall j = 1,2 and k € N, satisfy the
assumptions of Theorem 1.5 for the constant ¢ € R as above. As the assumption
limsupy,_, .,dim Hj,/k < 2 implies in particular that dim Hj, < 2(k + ¢) for all
k € N, it follows that ¢ € Z and that dim Hj, = k4 c for all k£ € N big enough, which
proves (1.12). Furthermore, Theorem 1.5 and formula (4.36) imply that there exist
unitary operators X, X, € End(Hy,) satisfying X X, = e2mi/(k+¢) X, X| and not
preserving any non-trivial proper subspace, such that

(4.40) | Tk (u;) — Xjllop = O(1/k) forall j =1,2.

Note that the explicit formula (2.53) shows that for any two such pairs
X1,X, € End(Hy) and X;,X, € End(Hy), there exists a unitary operator
U: Hy, — Hy and p := (p1,p2) € T? ~ R?/Z? such that for each j = 1,2, we have

(4.41) X; =P U~ X;U.

Setting m; := | (k+c¢)p;] € N for each j = 1,2, and considering the unitary oper-
ator Upy, m, = X[ "2 X" € End(Hj},), we get the following estimates in operator
norm as k — oo, for all p = (p1,p2) € T2 and all unitary operators X, X, €
End(H},) satisfying the above commutation relations,

(4.42) Uy XUl = e 2mims/ (ko) X — o=2mini X 4 O(1 k).

miy,m2
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Thus for any two such pairs of sequences X, X, € End(Hy), k € N, and )?1 ,)?2 S
End(Hy), k € N, we get a sequence of unitary operators Uy, : Hy — Hy, k € N,
such that

(4.43) X; = U XU+ O(1/k).

Then if we have two quantizations {T,Qy, : C*(T?) — L(H},)}xen With same
sequence of Hilbert spaces satisfying dim Hj, = k+c for all k£ € N big enough, they
both satisfy (1.8) for two different pairs X, X, € End(Hj) and X, , X, € End(Hy),
and formula (4.43) shows that there exists unitary operators Uy : Hy, — Hj, for all
k € N such that for each j = 1,2,

(4.44) 10" Qi (i) Uk = Ti(ug) lop = O(1/k)
Now by transitivity as above, it suffices to establish (1.13) when
{Tk : Coo(Tz) — E(Hk‘)}kENy

is the Berezin-Toeplitz quantization of Theorem 4.2. Then by a straightforward
adaptation of the computation (4.25) with f; replaced by u;, uy respectively and
fn replaced by ufujy', we get by induction on n,m € Z that there exist constants
a > 0and M € N, depending only on the quantizations, such that

(il +mh

(4.45) [Tk (ufuy") — Qr(uiuy")|lop < i

Now for any f € C*(T?), consider its Fourier expansion

(4.46) F=)" ampuius.

m,neZ

Since f is smooth, the coefficients ay, ,,, n,m € Z, decay faster than any polyno-
mial in |n|, |m|. Using the estimate (4.45) in the same way as with (4.31), this
shows formula (1.13) in the case of M = T2, and concludes the proof of Theo-
rem 1.8.

4.3. Traces of quantizations. Note that in the previous section, we showed
in particular that for geometric quantizations of M = S? or T2, the constant ¢ €
R appearing in Lemma 4.1 is an integer, uniquely determined by the condition
dim Hy, = k + c for all k£ € N big enough. This fact can be refined for geometric
quantizations satisfying the following additional axiom.

Definition 4.3. A geometric quantization {7}, : C*(M) — L(Hy)}ken of a
closed symplectic manifold (M,w) of dimension dim M = 2d is said to satisfy the
trace axiom if there exists a function R € C*(S?) such that for all f € C*(S?),
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we have

k¢ w?
@ wnin)=(5) [ m

for a sequence of functions Ry € C*°(M) satisfying the following estimate as
k — oo,

1
Ry = 1+ER+O(1/k2)'

We then have the following refinement of Lemma 4.1, relating this trace with
the coefficient C, .

THEOREM 4.4. Let M = S? or T? be endowed with the standard volume form
w of volume 2. Then if {T}, : C*(M) — L(H}) }ren is a geometric quantization
with Cfr = 0 satisfying the trace axiom of Definition 4.3, we have for all f,g €
= (M),

(4.48) Cy (f,9)= —%R{f,g}-

Proof. Let Ty, : C=(M) — L(Hy), k € N, be a geometric quantization with
C} = 0 satisfying the trace axiom of Definition (4.3), and recall the form « €
02(M,R) of formula (4.6). Let ¢ € R and 6 € Q' (M, R) be such that a = cw + df,
as in formula (4.12), and write

(4.49) df =: Ryw,

with Ry € C*°(M ). Considering the change of variable (4.7) induced by the deriva-
tion 6 : C* (M) — C*=(M) defined by ¢ f := 0(sgrad f), we compute

(4.50) /M §fw = —/Mfd9 = —/M Rofw.

Then one readily computes that the quantization {7} : C*(M) — L(Hj)}ren in-
duced by § as in (4.7) also satisfies the trace axiom of Definition 4.3, where the
function R € C*(M) is replaced by the function R; := R — Ry. On the other
hand, we know from the proof of Lemma 4.1 that le 5= C =0 and Chrs =
—%c{o, -}, and from the proof of Theorem 1.8 above that ¢ € R is an integer satis-
fying dim Hy, = k + ¢ for all k € N big enough. Applying formula (4.47)to f =1
and using that 77 (1) = 1, we get

1
4.51) / Rsw=c.
271' M
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On the other hand, using the axioms (P2) and (P3), we get for any f,g € C*(M)
that as k — oo,

i(1-7) u T gh) = ke (TE(). T ()] + O /i)
= O(1/k).

(4.52)

Now as every function with zero mean can be written as a sum of Poisson brackets
(see e.g. [2, Theorem 1.4.3]), we get that

(4.53) / fw=0 implies trTP(f) = O(1/k) as k — +oo.
M

Using formula (4.47) again, we see that this is possible if and only R is constant,
equal to c € Z by formula (4.51). We thus have R = ¢+ Ry, and by formulas (4.13)
and (4.49), we get

i
2
This gives the result. O

@5 C5(g)=—5ellg -~ Rolf.} = 2 R{Tg).

Together with Theorem 1.5, Theorem 4.4 implies the following extension of
Theorem 1.8 in a special case. Denote by 7, : T? — T? the translation by an element
p e T2

THEOREM 4.5. Let {Qy, T}, : C=(T?) — L(Hy)}ren be two geometric quan-
tizations of the torus satisfying the trace axiom of Definition 4.3, with the same
sequence of Hilbert spaces, same C;", and same R € C*(T?). Assume furthermore
that the function R is constant, and that the bi-differential operator C" is transla-
tion invariant. Then there exist a sequence {Uy, : Hy, — Hy,}ken of unitary opera-
tors and a sequence {py € T?}ren of points in T? such that for any f € C=(T?),
we have as k — oo,

(4.55) 10 Q7 U = T ) lop = O(1/E2).

Proof. First note that as C;' is translation invariant, the differential operator
D : C=(T?) — C=(T?) appearing in formula (4.4) can be chosen to be translation
invariant as well. Consider the common change of variable defined for all f €
C=(T?) and k € N by

@50 QP =u(f+10(0) wa TP =T (74 ,D0).

so that C’l+ p = 0. Since both D and w are translation invariant, and D vanishes on
constants, we have

4.57) D(f)w =0,
T2



1624 L.100S, D. KAZHDAN, AND L. POLTEROVICH

for all f € C(T?). We then see that the quantizations (4.56) also satisfy the trace
axiom of Definition 4.3 with function R € C*(T?) unchanged, and by Theorem
4.4, they have same C, j,, given for all f,g € C=(T?) by the formula

(4.5 Cyp(f.9) =~ 5R{f9}.

Furthermore, the trace axiom of Definition 4.3 implies in particular that

limsup dim Hy /k < 2.

k—4-o0
As R is constant by assumption, we can then follow the proof of Theorem 1.8 in
Section 4.2 in the torus case T2, replacing the quantizations {Qy, T} : C*(T?) —
L(Hy,)}ken by the quantizations {QP, TP : C=(T?) — L(Hy)}ken constructed
above. Using the full strength of Theorem 1.5, we get unitary operators X, X, €
End(Hj},) satisfying X X, = 2™/ (+¢) X, X| such that the following analogue of
formula (4.40) holds,

(4.59) 1T (uj) — Xjllop = O(1/k?) forall j=1,2.
Furthermore, the same holds for QkD with operators X 1, X » € End(H},) such that
(4.60) X; =™y~ X;U  forall j =1,2,

for a unitary operator U : Hy, — Hy and p := (p1,p2) € T? ~ R?/Z2. On the other
hand, note that by definition (4.32) of u; € C*(T2,C) for all j = 1,2, if 7, : T? —
T? is the translation operator by p € T2, then we have

4.61) Tou; = e P,

Using now the commutation relation (4.33) and the fact that Cf p =0, we get from
axiom (P3) a constant o > 0 and a constant N € N such that for any m,n € Z, we
have

-
T2 ()T~ (14557 ) T2 g

(4.62)

Using this estimate and through a straightforward adaptation of the proof in Sec-
tion 4.2 for M = T2, we then get a sequence of unitary operators {Uy : Hy —
HiYren, k € N and a sequence of points {pp € T?}xcn, such that for any f €
C=(S?), we have the following estimate as k — +oo,

.
1) TP ) = (1425 ) TP g+

op

(4.63) 10 QR (73, U = TP () lop = O(1/K*),
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where 7, : T?> — T? denotes the translation by p € T2. As the common change of
variable (4.56) is invariant by translation, this readily implies the result. U

Theorem 4.4 is of specific interest in the theory of deformation quantization of
the Poisson algebra (C*(M),{-,-}). To see this, consider the following extension
of axiom (P3).

Definition 4.6. A geometric quantization {7}, : C°(M) — L(Hy)}ken of a
closed symplectic manifold (M, w) is said to satisfy the star product axiom if there
exists a collection of bi-differential operators C;, j € N, such that for all m € N
and all f,g € C*(M),

m—1
(4.64) Tw(f)Tk(g) = Tk <f9+z Ijjcj(f,g)> +O(1/E™).
=

The name for this axiom is justified by the fact that, together with the other
axioms of Definition 1.6, this induces a differential star product * on the ring of
formal power series C*° (M, C)[[h]], with formal parameter /. Specifically, the for-
mula

(4.65) frg:=Ffg+> WCi(f.9),
j=1

for all f,g € C(M), defines an associative unital C[[%]]-linear product * on
C=(M,C)[[h]] satisfying f g — g+ f =ih{f,g} + O(h?). Setting h = 1/k, we
see that (4.6) reads formally as the star product axiom

(4.66) Te(f)Tk(9) = T(f *9),

where this equality is understood as an asymptotic expansion with respect to the
operator norm.

Working with formal power series in %, one can extend the notions (4.7)
and (4.36) of a change of variable over any subset U C M as a map

A C*(U,O)[[r]] = C=(U, O)[[n]]
satisfying A(1) = 1 and
~+oo
(4.67) A(f)=f+> _WD;f,
j=1

for all compactly supported f € C*(U), where D; are differential operators for all
j € N. This acts on a star product * via the formula

(4.68) frag=A"YA(f)*Alg)),
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where * 4 is defined on compactly supported functions f,g € C*(U,C). In the the-
ory of deformation quantization, this is also called a star-equivalence. For change
of variables of the form A(f) = f+AhDf for any f € C*(M), one readily checks
that * 4 is the star product (4.66) associated to the geometric quantization {TkD :
Cm(M) — ﬁ(Hk)}keN of (4.7).

Following [25, §1, p. 229] (see also [19, §2, p. 220]), one can define the canon-
ical trace of a differential star product  over a closed symplectic manifold (M, w)
of dimension dim M = 2d as the map try, : C*°(M)[[h]] — C][[h]] such that for any
f € C*(M) supported over a contractible Darboux chart U C M, we have

d

_ w
(4.69) (1) = ) [ Ap(n)%,
X .
where Ay : C(U)[[h]] — C=(U)[[R]] is a change of variable making x equal to
the usual Moyal-Weyl star product over R?? in these Darboux charts. We will not
need the full definition of the Moyal-Weyl star product, but only that it satisfies
C} = C; = 0. The following result is then a consequence of Theorem 4.4.

COROLLARY 4.7. Let M = S? or T? be endowed with the standard volume
form w of the total area 2. Let {T}, : C (M) — L(H}) } ke be a geometric quan-
tization satisfying the trace axiom of Definition 4.3 and the star product axiom of
Definition 4.6. Then for all f € C*(S?), we have the asymptotic expansion

uTy(f) = wa(f) + O /k),
ask=1/h — oo

Proof. Take f € C*(M) to be compactly supported in a Darboux chart
UcCM, and let Ay : C=(U)[[n]] — C=(U)][[n]] be a local change of variable
making the induced star product (4.65) equal to the Moyal-Weyl star product. Let
us write

(4.70) Ay(f) = f+hDy f+O0(h?),

and write 5’1 and 52 for the bi-differential operators of (4.65) associated with the
star product * 4,, over U. Note that terms of order h? and more do not affect 6’1+
and 52’ , and by formula (4.10), the condition 51+ = 0 determines Dy : C*(U) —
C=(U) up to a derivation. In particular, by the trace axiom (4.47), one sees that
both the usual trace and the canonical trace change the same way under a change
of variable of the form (4.7). By Lemma 4.1, it suffices to show the result for
quantizations which already satisfy C;" = 0.

Let then {1}, : C*(M) — L(H},) }ren be a geometric quantization with C| =
0 and satisfying the trace axiom (4.47), so that we are under the hypotheses of
Theorem 4.4. Then by formula (4.10), the condition C~’1Jr = 0 implies that Dy :
C=(U) — C=(U) has to be a derivation in that case. Furthermore, formulas (4.10)
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and (4.13) show that in order to also have 52_ = 0, this derivation has to be of
the form Dy f := —6(sgrad f) for all compactly supported f € C(U), where 0 €
Q!(M,R) satisfies

(4.71) C5 (f,9)= %d@(sgradf, sgradg),

for all compactly supported f,g € C*(U). Note that this is compatible with for-
mula (4.6), as all 2-forms over a contractible open set U C M are exact. Then by
definition (4.69) of the canonical trace, for all f € C*(M) with compact support
in U C X, we then have

n(£) = 57 [ (7= hBlserad )+ O

4.72)
=57 X(f+thU)W+O(h)7

where Ry € C(U) is defined by the formula

(4.73) df =: Rywl|y.

Therefore, by formula (4.71), for all compactly supported f,g € C*(U), we have

By Theorem 4.4, the trace tr7)(f) is given by the last term in formula (4.72),
and hence coincides with the canonical trace try, (f) up to O(1/k). This completes
the proof of the corollary. U

Corollary 4.7 naturally leads to the following conjecture.

CONJECTURE 4.8. Let {T} : C*(M) — L(Hy)}ken be a geometric quantiza-
tion of a closed symplectic manifold (M,w) satisfying the trace axiom of Defini-
tion 4.3 and the star product axiom of Definition 4.6. Then for all f € C*(M) and
m € N, we have the asymptotic expansion

Ty (f) = wn(f) + O /E™),
ask=1/h — +eo.

The trace axiom of Definition 4.3 is a basic property of Berezin-Toeplitz quan-
tizations of closed Kéhler manifolds, and the fact that these quantizations satisfy
the star product axiom of Definition 4.6 has been shown by Schlichenmaier in [28].
Then Conjecture 4.8 for Berezin-Toeplitz quantizations of closed Kéhler manifolds
has been established by Hawkins in [17, Cor. 10.5].
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Remark 4.9. As explained for instance in [15, §6], there exists a notion of char-
acteristic class for differential star-products * over symplectic manifolds, which has
been introduced by Deligne in [11] as an element c() of the affine space /! [w] +
H?(M,R)[[h]]. By the work of Fedosov [12] and Nest and Tsygan [25, 26], this
class is known to classify star-products up to star-equivalence (4.68). Then we have
the relation

(4.75) c(x) = b w] + clw] + O(h),

where ¢ € R is the constant produced from T} : C*(M) — L(Hy), k € N by
Lemma 4.1. Then for geometric quantizations satisfying star product axiom (4.66),
the proof of Theorem 1.8 computes this constant to be an integer via the formula
dim Hy, = k+ c for all £ € N. The Deligne-Fedosov class of the standard Berezin-
Toeplitz quantizations of closed Kéhler manifolds has been computed by Hawkins
in [17, Th. 10.6] and Karabegov and Schlichenmaier in [20].
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