Math. Z. (2018) 290:539-559

https://doi.org/10.1007/500209-017-2030-9 Mathematische Zeitschrift

@ CrossMark

On the composition of Berezin-Toeplitz operators on
symplectic manifolds

Louis Ioos!

Received: 16 March 2017 / Accepted: 28 November 2017 / Published online: 13 January 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract We compute the second coefficient of the composition of two Berezin—Toeplitz
operators associated with the spin® Dirac operator on a symplectic manifold, making use of
the full-off diagonal expansion of the Bergman kernel.

1 Introduction

In [14], Ma and Marinescu studied in detail Berezin-Toeplitz quantization for symplectic
manifolds, introducing kernel calculus as a method to compute the coefficients of the asymp-
totic expansion of the associated Toeplitz operators. They considered the following situation:
let (X, w) be a compact symplectic manifold of dimension 27, and (E, hEY, (L, ht) be Her-
mitian vector bundles on X with rk(L) = 1, endowed with Hermitian connections VE viL,
If R denotes the curvature of VX, we assume the following so-called prequantization con-
dition:

=~ RE 1.1
®=— (1.1)
Let J € End(7T X) be an almost complex structure on 7 X compatible with w, and let gTx
be the Riemannian metric on 7 X defined by

w(u, v) :gTX(Ju, V), (1.2)

for any u, v € TX. We denote by L? the p'" tensor power of L and D, the spin® Dirac
operator acting on the smooth sections of £, := A(T**VX)® LP® E. The metrics g7 ¥, ht
and A% induce the usual L2-scalar product on the space L*(X, E p) of the square integrable
sections of E,. The orthogonal projection of L*(X,E p) on Ker(D)) with respect to this
product is denoted by P, and is called the Bergman projection. For f € ¢°°(X, End(E)), the
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Berezin-Toeplitz quantization of f is the family {7, ,} ,ew of operators acting on L*(X,E »)
by

Ttp=P,yfP,:L*(X, E,) — L*(X, E,), (1.3)

where f denotes the operator acting by pointwise multiplication by f.

More generally, a family {7),},en of bounded operators acting on L*(X,E p) is called a
Toeplitz operator if P,T, P, = T, for all p € N, and if there exists a sequence of sections
gr € €°*°(X,End(E)) for all r € N such that

o
Ty=Y Tepp +0(p™), (1.4)

r=0
where, for all » € N, the family of operators {7, ,},eN is the Berezin-Toeplitz quantization
of g, in the sense of (1.3). Here the notation O (p~°°) means that, for all k¥ € N, the sum up

to order k is a O (p~*) of the left member for the operator norm.

In [14, Th.1.1], Ma and Marinescu proved that the set of Toeplitz operators as defined in
(1.4) forms an algebra. More precisely, given f, g € ¢°°(X, End(E)), they established that

oo

TrpTep =D 0 " Teo(fgp + O(p~), (15)
r=0

where C, are bidifferential operators, with Co( f, g) = fg. In particular, we get the following
formula:

TrpTep =Trep+Op~)), (1.6)

which shows that the composition of two Toeplitz operators approach the usual pointwise
composition of endomorphisms in the semi-classical limit, when p tends to co. Moreover,
in the case f, g € €°°(X), they showed that C(f, g) — C1(g, f) = ~/—1{f. g}, where
{., .} denotes the Poisson bracket associated to the symplectic form 27 w. We thus get the
following formula:

(Tfp. Te.pl = P Tifg1.p + O(p2), (1.7)

which shows that the family {7, ,} yen indeed satisfies the expected semi-classical limit for
a quantization.

Especially interesting is the case of J coming from a complex structure, making X into a
Kihler manifold. In this case, we ask (E, hE ), (L, hL) to be holomorphic Hermitian vector
bundles, and VE, VL to be the associated holomorphic Hermitian connections. The spin©
Dirac operator D), is then given by

D, = V2@ 47O, (1.8)

—] P —_
where 3" &% denotes the holomorphic d-operator on L? ® E acting on the Dolbeault complex

Dy QV9(X, LPQE) = €°°(X, E,),and 5LP®E’* its formal adjoint for the L?-scalar product.
By Hodge theory, we get

Ker(Dp|Qo.q(X,Lp®E)) ~ Hq(X, L? ® E), (19)

where HY(X, L? ® E) denotes the ¢’ Dolbeault cohomology group associated to L? ® E.
The prequantization condition (1.1) implying L positive, by the Kodaira-Serre vanishing
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theorem we get for any g > 0,
HY(X,L?  E) =0, (1.10)

whenever p is sufficiently large. Picking such a p, the identification (1.9) together with
(1.10) imply Ker(D,) ~ H 9(X, L? ® E), which gives back the usual setting of geometric
quantization on Kihler manifolds, the space H%(X, L? ® E) being the space of holomorphic
sections of L” @ E. In the general symplectic setting however, Dolbeault cohomology doesn’t
exist, and Ker (D)) is then a natural generalization of the space H 0(X,LP Q E).

The theory of Berezin—Toeplitz quantization in the Kihler case for E = C has first been
developed by Bordemann, Meinrenken and Schlichenmaier [3] and Schlichenmaier [16].
Their approach is based on the work of Boutet de Monvel and Sjostrand on the Szego kernel
in [1], and the theory of Toeplitz structures developed by Boutet de Monvel and Guillemin [2]
(see also [4]).

In the Kihler case, the data given in (1.3) can be computed much more explicitly, and
in [15, Th.0.3], Ma and Marinescu gave the following formula for the second coefficient
Ci(f, g) for f, g € €°(X,End(E)):

1
Ci(f. g) = —gw”’f, vOle), (1.11)

where V-0 and V! denote the holomorphic and anti-holomorphic part of the connection
on End(E) induced by VE, and (., .) denotes the pairing induced by g7 X on T*X ® End(E)
with values in End(E). The formula (1.11) is compatible with the following description of
the Poisson bracket in the case E = C:

1
V-1{f, g} = —5 (VIO £, V0 gy — (v10g VO ). (1.12)

Ma and Marinescu also computed the coefficient C»(f, g) for f, g € ¥°°(X), and gave
in [15, Th.0.3] formulas for the first coefficients of the expansion in p € N of the kernel of
a Berezin-Toeplitz operator on the diagonal. These formulas have been used for the study
of canonical metrics via balanced embeddings by Fine in [9, Th.10] for the quantization of
the Lichnerowicz operator, and then by Keller, Meyer and Seyyedali in [11, Prop.3.6] for the
quantization of the Laplacian operator on vector bundles (see also [8] on this last topic). In
[10, Th.1.4, Th.1.5], Hsiao gave a new proof of [15, Th.0.2, Th.0.3] for E = C using results
from microlocal analysis of [1].

In the context of deformation quantization, the properties (1.6) and (1.7) inthe case E = C
imply that the expansion (1.5) defines a star product on ¢°°(X), called the Berezin-Toeplitz
star product (see for instance [12, Rem.7.4.2] and [17]).

In this paper, we use methods developed in [14] as well as results of [13] in order to
compute Ci(f, g) for f, g € ¢°°(X, End(E)) in the general symplectic case described in
the beginning of this section. Analogous to (1.11), our result is:

Theorem 1.1 Let (X, w) be a compact symplectic manifold equiped with a Hermitian line
bundle with Hermitian connection (L, h™, V) satisfying the prequantization condition (1.1),
and let (E, hE, VE) be a Hermitian vector bundle with Hermitian connection. Let J €
End(T X) be an almost complex structure on X, and g7* be the Riemannian metric defined
by (1.2). Forany f, g € €°°(X, End(E)), the second coefficient of the asymptotic expansion
of Ty, pTg,p as in (1.5) is

1
Ci(f. g = —gw“’f, vOlg), (1.13)
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where V10 and VO denote the holomorphic and anti-holomorphic part of the connection
on End(E) induced by VE, and (., .) denotes the pairing induced by gTX on T*X ® End(E)
with values in End(E).

In the case E = C, Charles treated the theory of Berezin-Toeplitz quantization for
symplectic manifolds in [5] using microlocal analysis of [2], and computed the coefficient
Ci(f, 8 for f. g € €°°(X) in [6].

2 The local model for Toeplitz operators

This section is dedicated to set the context and the notations, and to describe the local model
which will be used in the next section for the computations.

2.1 Setting

Let (X, w) be a compact symplectic manifold, endowed with an almost complex structure J
on its tangent bundle 7 X . We denote by g7 the Riemannian metric defined by (1.2), and by
VTX the associated Levi-Civita connection on 7' X. The almost complex structure J induces
a splitting

TXQC=T"9xgT0Dx 2.1

on the complexification of the tangent bundle into the eigenspaces of J correponding to the
eigenvalues »/—1 and —+/—1 respectively. This allows us to define the total exterior product
bundle A(7*D X), which is actually a Clifford bundle: forany v € 7' X with decomposition
v = v1,0 + vo,1 according to (2.1), we define the Clifford action of v on A(T*OD x) by

c(v) = V2(V} § — i), 2.2)

where v} denotes the wedge product by the metric dual of vy ¢ in 7*O-D X andi .1 denotes

the contraction by vg,; € TOD X Let V9 be the connection on det(71? X) induced by
the natural projection of VI'X on T(-9 X via the decomposition (2.1). We denote by V! the
Clifford connection on A(T*© D X) induced by V¥ and V4! as defined in [12, §1.3.1].

Recall now that VE and V£ are Hermitian connections on the Hermitian vector bundle
(E, h) and the Hermitian line bundle (L, h’) respectively. The vector bundle

E,=AT""VX)® L' ®F (2.3)

is naturally endowed with the Hermitian product induced by g”*, 1% and h*. Then there is
anatural L2-scalar product on €°(X, E p) induced by the Hermitian product of E, and the
Riemannian volume form dvy on X associated to g7 X. We denote by VEr the connection
on £, induced by vV VL and VE. We define then the spin® Dirac operator D, locally by

2n
D, =Y clepV.) : € (X. Ep) — €X(X, Ep), (2.4)
j=1

where {e; }?": 1 is alocal orthonormal frame of 7' X with respect to gTX.Then D p is aformally
self-adjoint operator on €*°(X, E ) with respect to the L?-scalar product.
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2.2 Model operator

Let us fix a point xg € X, and let us choose gy > 0 so that the exponential map at xo
induces a diffeomorphism between the geodesic ball BX(x0,0) C X and the open ball
B(0,80) C Ty X, where Ty, X is endowed with the Euclidean metric induced by gTX .
We trivialize L, E and E, over B(0, &) by identification with their respective fibre at xq
through parallel transport with respect to their respective connections along geodesics. We
then identify Ly, with C choosing a unit vector. Let us note that as End(LfO) is canonically
identified with C, our results will not depend on this choice.

Let {w j};le be an orthonormal basis of TX(O] DX with respect to the Hermitian product
induced by g7X. This induces a basis {e j}i": | of Ty, X, orthonormal with respect to the

Euclidean product induced by g%, such that

1 V=1
eri1=—=w;i+w;) and ep; = —(wW; —WwWj), 2.5)
J ﬁ J J J \/E J J
for any I < j < n. We use this basis to identify 7y X with R?". We denote by Z =
(Z1, ..., Zop) theinduced real coordinates, and by z = (71, . . ., Z,) the complex coordinates

on C" such that z; = Zy;_1 + +/—1Zy; forany 1 <i < n. We thus have ¢; = 9/0Z; for
any 1 < j < 2n, and the following equality of vector fields holds:

2n n
d d 0
Z; = zi— +z2;i— ), 2.6
2 "9z Z(jaz,' ’82j> 20

i=1 j=1

which is not to be confused with the equality of coordinates Z = (z 4 2) /2. We write d Z for
the canonical Lebesgue measure of R%* with respect to the variable Z.

Let us now consider the Hilbert space L2R* (A(T*ODX) ® E) xp) With the L2-scalar
product induced by the Hermitian product on (A(T**V X) ® E),, and the Lebesgue mea-
sure of R?". By the identification T X = R and the trivializations above, we identify
sections in L2(X, E p) with sufficiently small compact support around x( with functions in
L*R*, (A(T*ODX) ® E) ).

It is shown in the complex case in [12, Chap.4] and generalized to the symplectic case in
[12, Chap.8] how the operator (D p)z is approximated for large p, after a convenient rescaling
in /p, by an operator fzo acting on ¢ R2 (A(T*ODX)QE) xo) defined by the formulas

n
0 —j .
L =L+ 4wl iy, L =) bbT,

j=1

ad _ 4 a
bi:—zi-f‘fle', bi =2— +mz;, (27)

az; 0Z;
forany 1 <i < n, where z; and z; denote the scalar multiplication on (A(T*OD X)) @ E) X0
by z; and z; respectively. The differential operator . acts on the scalar part of smooth
functions with values in (A(7*O-DX) ® E) xo» and can thus be seen as a differential operator

on €°°(R*"), still denoted by .Z. We call .% the model operator. 1t is a densely defined
self-adjoint operator on L?(R?") and have the following spectral properties:
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Proposition 2.1 [12, §4.1.20] The spectrum of £ on L>(R*") is given by

Spec( &) = {47r > e
i=1

(x:(al,...,an)eN”], (2.8)

and an orthogonal basis of the eigenspace indexed by o € N" as in (2.8) is given by

b* (z’3 exp (—Z Z Izi|2>> forany B € N". (2.9)
i=1

The corresponding orthogonal projection 2 : L*(R?") — Ker(£) has smooth kernel
with respect to d Z, which for all Z, Z’' € R?" is easily computed to be

n
T -
P(Z,7) = exp (—2 > Uzl + 122 —2ziz;)>. (2.10)
i=1
As the operator . in (2.7) acts only on the scalar part of functions with values in
(A(T*ODX) Q@ E) xo» the kernel of the associated projection

2 L*R™, (A(T*OVX) @ E),,)) — Ker(ZL) (2.11)

acts on (A(T*0VX) ® E)x, by scalar multiplication and is still given by (2.10).

The space (A(T**DX) @ E) xo has a natural Z-graduation given by the one on
A(T*OD X), and we denote by (C ® E),, the degree 0 subspace of (A(T**VX) ® E),,
for this graduation. We write

Icgr : (MT*OVX) @ E)yy — (C® E)y, (2.12)

for the natural projection, which is orthogonal with respect to the Hermitian product. It
induces a projection on the L2-sections, still denoted by Icg £, which is then orthogonal with
respect to the L2-scalar product.

The two terms defining 320 in (2.7) are positive commuting operators, and the orthogonal
projections on their kernels in L2(R* (A(T*ODX) ® E)y,) are given by & and IcgE
respectively. Consequently, the orthogonal projection on the kernel of .Z?, seen as a densely
defined self-adjoint operator acting on L*(R>", (A(T**DX) ® E),,), is given by

P = Plcgr : L*R*", (AT VX)) ® E),,) — Ker(£Y). (2.13)

We denote by Ker(.#))" the orthogonal space of Ker(.#3) in L?2(R*", (A(T**VX) ®
E)y,), and by P the associated orthogonal projection. Using Proposition 2.1 and (2.7), it
is easy to compute explicitly the inverse of 320 on Ker(.,i”z0 )1 by inverting its eigenvalues. It
thus makes sense to write

(@) P LR (ATHOVX) ® E)y) — LPR (AT OVX) @ E)y).
(2.14)

2.3 Kernel calculus

We introduce now the kernel calculus on C" developed by Ma and Marinescu [14], which
will be the basis for our calculations in the next section.

If T is a bounded operator on L2R> (A(T*ODX) ® E) xo) With smooth kernel with
respect to d Z, we will denote its evaluation at Z, Z' € R?" by

T(Z,7") € End(A(T**VX) @ E),,. (2.15)
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IfF(Z,Z") € End(A(T**VX)®E),, isapolynomialin Z, Z’ € R?*", we denote by F &
the operator on L2(R?", (A(T**V X) ® E),,) defined by the kernel F(Z, Z') 2 (Z, Z'), so
that

(FP)Z,Z)=F(Z,Z)P?(Z,7), (2.16)

forall Z, Z' € R?". By the explicit expression of Z(Z, Z') in (2.10), the formula (2.16)
defines in fact a bounded operator on L2(R* (A(T*ODX) @ E)xy).

Using these notations, we can state the following result, which comes essentially from
[14, §2].

Proposition 2.2 Forany Q(Z, Z') and F(Z, Z') € End(A(T**VX) ® E)y,, polynomials
in 2,7 € R, there exists K[F, Q1(Z,Z') € End(A(T**VX) ® E),,, polynomial in
Z,7 € R* such that

KIF, Q12 = (F2)(Q2), (2.17)

where the left hand side denotes the composition of two operators defined by their kernels as
in (2.16).

Furthermore, for all F(Z,Z"), G(Z,Z') and H(Z,Z') € End(A(T**VX) ® E),,,
polynomials in Z, Z' € R*", the following formulas hold:

K[F,KI[G, H]l = K[K[F.G], H], (2.18)
K[Icek, Icoe] = IcsE- (2.19)

For any q(Z) polynomial in Z with scalar values,

KI[F,q(Z)G] =K |[q(Z"F,G]. (2.20)
For any Q(Z) polynomial in Z with values in End(Ey,),
KIQ(Z)F,G] = Q(OKIF, G],
K[F,GQ(Z")] =KI[F.,G]Q(Z). (221

Finally, for A € End(Ey,) and G(Z,Z') € End(A(T*OVX) ® E),, polynomial in
Z,7 e R commuting with A, we have:
AK|[G,F]1=K[GA,F1=KI[G, AF],
K[FA,G]=K[F,AG]=K|[F, G]A. (2.22)
Proof Let us first deal with the case F = 1. The kernel of the composition Z(G Z?) is
given by 2(G(Z, Z')2(Z, Z')), where the operator 2 acts on the variable Z € R?". Thus
the variable Z’ € R?" acts as a parameter in this situation, and we are reduced to the case
G(Z,Z') = G(Z) not depending on Z'. Using Proposition 2.1, this can be computed by

induction on the degree of G in z,z € C™:
First, by Proposition 2.1 and (2.10), we get

222,72 =22, 7)), (2.23)
for any B € N". Next, let us notice that by (2.7) and (2.13),
biP(Z,Z") =2n(z;i —7)P(Z,Z)). (2.24)
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Here, b; defined in (2.7) acts on the Z variable. As b; Z(Z, Z') is in the orthogonal of
Ker(.Z) by Proposition 2.1, we get using (2.23),

PGP(ZL,2N)) =23, 2(2,7)). (2.25)

Now by the definition of b; in (2.7), we know that
0
[G(Z), bi] = Za—G(Z), (2.26)
Zi

for any G(Z) € End(A(T**VX) ® E),, polynomial in Z € R?". Using the fact that
bz 2(Z,Z') is in Ker(.£)* by Proposition 2.1, we can compute the case of general F by
induction through repeated applications of (2.24) and (2.26).

Now for the general case, if Fi(Z) and F»(Z') € End(A(T**VX) ® E),, are two
polynomials in Z and Z’ € R?" respectively, by the definition of operators associated to
kernels as in (2.16), we have the following two easy facts:

(FUZ)GPNZ,Z") = FI(Z)(GP)Z,Z)),
(GFy(ZNP)(Z,2Z)) = (GP)(Z, Z)F»(Z)), (2.27)

where we use for the second equality the fact that 2(Z, Z’) has scalar values by (2.10). By
(2.17) and the usual formula for composition of kernels, recall that

(K[F,G12)(Z,Z) = / Pz, ZN2(Z2,2"YG(Z2", ZY2(Z", 2)YdZ". (2.28)
R n
Then from (2.27) and (2.28), for any F(Z, Z') € End(A(T*®VX) ® E),, polynomial
inZ,Z' e R¥,
(KIFI(Z)F, Gl 2)(Z,Z") = FI(Z)(K[F, Gl 2)(Z,Z'),
(K[FF2(Z),G] 2)(2.2') = (KIF, F,(2)G| 2) (2, Z)), (2.29)

so the general case reduces to the previous one. As a byproduct of (2.27) and (2.29), we get
(2.20) and (2.21) as well.

The associativity (2.18) is obvious from (2.17). As Z(Z, Z') commutes with Icgg by
(2.10), we get (2.19). Finally, (2.27) and (2.29) applied to A € End(E,,) constant and
commuting with G gives (2.22). O

Proposition 2.2, together with its proof, is at the basis of the computations in this paper.
As an application, we compute the following special cases of the kernel calculus for any
1 <i, j < n, which will be used constantly in the forthcoming computations:

Klcek, Zjlcee] = Zjlcee, K[lcor, zjlcor] = zjlcaE,

K|zilceE. Zjlcor] = Ziz/J'I(Z@E, K[zilcee. zjlceE ] = ZizjlcsE,
_ 1 _
K[zjlcgE. ZjlceE] = —dijlcee + i IcoE,
- 1 -
K [zZilcsE, zjlcor] = =Sijlcge + ZizjlceE, (2.30)
T

_ 1 _
K[lcse, Zizjlcor] = ;51',‘1@@15 +ZizjIceE,

K|lcse. Zilcor] = zilcer. K|lcer. Zlcor]| = ZjceE.
KIcek, zizjlcor] = zizjlcor, K[lcek, Zizjlcer] = 77 Icok-
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3 Berezin-Toeplitz quantization and Bergman kernel

In this section, we recall the results of [12—14] on the reduction of Berezin-Toeplitz quan-
tization to the local model described in Sect. 2, and then go on to the computation of the
second coefficient of the asymptotic expansion. The general reference for the background on
the theory is [12].

3.1 The asymptotic expansion of Toeplitz operators

Forany p € N, let T}, be an operator acting on L*(X,E ) with smooth kernel T}, (x, x”) with
respect to dvy at x, x’ € X. For all xg € X, it induces

Tpxo(Z, Z") € End(A(T**VX) ® E)y, (3.1)

through the trivializations given in Sect. 2, where Z, Z’ € B(0, g9) C Ty, X =~ R2" are the
respective images of x, x’ € BX(x9, £0) C X in the exponential coordinates.

To estimate the kernels of any family {7, } ,en of operators actingon L2 (X, (A(T* OV X)®
E),,), we will use the following notation given in [14, Not.4.4]: we write

P Tpug(Z, Z) = (g ) (VPZ. /PZ') P + O(p™), (32)
r=0

with {Qyx,(Z,Z")}reny a family of polynomials in Z,Z' € R?" with values in
End(A(T*%DX) ® E),, and depending smoothly on xo € X, if for any k € N, there
ise > 0,Cop > 0 such that for any / € N, there exist C > 0, M € N, such that for
|Z|,|Z'| < e, the following estimate holds:

k
P o (Z. 2 (D (Z) =Y (Qrny @) (VPZ. /P2 p~ 2

r=0 1
<Cp T (1+ UPI1ZI+ VD12 ) exp (—Co/PIZ — Z')) + O(p~®). (3.3)
Here |.|; denotes the 4" norm with respect to xo € X with respect to the induced connection
on the pullback bundle 7*(End(A(T*@VX) ® E)) over TX xx TX, where 7 : TX Xx
TX — X is the fibre product of 7 X with itself over X. In the same way, when we say that
a polynomial in Z, Z’' € R?" with values in End(A(T**VX) ® E )x, depends smoothly on
Xxo € X, itisin that sense.
The function ky, € €°°(B(0, €o)) is defined for Z € B(0, gg) C R2" by

dvx(Z) =k (Z2)dZ. 3.4)

Its appearance in the formula (3.3) is necessary to make the comparison between kernels
consistent. Note that k,o(0) = 1.

We will apply the notation (3.3) to estimate the kernel of the Bergman projection P, on
Ker(D)) as defined in the introduction, namely through the following off-diagonal expansion
of the Bergman kernel:

Theorem 3.1 [7, Th.4.18’] There exists a family {J; x,}ren of polynomials in Z, Z' € R2n
with values in End(A(T*ODX) @ E)y, and depending smoothly on xo € X such that the
Jollowing expansion holds in the sense of (3.3):

P Ppx(Z.Z) 2 (Jrrg 2)WPZ. S PZp T+ O(p™™). (3.5)
r=0
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548 L. Toos

Proposition 3.1 gives a strong control on the Bergman kernel outside the diagonal, and is
used in [14] to prove the following result:

Theorem 3.2 [14, Th.1.1] Let f and g € €°°(X, End(E)). There exist families of polyno-
mials in Z, Z' € R* with values in End(A(T*®DX) ® E)y, and depending smoothly on
xo € X, respectively denoted by {Q, x,(f)}ren and {Qy x, (f, &)}reN, such that the following
expansions hold in the sense of (3.2):

P Trpxo(Z, Z) 2 Y (Qrag (NPNPZ, /PZNp™ >+ 0(p™™), (3.6)
r=0

P (TrpTe p)e(Z, Z) 2 (Qrag(fs PVWDPZ, /PZNp ™ + 0(p™). (3.7)
r=0

Recall that in Sect. 2, we defined an operator 320 aproximating D), for large p, after a
convenient rescaling in ,/p. We can refine this by the following (see [12, §4.1.3] for a precise
statement): after a convenient rescaling in ,/p =: 1/, the restriction of D, on BX(x, €0)
is equal, through the trivializations of Sect. 2, to an operator .%; on B(0, &¢) satisfying

m
L =L+ 10+ 0", (3.8)
r=1
for any m € N, where {O, },<n is a family of differential operators of order equal or less than
2, with coefficients explicitly computable in term of local data, and where the differential
operator O (1" *1) has its coefficients and their derivatives up to order k dominated by Cys"+!
for any k € N.
The family of polynomials {J}. ,},en defined in (3.5) can then be computed explicitly by
induction using (3.8). In particular, the following lemma, which has been established in [13,
§2.2], gives the first three elements of this family:

Lemma 3.3 For O and O, defined by (3.8), the following formulas hold:
Joxo? =P, i.e. Jox, = IcgE, (3.9)
Na? = ~(2)"' PLOIP — POI(Z) ' P, (3.10)
hox? = (L) PO PO P — () PO P
+ PO PRON(L) T P — PONZ) T PE
+ (PO PO ()T P — PO TP PLO P, (3.11)
Moreover, O1 commutes with any A € End(E,), and we have the formula
POP = 0. (3.12)
In particular, Jo x, and Jy x, commute with any A € End(E,,).

See also [12, §4.1.7] for a detailed exposition in the complex case. The assertion that O
commutes with endomorphisms of E,, is clear from the explicit description given in [13,
§2.2]. This, together with the fact that P and ,%20 act on End(Ey,) by scalar multiplication,
implies the last assertion. We point out that due to (3.12), we give in (3.11) a simpler formula
than the one appearing in [12, §4.1.7].

Following the notations at the beginning of this section, for any f € ¢°°(X, End(E)),
we write fy, for the induced function on B(0, &9) C Ty, X with values in End(Ey,) through
the trivialization described in Sect. 2. Note that in particular, fy,(0) = f(xo).
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To describe the families {Q, x,(f)}ren and {Q, x, (f. &)}ren defined in (3.6) and (3.7)
respectively, we will need the introduction of the kernel calculus presented in Sect. 2. This is
done in the next lemma, which gives as well a formula for the coefficient C; (f, g) of (1.5).

Lemma 3.4 [14, Lem.4.6, §4.3] For f and g € ¢°°(X, End(E)), the following formulas

hold:
Q£ =Y K[Qnx(f) Qrxg(®)]. (3.13)
ri+ry=r
aZfX Za
QN =" D K| 20 55 O dnw |, (3.14)
ri+ro+a|=r lo|=2
2n 3f
Qi xy(f) = f(x0)1xg + K | Joxg» Zl B—Z"j(mszo,xo : (3.15)
J:

and for Ci(f, g) € €°°(X, End(E)) defined by (1.5), we have
C1(f, &) (xo)lcee = Q2.x (S, 8)(0,0) — Q2 1, (f8)(0, 0). (3.16)

Note that the assertion (3.13) follows formally from the definitions of Q, ,(f, g) and
Q,.x, (f) inProposition 3.2 and the definition of K [, .]in (2.17). In the same way, considering
the Taylor expansion of fy, at 0, equation (3.14) follows formally from Proposition 3.1,
Proposition 3.2 and the definition of Ty, in (1.3).

As an illustration, let us give the calculation leading to (3.15). Notice first that from the
identity Ty, = P), for f = 1, the definitions of J, v, Q x, in (3.5), (3.6) and (3.13), we get

J1xo = K [Jo,x00 J1.x0] + K [J1.x05 Jo.x0] - (3.17)

But Joy , and Ji , commute with any A € End(E,) by Proposition 3.3. Thus

K [1.x0> f(x0)Jo.xo ] = f @0)K [ 1,505 Jo.x0] -
K [Jo.xes Fx0)1.x0] = F@0)K [Jo.x0- 1.0 ] - (3.18)

The assertion (3.15) then follows directly from (3.17) and (3.18).

Finally, (3.16) follows from (1.6), and can be found in [14, (4.82)]. Notice that (3.16) says
in particular that the right hand side preserves the degree and vanishes on elements of degree
> (), a fact which is absolutely not obvious from the formulas (3.13) and (3.14).

Thanks to the known eigenvalues of (fz())_lPl coming from Proposition 2.1 and the
explicit expression of Op given in [13, §2.2], the terms appearing in Proposition 3.4 can be
computed explicitly. We will only need the following special cases.

Lemma 3.5 [13,(2.33), (2.34)] Let (., .) be the C-bilinear product on Ty, X ® C induced by

gTX and let VX be the connection induced on tensors by the Levi-Civita connection VX,
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Then the following formulas hold:

(POI(S’QO)’IPL) 0,2 = %ﬁz;«vi J) o 9 >

. 0z; 0zm
il,m=1
xlogri o iy #(0,2)), (3.19)
Zm 07
n
=1 a0
PO(£Y —‘Pi) Z,0) = Y (VA ) =,
(Po12d) 0= 3 Fal(Viv) g
il,m=1
xlcori 1 i o P(Z,0), (3.20)
2 9Zm
V=1 a9
(e 'Proip)z.0 = zi<<v)2 J) =, —>
) 5 dz; 0z
i,l,m=1
xdZ1dzm Icoe P (Z,0). (3.21)

In the last formula, dZ;dZ,, denotes the wedge product in A(T*©V X) by d7;dZ,,.
3.2 Calculation of the second coefficient

Let f and g € ¥°°(X, End(E)) be fixed in all the sequel. In this last part, we will use the
results summarized in the previous sections in order to compute the coefficient Ci(f, g) €
¢*°(X, End(E)) defined in (1.5), thus giving a proof of Proposition 1.1.

Recall that by Proposition 2.2, the polynomials J , and J> ,, commute with any A €
End(E,,), thus in particular with i (xg) = hy,(0) for any 2 € ¥°°(X, End(E)). Thus from
(2.19), (2.22), (3.9) and (3.14), we have

Qo.xy(h) = K [Icgr, h(x0) Icor] = h(xo) IcaE- (3.22)

Let us develop the terms in the expression of C(f, g) given by (3.16). By (3.13) and
(3.22), we get on one hand

Q2.0 (f. 8) = K[ £ (%0) 0,50 Q2.x0(8)] + K [Q2.x0 (/). &(x0)Jo.x, ]
+K[Q1.4(): Q15 ()] - (3.23)

On another hand, we get from Proposition 2.2, Proposition 3.3 and (3.14) that for any
h € €°° (X, End(E)), thus in particular for h = fg,

Q2.xo(h) = h(x0)K [Jo,xo. J2.xo ] + K [Jz 20+ J0,x0 | H(x0)

oh
+ h(x0)K [J1.205 1.1 +Z 0 (0);c [1.05 ZjJ0.x0]
j=1

oh
+Z —= (0>1< Joxg» Zj 150

VA

3%h z“
+ Z 7)60(0),C |:JO,X()5 EJO,X()] . (324)
|oe|=2

The computation of C;( f, g) will be done in three steps: we will first use Proposition 2.2
to simplify these expressions everywhere it’s possible, then use Proposition 3.3 and formal
calculus of operators to cancel most of the terms. Finally, we will use Proposition 3.5 and
the kernel calculus of the previous section to handle the terms containing Z.
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We first develop one by one the terms of (3.23). Expanding Q; ,,(g) inside the expression
K [f(xo)Jo,xo, D2 .%o (g)] using (3.24) and simplifying with Proposition 2.2,

K [f (0)J0.x0» Q2,50 (8)] = £ (x0)8(x0)K [Jo.x0» J2.x0]
+f @x0)K [Jo.xg» K [ 2,50 Jo.x0 |] € (x0)
"_f(x())g(xO)lC [JO,)C()7 K [Jl,xov Jl,xo]]

98

2n
+ £ (x0) ; 07 OVK [Jo.x05 K [ 1205 Zj Jo.x0]]

2n
ad
1 G0) 3 SO [osgs Zi 0]
=1 J

28 z®
+f(x0) ;:2 BZ"‘U () [Jo,xo, EJO,XO] . (3.25)
o

We expand in the same way Q2 y, (f) inside K [Q2.x,(f), g(x0)Jo,x, | using Proposition
2.2 and (3.24),

K [Q2.50 (). 8x0)Jo,x0 | = K [2.x05 J0.x0 ] f (x0) 8 (x0)
+f x0)K[K[Jo.x0+ J2.x0 |+ Jo.x0 |8 (x0)

+f(-x0)g(x0)’c[’c[]1,xoa Jl,x0]7 JO,xo]
2n
+Z 57 OCOK[K[ 1,10, ZjJo.x0] Jox]
J

+Z (0>g(xo)lc[ [J0.50> ZjT1,x0]s Jo.50 ]

*f z®
" ‘|2:2 8220 0 egxK|K JO,xos JJO,X() s JO,xO .
al=

(3.26)

We then use Proposition 2.2 and (3.15) to expand Q1 »,(f) and Q; y,(g) inside the last
term of (3.23),

K[Q1x(): Qi (®)]

= f(x0)g(x0)K [J1.xy: J1.x ]
2n 9

+/f (x0) Z

%8 2O [J1005 K [oxg ZJo0.50]]

0o (0>g<xo)lc K[Jo.x0» ZjJouxo | J1.x0 ]

+Z

2n
X 0gx,
+y +K[lc [Jo.xo Z f°(0)z Jo, m} K[Jom agZ" 0)Z;.Jo.. OH (3.27)

ij=1 i=1
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Let us now add together (3.25), (3.26) and (3.27) to get (3.23). We first point out some
useful cancellations: by (2.17) and (3.10), we get

K [-]O,X(), K [-]l,xov -]l,xo]] P = P(-’l,x0<@)(-ll,xo<@)P
= PO 2PLO, P, (3.28)
K[K[T1.x05 T1.x0)s Jo.xo |2 = POI(L) 2 PO, P. (3.29)

On another hand, by (2.17), (3.9) and (3.11), we get

IC [J()‘XO, IC [JQ,XO, JO,XO]] P = /C[/C[](),XO, JZ,Xo]v J(),XO],@
= P(J2.y PP
= —PO(L)2PLO,P. (3.30)

As the operator on the right hand side of the Egs. (3.28)—(3.30) commutes with constant
endomorphisms by Proposition 3.3, Egs. (3.28)—(3.30) and (2.22) show that the second and
third terms of (3.25) cancel each other, as well as the second and third terms of (3.26).

Now, in the difference Q5 », (f, &) — Q2.x, (fg), the first three terms of (3.24) withh = fg
cancel with the first terms of (3.25), (3.26) and (3.27) respectively.

Using (3.9) and the cancellations above, we are now ready to describe the terms of
2.4 (f+ &) — Q2,5 (fg). Let us define Iy, I, I3 and I4, polynomials in Z, Z' € R2" with
values in End(A(T*0VX) @ E) xo» DY the following formulas:

B 9% (f&)xo z
L =- g:; e OK |:I<C®E,

o

IC®E]

8%, ze
)V , — 1
+f (x0) ‘3‘ oz (V) [C@E - C®Ej|

o

X VA
+2 s O(O)g(xo)/C[ |:1<C®E,

1«:@5} , 1@@5]
lo|=2

2n
a a
+Y K [’C [IC®E, BLZX?(O)ZL'I(CGBE} K |:1(C®E, agZX;(O)ZjI(C@)EiH . 33D

i,j=1

L= f(xo)Z O 2 OK [Tear. K[ 2 Iook]

+ ; a?j (08 (x0)K[K[IcoE. ZjJ1.x ). IceE]. (3.32)

2n
9(f8)x
B= oL Ty, Ok llees 2l
j=1

+f (x0) Z O8m LOK ook Zj1x]

+Z <0>g(xo)ic[ [Icer, ZjIcaE], J1.x), (3.33)
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2L A(fg)
Iy = — Z ij(om [1.00> ZjIceE]
j:l

+Z

O (O)g(xo)’C[/C[Jl,xo, Zjlcoke ] Icok]

2n
d
+f(x0) Y 3‘2‘? OK [1.10, K [IcoE, ZilosE]] - (3.34)
=1

Then using (3.9) and by (3.23)—(3.34), we get

D (f,8) — Qx(fe)=h+L+ 1+ 14 (3.35)

Recall that by definition, the terms Iy, I, I3 and I4 in (3.35) are polynomials in Z, Z’ €
R2" . Thus by (3.16), in order to compute c{ ( f, g), it suffices to compute the values of 11, I, I3
and Iy at Z = Z' = 0. We compute those values one by one in the following propositions,
using the kernel calculus described in Sect. 2.

Proposition 3.6 For all f, g and h € € (R*", End(E,,)), the following formulas hold:

9%h z~
> T K lcee. ylceE | Icge | (0,0)

Ja|=2
3%h A
=2 57Ok [Im, Im] 0,0)
lo|=2
= Z az,a- O)IcoE, (3.36)
2n 8f
> o, [K[Icok. Zilcer]. K [IcsE. ZjIcoE]] (0.0)
ij= 1
- Z —(0>—(0)1(C®E, (3.37)

so that the value at Z = Z' = 0 of 11 in (3.35) is given by

afx 08x
10,0) = ——Z f°<0> g°<0)1 Cot- (3.38)

Proof From (2.18), (2.19) and (2.21), we get
> KlKllcer, 2% Icek], Icer] = Y KIK[(Z)*Icsr, Icoe], Icok]
Jer]=2 Joe|=2

= > K[(Z)Icge. Icok]
Ja|=2

= Y Kllcer, Z%IcsE]. (3.39)
Jo|=2
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which shows the first equality of (3.36). On another hand, by Proposition 2.2, (2.6) and
(2.30), we compute for 4 € € (R?", End(E,,)),

2 ze 1 92k ~ ([ 9%h
OIC I ’71 = — - OI
2 570 [cm — C@E] néaz,-az,-( ) C®E+ijzzl<az,a j

la|=2

9%h 9%h
—— (077 + 0 1
+8Zi82j( )ZiZj + 92,07, ——(0)z;z ) CRE-
(3.40)

Evaluating (3.40) at Z = Z’' = 0 then gives (3.36).
By (2.6) and (2.30), we get for any f € ¢°°(X, End(E)),

X afy, 3.
K[lm,z Loz, Im}:Z(af“(m + 220 )Im. (341)
i=1

i=1

By (2.21), (2.22), (2.30) and (3.41), in the same way than in (3.40), we getat Z = Z' =0
forall f, g € ¥°°(X, End(E)),

& of 95(0)
E KK | IcgE, 0 Z;iIcgE |, K| Icoe, ——Zjlcge | | (0,0)
0Z; 3Zj

i,j=1

Z —(0>—<0)/c [Ziicsr zilcer] (0, 0)

= Z —(0)—<0)IC®E (3.42)

As Icge commutes with any A € End(Ey,), from (3.42) we get (3.37).
Finally, by the formula (3.31) for 11, Egs. (3.36) and (3.37) give

n

1 32 X X
h0.0) =~ (—&@ +fe0)y g L)

= 0z,0Z;
0 f, f g
9797 Wslo) + 7O = <0>) Icgk- (3.43)
0z;0Z;
The equality (3.38) then follows immediately from (3.43) by Leibniz rule. O

Let us point out that all the terms of I, I3 and I4 in (3.31), (3.32) and (3.33) contain Jy y,.
We already see from its expression in (3.10) that the computations will involve the explicit
expression of Oy, and we will thus need to use Proposition 3.5.

Proposition 3.7 Forany 1 <i < 2n, the following formulas hold:

K [I(C®Ev K [J],X()’ Zi ](C(X)E]] (0’ O) = 07

(3.44)
K[Icee. K[ZiJi . Icor]] (0,0) = 0.

so that
1(0,0) =0, (3.45)
i.e. the polynomial I in (3.32) vanishes at Z = Z' = 0.
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Proof First, we’ve got by (2.17) and (3.10),
K[Icge. K[Nix Zilcge]] 2 = P(1.x0?)(Zilcge P)
= —POLH) " P (ZilcgE P).
(3.46)
With the convention that operators always act on the Z variable, Eq. (3.46) gives us
K[lcor, K[ )1, Zilcar]] (2, 2)2(Z, Z))
= —POIL) " P (Zilcor 2(Z, Z)))
= —/zn(POl Pz, 2N icerZ! 22", 2)dZ".
: 3.47)
Recall that by (2.10), #2(Z, Z') commutes with Icg g. By the definition of Icg g in (2.12),
we have zﬁz% Icgr = 0, so that (3.19) implies
(PO P10, 2" IcgE = 0. (3.48)
We thus deduce from (3.47) and (3.48) that
K[Icee. K[11.x Zilcor]] (0, 0)

3.49
=— / (PO PYY0, 2 IcgeZ! 2(2",0)dZ" = 0. .49
R2n
Equation (3.49) is precisely the first equality of (3.44).
On another hand, by (2.18) and (2.20),
K|Icor, K[ZiJix, Icor]] = K[IcoE, ZiK [J1.x, IcoE]]
=K|[ZIcor. K[J1.x IcoE]] -
(3.50)
By (3.10),
K100 Tear] 2 = (—( 27 PLOIP — PO PY) P
=—(&) PO P,
(3.51)
But Icgrdzidz, = 0by (2.12), so analogous to (3.48) and by (3.21), we get
IcoE ((,,2”20)‘1 PLo; P) (2",0) =0, (3.52)

so that by (3.51) and (3.52),

K[Zilcor, K[J1 .1, IceE]] (0,0)
= —(Z[ P PLOIP)(0,0)

= / 2/ 20,7 Icer ()7 PEOIP) (2, 0d7" =0.  (353)
R2n

From (3.50) and (3.53), we get the second equality of (3.44).
Finally, equation (3.45) follows immediately from (3.44) and the definition of /5 in (3.32).
O
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Proposition 3.8 Forany 1 <i < 2n, the following formulas hold:

K[Icoe. ZiJ1.x] 0.0) = K [Icge. K [Icge. ZiJi.x]] (0.0)
= K[K[IceE. ZilcoE], J1.x](0, 0). (3.54)
K [J1.x9> Zilcwe] (0,0) = K[K[ /1.5, ZilcsE]s Icor](0, 0)
= K [J1.x, K [IceE. Zilcoe]] 0, 0). (3.55)
so that the values at Z = Z' = 0 of I3 and 14 in (3.33) and (3.34) are respectively
13(0,0) = 14(0,0) = 0, (3.56)

i.e. the polynomials Iz and 14 in (3.33) and (3.34) vanishat Z = Z' = 0.

Proof From (2.18), (2.19) and (2.20), we immediately get the first lines of (3.54) and (3.55).
Next, we show that

K[K[IceE. ZilcgE]. 1.5 ](0,0) = K [Icge. ZiJix] (0,0). (3.57)
By (2.30), remembering that Z = (z + z)/2, we get on one hand
1 =/
K[K[Icok. Zilcer]. Jix ] = EK [z +Z)IcoE. Tix] - (3.58)
By (2.20) and (2.30), we get on another hand
/ 1 / =/
Kok, Zidix] = K[Zilcor. Jx] = 3K [+ Ilcsr. ] (359

By (3.58) and (3.59), to get (3.57) it suffices to prove the equality

K [zilegE, J1.4] (0,0) = K [z} IcgE, J1.x] (0,0) = 0. (3.60)
At first, by (2.21) we have
K [zilcor, J1.x] = 2K [IcgE, J1.x] - (3.61)
so that
K [zilceE, J1.4] (0,0) = 0. (3.62)

Then, by (2.30) and (3.10),
K[ car, Jix] 2 = K [Icor 201 x| 2
=P (a7 ProsP)
—P (PO P). (3.63)
As Icgedzidz, = 0 by (2.12), analogous to (3.48) and (3.52), by (3.21),
Icok ((.,zﬂzo)*lpiol P)(Z.0)=0. (3.64)
As P = PIcgg by (2.13), we deduce that
P (5™ PHOIP) 0.0 = fR 20,2 lIcsr ((gf)—lpiolp) ", 0dz"
=0,
(3.65)
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i.e. the kernel of the first term of the last line of (3.63) cancels at Z = Z’ = 0. On the other
hand, by (3.20) we can write

(zipol(,fzo)—lpi) (Z,0) = H(z) 2(Z,0), (3.66)

with H(z) € End(A(T* D X) ® E),, polynomial in z € C". Recall from (2.23) that in this
case, again with the convention that operators act on the Z variable, we get

P(H)P)Z,0) = H(z) P (Z,0), (3.67)
so that by (2.13), (2.27), (3.66) and (3.67),
P (2POIZ) T PY) (2,0) = (21 PO PE) (2,0)
=z (POl(.,%O)_l Pl) (Z,0), (3.68)
which vanishes at Z = 0. By (3.63), (3.65) and (3.68), we thus get
K [z} IcgE. J1.x] (0,0) = 0. (3.69)

Equation (3.69), together with (3.58), (3.59) and (3.62), proves (3.54).
Now concerning (3.55), we are left to show that

K [/1.x0> Zilcge] (0,0) = K[ 1.5, K [IcgE. Zilcge]] 0, 0). (3.70)
By (2.30) we have
1
K [J1.x0- K [IcgE. Zilegr]] = EIC [Vix0. i +Z)IceE] - (3.71)

To get (3.70), it suffices thus to show that
K [J1.x0 ZilceE] (0,0) = K [J1.x, Zi Icee] (0,0) = 0. (3.72)

The equality on the right of (3.72) comes from (2.21). On another hand, by (3.9) and
(3.10),

K[, ZilcgE] 2 = —POE) T P Gilcgr 2)
— (D) PLOPEilcgr ). (3.73)

Now by (3.48), once again the kernel of the first term of the left member of (3.73) vanishes
at Z = Z’' = 0. On another hand, by (2.25),

P(Zilcer P) = P(Zilcor ). (3.74)

We can thus replace Z; by Z; in the second term of the left member of (3.73), and by (2.27)
we get finally

(LY VPOV PRiIcor 2)(Z,2)) = (L)' PO Pleor 2)(Z, 23},  (3.75)

which is 0 at Z = Z’ = 0. Thus the kernel of the second term of (3.73) cancels as well in
this case, which means

K [J1.xy» Zilcwe] (0,0) =0, (3.76)
Finally, (3.76) implies (3.72), which together with (3.57) concludes the proof of (3.55).
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The definitions of /3 and 14 in (3.33) and (3.33) and equation (3.54) and (3.55) respectively
give

2n
13(0,0>=Z(f( 0) gx°<0)+ f"°(0>g( 0-Y g)"°(0>>

i=1
K [Ices, ZiJix] 0, 0),

2n
L, 0)=Z(f( o) o L0+ fx“ > 0g(x0) - (f g”" (0)>
i=1
XK [N1.x0 Zi I(C®E] (0,0, (3.77)

and those two formulas vanish by Leibniz rule. We thus get (3.56). O
Using Propositions 3.6, 3.7 and 3.8, the kernel of (3.35) at Z = Z' = 0 simply is

gxo

.
020(f, )(0,0) — Q.10 (f2)(0,0) = HZ / SO Oleer. 679

j=l1

We thus see that Q5 v, (f, £)(0,0) — Q2 1, (fg)(0, 0) is in fact of the form C1(f, g)(xo)
Icge with C1(f, g)(x0) € End(Ey,) given by

Ci(f, 9)xo) = —= Z —(xo)af(xw (3.79)

From (2.5) and the definition of the pairing (., .) used in (1.11), we can take this equality
to the manifold through our trivialization and we finally get

1
Ci(f. g) =— <v1 0f,v0ig). (3.80)
This proves Proposition 1.1.
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